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Abstract

We study multidimensional mean-preserving contractions (MPC) and their ex-
treme points. Proposition 1 focuses on extreme MPCs of a measure y: each finitely
supported extreme MPC v induces a partition of X, the domain of y, into convex sets
such that the support of v on each element of the partition is an affinely indepen-
dent set, and such that the restriction of v on each element of the partition is itself an
MPC of the restriction of the prior y on that element. We apply our results to several
questions concerning moment persuasion and categorization. In particular, we prove
that categories and prototypes (key elements typically assumed to be exogenous in

the classical literature on categorization) can endogenously emerge as outcomes of
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optimization when the decision maker faces limits on the amount of information that

she can either acquire or process.

Keywords: mean-preserving contractions; convex order; extreme points; Bayesian per-

suasion; information design; categorization

1 Introduction

We study the extreme points of the set of mean-preserving contractions (MPCs), also
called fusions, of a given multidimensional measure. The set of MPCs of a given measure
p—taken here to be absolutely continuous with respect to the Lebesgue measure—is the
set of probability distributions that are dominated by p in the convex stochastic order,
and are thus “less variable” than y (Elton and Hill, 1992).

The burgeoning literature on information design and Bayesian persuasion highlights
the importance of MPCs for economic applications: by a famous result that goes back
to the work of Blackwell (1953) and Strassen (1965), the set of MPCs of a measure y is
also the set of distributions of posterior means that can be induced by some “signal” (or
“experiment”) starting from a prior belief y about the state of the world. Thus, optimiza-
tion over the set of feasible signals of an objective function that depends continuously on
the posterior mean can be reduced to an optimization over the set of MPCs of u. This
set is convex and compact in the weak topology. By Bauer’s theorem, the optimal way
to reveal information about the state will be achieved at an extreme point of the set of
MPCs. These features constitute the primary motivation for our study.

The case where the underlying state of the world is unidimensional has been stud-
ied along the above lines by Kleiner et al. (2021) and Arieli et al. (2023): each extreme
measure is then characterized by a collection of (convex) intervals where either the prior
mass on the interval remains in place (this corresponds to full information revelation of
these states in a Bayesian persuasion problem), or where this mass is contracted into a
measure with at most two elements in its support (this corresponds to pooling of states

where information is only partially or not at all revealed). Here we extend these insights



to the multidimensional case.!

Our main result, Proposition 1 in Section 2, focuses on finitely supported, extreme
MPCs of a measure y defined on a convex, compact subset X of IR”. It shows that, nec-
essarily, each such extreme MPC, v, induces a partition of X into convex sets such that
the support of v on each element of the partition is an affinely independent set, and such
that the restriction of v on each element of the partition is itself an MPC of the restric-
tion of the prior y on that element. The analogy to the unidimensional result sketched
above is clear by noting that the maximal cardinality of an affinely independent set in
IR" is n + 1 and this equals two for states on the real line. The finite-support restriction
concerns the induced distribution of posterior means, not the prior, which may be contin-
uous. It is nevertheless substantive: our results do not characterize optimal signals with
infinitely many posterior means and therefore do not apply to all continuous-state per-
suasion applications. This restriction does not affect the applications in Section 4: there,
finite support is either implied by the finite-action and strictly convex cost structure or
imposed directly through the finite-memory constraint.

Dworczak and Kolotilin (2024) offer an elegant, unified duality approach to Bayesian
persuasion.’ They also prove a structural result of interest here, their Theorem 8: under
the assumptions that the objective is continuously differentiable and that the prior has
a density with respect to the Lebesgue measure, the moment-persuasion problem has a
solution defined by a partition of the state space into convex regions; moreover, for each
element of the partition, any induced posterior mean is an extreme point of the (possibly
infinite) set of posterior means induced by the optimal signal for that region. While

in one dimension Dworczak and Kolotilin’s result reduces to the structure of extreme

IKleiner et al. (2021) also characterize the extreme points of mean-preserving spreads of a given unidi-
mensional measure while Roy (1976) and Yang and Yang (2026) look at the multidimensional case.

2In particular, they offer a sufficient condition for the optimality of convex-partitional signals, where the
mass in each element of a partition is contracted into a single point. These special signals correspond to the

monotone-partitional signals that were analyzed in the unidimensional case by several authors, e.g., Ivanov

(2021).



points obtained by Kleiner et al. (2021) and Arieli et al. (2023),® it does not imply a
cardinality bound in higher dimensions because the relevant set of posterior means may
be infinite. Proposition 1 provides such a finite-support geometric bound for extreme
MPCs: it shows that, on each region of the associated convex partition, the support is
affinely independent and therefore has at most n + 1 points.

In Section 3 we apply the above insights to the study of convex-partitional extreme
points and to moment persuasion. An MPC is convex partitional if there is a partition
of the state space into convex sets such that, for each cell, the support of the MPC is
a singleton. Proposition 2 shows that convex-partitional MPCs are special in the sense
that they are the finest (or “more informative”) MPCs among those with a fixed number
of support points. Proposition 3 uses the extreme-point structure from Proposition 1
plus the duality result of Dworczak and Kolotilin (2024) to show that a solution to a
moment-persuasion problem can be canonically decomposed into two parts. First, in the
global portion of the problem, the domain is partitioned into finitely many convex sets.
Second, in the local portion, the sender solves an unconstrained problem on each cell
by concavifying the value function. Whenever the moment-persuasion problem admits a
finitely supported optimum, there exists such a canonical solution.

In Section 4 we study categorization, that is, the partition of a set of heterogeneous
objects into subsets according to some rule. The classical contributions, e.g., Gardenfors
(2004), assume that the various categories or their prototypes (or “central” objects) are
exogenous. Using our earlier results, we prove that these key elements of categorization
can endogenously arise as natural outcomes of an optimization process when the decision
maker faces limits on the amount of information that she can either acquire or process.

Appendix A contains the proofs omitted from the main text, and Appendix B com-
plements Proposition 1 by developing some sufficient conditions for extremal mean-

preserving contractions.

3This follows since in one dimension any convex set has at most two extreme points.



1.1 Preliminaries and Notation

We begin by introducing the notation used below and a few important concepts. Let X
be a compact and convex subset of a finite-dimensional Euclidean space. For A C X, intA
denotes the (relative) interior of A, and ch A denotes the convex hull of A. For a (Borel)
measure y on X, supp u denotes its support, and for measurable A C X, p|4 denotes the
restriction of y to A, defined via p|4(B) := u(A N B) for any measurable B. We denote the
set of probability measures on X by A(X); o, denotes a Dirac measure concentrated on

x € X, and the barycenter of a nonzero finite measure y on X is defined by

1
r(p):= mLxdy(x).

Definition 1.1. For measures y and v, we say that y dominates v in the convex order (or
that v is a MPC of p), denoted by p > v, if f(j)dy > I(pdv for all convex functions ¢ such
that both integrals exist. We write y > v if y dominates v in the convex order and p = v.

We denote by F, = {v : v 5 u} the set of MPCs of a given measure .

A finite collection of vectors V = {xy,...,x;} in R" is affinely independent if the unique
solution to Zi-‘zl Aix; =0 and Zi-‘zl Ai=0is A; =0,7i=1,...,k. Recall also the well-known
equivalence: xy,...,x; are affinely independent if and only if x, —xy,..., x, —x; are linearly
independent. Linear independence implies affine independence, but not vice versa. In
particular, the maximal number of affinely independent vectors in IR"” is n+ 1. A finite
collection of vectors V = {xy,...,x} in R" is convexly independent if no element x; € V lies
in ch(V \ {x;}).

An extreme point of a convex set C is a point x € C that cannot be represented as
a convex combination of two other points in C.* The usefulness of extreme points for
optimization stems from Bauer’s Maximum Principle: a convex, upper-semicontinuous
functional on a non-empty, compact, and convex set C of a locally convex space attains
its maximum at an extreme point of C. The Krein—Milman theorem states that any convex
and compact set C in a locally convex space is the closed, convex hull of its extreme

points. In particular, such a set has extreme points.

4Formally, x € C is an extreme point of C if x = ay + (1 — )z, for z,y € C and @ € [0,1] imply together

thaty =xorz=x.



2 Extreme Mean-Preserving Contractions

Our first main result offers a necessary condition for a finitely supported measure v to be
an extreme point of F,. A key feature of any extremal MPC is the partition of the domain
X into finitely many convex sets P such that all the original mass p|p remains within P

and is “fused” into v|p whose support is an affinely independent set of points.

Proposition 1. Let X C R" be compact and convex, and let y be an absolutely continuous
probability measure on X.> Suppose that v is an extreme point of F,, that is finitely supported.
Then there exists a partition P of X into finitely many convex sets such that, for each P € P,

v|p 3 plp and v|p has affinely independent support.

Proposition 1 constrains the complexity of extremal M PCs: since an affinely indepen-
dent set in IR” has at most n+ 1 elements, each cell of the partition supports at most n+ 1
atoms. This generalizes the “bi-pooling” structure identified in one dimension by Kleiner
etal. (2021) and Arieli et al. (2023), where each interval in the partition supports at most
two points.

Our result also provides a complementary perspective on Theorem 8 of Dworczak and
Kolotilin (2024). Using duality, these authors show that an optimal signal for moment
persuasion can be chosen so that the state space is divided into convex pooling regions
and such that, within each region, the induced posterior means are extreme points of
their own closed convex hull. As mentioned in the Introduction, in one dimension this
local extremality condition implies bi-pooling. In higher dimensions, however, it does
not imply a cardinality bound: Dworczak and Kolotilin (2024) note that the relevant set
of posterior means may be infinite, and that a finest-partition approach might yield a
sharper n+ 1 bound. Proposition 1 provides such a finite-support geometric restriction
for extreme MPCs, showing that on the regions of the associated convex partition, the
support is affinely independent and therefore has at most n+ 1 points.

The proof of Proposition 1 (see Appendix A) rests on the observation that affine de-

pendence among the support points within a cell creates a degree of freedom that is

SThroughout, absolute continuity is also meant with respect to the Lebesgue measure on R".



incompatible with extremality. Suppose v is an extreme MPC of u. Consider the finest
partition of X into convex sets such that on each cell A, the restriction v|4 is an MPC
of ul,. Fix a cell A with support points {x1,...,x,}. By a decomposition result of Cartier
et al. (1964) (see Lemma 1), the restriction u|4 can be written as a sum of positive com-
ponent measures y; +---+ u,, where each p; has barycenter x; and mass v({x;}). Since
the partition is the finest possible, these component measures cannot be separated into
groups whose aggregate supports have disjoint convex hulls—otherwise a cell A could be
split further, contradicting our assumption.

Now suppose the support {xy,...,x,,} is affinely dependent: there exist coefficients f3;,
not all zero, satisfying } ; f, = 0and ) ; f,x; = 0. This relation determines how the weights
v({x;}) can be adjusted while maintaining the overall barycenter. Whenever the convex
hulls of the supports of two component measures have a common interior point—which
does not require the supports themselves to intersect—a small amount of mass can be
transferred from one to the other without changing either barycenter. Figure 1 illustrates
this construction for four support points in R?, where the hulls of neighboring component
measures overlap directly. In general, the relative interiors of these convex hulls need not
overlap pairwise, and a main step of the proof (Lemmas 2-4) consists in showing that the
necessary mass transfers can always be carried out through a chain of pairwise overlaps.
Performing this perturbation in both directions produces two distinct MPCs ¥ and ¥ of u
such that v = %(17 + ¥), contradicting the assumption that v is an extreme point.

Proposition 1 provides the necessary structure for finitely supported extreme MPCs.
It is natural to ask about sufficient conditions. We address this question in Appendix B.
Take a finite, convex partition # and suppose that an MPC satisfies the two local prop-
erties identified in Proposition 1: for each cell P € @, the restriction v|p is an MPC of
ulp, and its support is affinely independent. The remaining obstacle to extremality is of
a global nature: even if each cell satisfies the necessary local conditions, it may still be
possible to redistribute prior mass across cells, while preserving the mass and barycenter
assigned to each cell. Performing such redistributions may allow the representation of a

partition satisfying the necessary conditions as a convex combination of other measures
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(a) Perturbation ¥: mass shifts toward x; and x5 (b) Perturbation #: mass shifts toward x, and x4

Figure 1: Illustration of the proof of Proposition 1 for four support points in R? (which
are necessarily affinely dependent). The component measures y,..., i, have barycenters
at x1,...,x4 (ellipses represent the convex hulls of their supports). The affine dependence
Y B;x; = 0 permits two opposite perturbations: (a) mass is transferred through the over-
laps of these convex hulls toward x; and x3 while maintaining the barycenters, producing
v; (b) mass shifts toward x, and x4 while maintaining the barycenters, producing . Since

(¥ +¥), v is not an extreme point.

=

VY =

in F,,. In Appendix B we formalize these mass redistributions as feasible flows.® We show
that if the zero flow is the unique feasible flow for %, then the above local conditions are
sufficient for extremality. Conversely, if there is a non-zero feasible flow, one can con-
struct a non-extreme MPC satisfying them. Although the material in Appendix B is not
needed for our applications below, it clarifies why the properties in Proposition 1 are only
necessary, and it identifies an intuitive condition under which the local structure is in fact

sufficient.

6 A feasible flow is a collection of signed measures, one for each cell, describing the mass removed from
that cell and reallocated to other cells. We consider flows that are balanced across the whole partition and

have zero net mass and zero net first moment for each cell.



3 Convex Partitional MPCs and Moment Persuasion

We say that an MPC v of p is convex partitional if there is a partition of X into convex sets
such that, for each cell P, the support of v|p is a singleton and v|p < p|p. An extreme point
of Pﬂ need not be convex partitional, but, as we show below, convex-partitional MPCs
are special in the sense that they are the finest MPCs among those with a fixed number
of support points. The next proposition generalizes the one-dimensional result, Lemma

1 of Ivanov (2021):

Proposition 2. Suppose that v is an MPC of p with K points in its support. Then there exists
a convex-partitional MPC A of y with at most K points in its support that satisfies v S A. If v

is not convex partitional, then v < A.

In Section 4, we apply this proposition to categorization. Under either processing or
memory constraints, where a decision maker is constrained to arrange given data in a
finite number of “bins,” there always exists an optimal arrangement such that the data is

categorized according to a convex partition of the state space.

3.1 Moment Persuasion

In a special class of multidimensional Bayesian persuasion problems, the sender’s payoff
can be written in reduced form as a function of the receiver’s vector of posterior means.
Let X C RY be compact and convex, and let u € A(X) be absolutely continuous with full

support on X. For any posterior G € A (X), let

m(G) := LxdG(x) e X.

Assume that there exists a Lipschitz function V: X — R such that the sender’s payoff

under posterior G is V (m(G)). Given V and p, the sender solves

maxE, [V].

veFﬂ

To formulate the local problems, for any convex set P C X with u(P) > 0, let rp(u) :=

r(ulp), and let D, p denote the set of probability measures supported on P that are mean-



preserving spreads of 6,,(,). The unconstrained persuasion problem on P is

ﬁrggfp E,[V].
When P is a simplex, this local problem is affinely equivalent to the usual formulation
studied by Kamenica and Gentzkow (2011).

We define the upper concave envelope of V on P, cavp V, to be the smallest concave
function that lies pointwise above V on P. Alternatively, we call this the concavification of
V on P. We say that an optimal solution v* to the persuasion problem is canonical if there
exists a finite convex partition #* of X such that, for each cell P € #* with u(P) > 0, the

normalized restriction //t(P)_1 v*|p solves the unconstrained persuasion problem on P.

Proposition 3. Suppose that the moment-persuasion problem admits a finitely supported opti-
mal solution. Then there exists a canonical solution v* € F,. Moreover, if P is the correspond-
ing partition, then

Ey[V]= ) p(P)cavpV (rp(p)).
Pep*

In the usual moment-persuasion problem with finitely many receiver actions and ties
broken in the sender’s favor, a finitely supported optimum exists. Finitely many actions
do not, however, imply our Lipschitz assumption: the induced value function is generally
only upper semicontinuous. Thus, Proposition 3 applies to such environments only when
the induced V is Lipschitz.

Proposition 3 indicates that the optimal solution to a moment persuasion problem
with a finitely supported optimum can be decomposed into two parts. First, in the global
portion of the problem, the domain is partitioned into finitely many convex sets. Second,
in the local portion of the problem, the sender solves an unconstrained problem on each
of these convex sets; on each of these convex sets, the optimizer of the local problem
is obtained by concavifying the value function. As Proposition 3 states, whenever the
moment-persuasion problem admits a finitely supported optimal solution, there exists

such a canonical solution.”

7Yet again, this result reduces to bi-pooling in one dimension.

10



Proposition 3 also clarifies how our approach connects to Dworczak and Kolotilin
(2024). Their duality theorem supplies the local price-function representation we use in
the proof, while Proposition 1 supplies the global finite-support geometry. Proposition 3
combines these two ingredients: our finest-partition argument rules out the further split-
ting of a cell by the local dual price function; thus, the normalized restriction of the
optimal MPC to each cell solves the unconstrained local problem. To elaborate, if the
moment-persuasion problem has a finitely supported optimizer, we may select one that
is an extreme point of F,. Proposition 1 shows that, on each cell, the restriction of the
optimizer is a mean-preserving contraction of the restricted prior. Global optimality im-
plies that no cell can be improved while the other cells are held fixed, and hence each
restriction is locally optimal relative to the restricted prior. The additional content of the
proposition is that, after choosing a fine enough partition, this locally constrained prob-
lem becomes an unconstrained persuasion problem on the cell. Intuitively, if the local
dual price function had a nontrivial kink, its affine pieces would further split the cell
into smaller convex regions, contradicting the fact that the partition was finest. Conse-
quently, the local price is affine on each cell, and the restriction of the optimizer attains
the concavification value on that cell.

The decomposition described above is primarily a conceptual result rather than an
algorithmic simplification of the problem. In particular, Proposition 3 does not charac-
terize the optimal global partition, nor does it imply that the search over partitions can
be separated from the local persuasion problems. Moreover, the search for the optimal
partition is complex since it depends on the solution of the original problem.

Nevertheless, the decomposition is useful because it identifies where the difficulty
lies. Conditional on a candidate partition, the sender’s problem on each cell has the
familiar concavification form. Thus, the global part of the problem is not an arbitrary
search over all information structures, but a search over convex regions on which the
local concavification program is conducted. In this sense, the proposition provides a
“normal form” for finitely supported optimizers: we can restrict attention to solutions
that first divide the state space into convex cells and then solve unconstrained persuasion

problems within those cells. This clarifies the economic content of the optimal signal,

11



since posterior means within a cell are generated by local pooling, while the boundaries

between cells determine which states are treated as qualitatively distinct.

4 Applications to Categorization

Categorization, or the partition of heterogeneous objects according to some rule, is a cen-
tral part of machine learning and of our interaction with the world more broadly. An
influential work that formally studies this process is Gardenfors (2004). There, a main
construct is the notion of a conceptual space—in economics, a state space—and its di-
vision into convex sets, each containing a prototype, i.e., a kind of “central” object. For
example, one can think of colors: “red” describes a whole family of hues, as does “blue,”
and so on. Gardenfors describes two ways of producing such a partition: 1. We can de-
fine a natural property as covering a convex region of the conceptual space, in which case
the prototype of each region is its central object according to some measure of centrality,
e.g., its barycenter or some multidimensional median; 2. One can start with a finite set
of prototypes and then partition the conceptual space by grouping points together that
are “closest” to each prototype. Closeness in the sense of Euclidean distance then yields
a Voronoi diagram.

Both constructions above seem reasonable and realistic, yet note that the central prop-
erties are exogenous: that is, the convexity of the regions in the first construction or the
existence of prototypes in the second are assumed.

In this section, Proposition 3 turns out to be especially useful. We use it to show that
convex categories and prototypes can emerge as natural outcomes of optimization when
the decision maker faces limits on the amount of information she can either acquire or
process.

We provide two different micro-foundations for categorization. In each of them, the
outcome is a convex partition of the state space with a single prototype per partition
element. In the first derivation, we show that such an endogenous structure emerges
as information becomes sufficiently cheap, while in the second we show that it emerges

when a decision maker must store information in finitely many bins.

12



4.1 Decision Problems with Flexible Information Acquisition

We continue to work in the reduced-form setting of Section 3.1. Let X := [0, 1]d, and let p
be an absolutely continuous probability measure with full support on X. The DM chooses
an action from a finite set of actions A, and for each a € A, her expected payoff at posterior
mean x € X is affine:

z,(x)=b,-x+d,.

Her induced reduced-form value function is therefore

V (x) := maxz,(x),
acA

which is piecewise-affine and Lipschitz. We furthermore assume that each action a € A is
strictly optimal at some x € X."
Prior to her decision, the DM acquires or processes information. We model the cost of

information by a functional C: F, — R of the form

C(v):= KLC&ZV,

where « > 0 and where the function ¢: X — R is strictly convex and twice continuously
differentiable. Since the partial derivatives of ¢ are bounded on the compact set X, the
mean-value theorem implies that c is Lipschitz-continuous on X. The DM solves the
problem

maxE, [V —«c].
veF,

Note that this specification of costs is posterior-mean separable: two information
structures that induce the same distribution of posterior means have the same cost, and
the cost is affine in that induced distribution. This restriction is substantive. It rules out
technologies that distinguish between two information structures that induce the same

distribution of posterior means but different conditional higher moments, for instance.

8As V is continuous, this means that the set of posterior means at which each action is strictly optimal
is of full dimension in X. Moreover, this restriction is without loss of generality for our exercise: given an
arbitrary finite menu, a decision maker who can acquire information as in this section would never choose

actions without this property.

13



However, it is exactly the class of costs for which the information-acquisition problem
can be written directly over the feasible set F,, of posterior-mean distributions.’

In the categorization interpretation, a posterior mean is the prototype attached to a
category, so C(v) can be understood here as the expected cost of producing, storing, or

processing the prototypes induced by the information policy.

Proposition 4. For any decision problem, cost function, and prior of the above form, there
exists a & > 0 such that, if ¥ < &, there exists an optimal solution to the DM’s information

acquisition problem that is convex partitional, i.e., with a single prototype per category.

If a canonical cell contains multiple posterior means, then at least two different actions
must be induced on that cell. At an optimum, the difference between the corresponding
slope vectors must be matched by the scaled difference in marginal information costs. In
the proof, the number of actions enters through a parameter f, defined as the smallest
non-zero slope difference that can arise between the action-specific slope vectors {b,},c4,

while a parameter @ bounds the largest possible difference in marginal costs. The suffi-
p

cient bound & := 5 gets tighter when two action-specific payoff hyperplanes have similar
slopes. Thus, enlarging the set of actions A (weakly) shrinks 8, because it adds new slope
vectors and possibly new slope differences, thus (weakly) reducing the range of costs for

which the convex partitional conclusion is guaranteed.

4.2 Decision Problems with Finite Memory

We continue to work in the reduced-form setting of Section 3.1, with X := [0, 1]d and p
being an absolutely continuous probability measure with full support on X. Likewise,
V remains the reduced-form value function from Section 4.1, but we replace the smooth

information cost assumed there with a hard cap on the number of categories.

9Posterior-mean separable costs have recently been given a revealed-preference foundation by Mensch
and Malik (2023). They study stochastic choice data in environments where payoffs depend on beliefs
only through posterior means and characterize when observed behavior can be rationalized by such an
information cost. Accordingly, when posterior means are payoff relevant, our assumption corresponds to a

behaviorally testable restriction on information acquisition.

14



Specifically, the DM has access to K € IN bins or categories, and she chooses a stochas-
tic mapping that assigns states to bins. When choosing her action, the DM learns only
to which bin the realized state was mapped, not the realized state itself. Importantly, we
do not assume that the K bins correspond to a partition, much less a convex one. For
instance, the DM could assign any x € X to one of the bins uniformly at random. The
DM’s problem becomes

maxE,[V] s.t. [|suppv|<K.

veF,
Because V is the maximum of finitely many affine functions, it is convex. This means

that information is beneficial to the DM and Proposition 2 implies the following:

Proposition 5. There is an optimal categorization that is convex partitional. If the decision
problem has at least K actions such that each one of them is strictly optimal at some x € X, then

any optimal categorization must be convex partitional.

4.3 Decision-Making with Complexity Constraints

We now move to a finite-state environment in which the DM’s value need not be a func-
tion of posterior means alone. Suppose there is a finite state space ©. There is a Bayesian
DM with a finite set of actions A, with a continuous utility function u: Ax©® — IR and
with a prior 77, € int A(©).

The DM observes information before making a decision. Formally, before choosing
an action a € A, the DM observes the realization of a signal w: ® — A(S), where S is a
compact set of signal realizations. Let p € A(A(©)) denote the distribution over posteriors
1 induced by the prior together with the signal.

We assume that the DM optimizes over decision rules 0: S — A(A) whose image has
at most K € IN points. We call such a decision rule simplicity-constrained. It is immediate
that this is equivalent to the DM being restricted to choosing an MPC v of p that is
supported on at most K points before choosing an arbitrary unconstrained decision rule.
We say that a simplicity-constrained decision rule is convex partitional if v is a convex-

partitional MPC of p. Then Proposition 5 implies the following:

15



Corollary 1. There is an optimal simplicity-constrained decision rule that is convex parti-
tional. If (i) the distribution over posteriors is absolutely continuous and has full support on
A(®) and (ii) the decision problem has at least K actions that are strictly optimal at some

posterior, then any optimal simplicity-constrained decision rule must be convex partitional.

A Omitted Proofs

A.1 Proof of Proposition 1

We first need several auxiliary lemmas:

Lemma 1. (Cartier et al. (1964)): Let u,v be positive measures on a compact, convex set X
k k
such that v = ) a;0,, where } a; =1 and a; >0 for each i. Then v X p if and only if there

i:l 121
exist positive measures W,,..., ;. such that, for all i, the barycenter of u; equals x;, and such

k
that w= ) a;p; (in particular Oy, 3 w; for all i).
i=1

For any two measures y and v on X, y < v denotes the pointwise order defined by

u(A) < v(A) for all measurable A C X.

Lemma 2. Let p be a positive measure supported on X and let y € int(ch(supp(p))). Then

there exists a positive measure 7t such that @ < p, 7(X) > 0, and r(m) = y.

Proof. Choose a finite set {y;,...,yx} C supp p such that y lies in the interior of the convex
hull of {yy,...,yx}. Since the convex hull operator is continuous (e.g., Sertel (1989)), there
is € > 0 such that for all z; € B.(y;), v € ch(zy,...,2zx). Choosing ¢ > 0 small enough, we can
assume that B, (y;) is disjoint from B.(y;) whenever i = j.

For each i, let m; := p(B.(y;)) and z; := r(plp,(y,)). Choose 6; > 0 with } ;0; = 1 and
y =12 ,0,z;, and set

— min —.N 9
c=mingy  TsC Z i MBe3i)
Then < p, 1(X) =c¢>0, and r(w) = p. [

Remark A.1. Observe that the measure 7t constructed in the proof of the above Lemma

satisfies 7t(X) > min;{p(B.(v;))}.
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Lemma 3. Let p,, u, be positive measures on X and set C; := ch(supp(y;)). Fix z € int(C;) N
int(C,) and put L; == span(C; —C;). For every s € Rand d € R" such that d—sz € Ly +L,, there
exist a signed measure A and & > 0 such that A(X) = s, fxd/’\ =d, and, for every ¢ € (0, ),
70 := €A satisfies
P+ =0, pp—1 2 0.
The condition requires the prescribed mass and first moment to be compatible with

the two affine hulls and is automatic if L; + L, = IR”. Because 1 = €/, its total variation

vanishes as ¢ — 0, as required in Lemma 4.

Proof. Choose p; € L; such that d —sz = p, — p;. For all sufficiently large m > |s| + 1, set

P1

m-—s

€int(Cy), Zy =2+ % € int(C,).

Z]1 =2+

Lemma 2 yields positive measures Cy < y; and &, < u, with barycenters z; and z,, respec-

tively. Put
m-—s m

= ——Cy, =——=%0 A=¢&-C.
C CO(X)CO ¢ éO(X)éo ¢-¢C

Then C <c¢yp, and & < cyp,, where ¢y == (m—s)/Co(X) and ¢, := m/&((X). Moreover,
AMX) =s, fdi:mzz—(m—s)zl:sz+p2—p1:d.

Set & := 1/max{cy,c,} > 0. For ¢ € (0,€) and 7t := €A we have €& < ecopu, < p, and

eC < ecypy < py, so that
p+m=(pu—eQ)+eE>0  and  p,—m=(p,—e&)+eC > 0.
Finally, t(X) = e A(X) = ¢&s andjxdn:sfxd/\:ed. [
Corollary 2. Let py, u, be positive measures with barycenters x| and x,, respectively. If
C =int(ch(supp(p,))) Nint(ch(supp(,))) = 0,

1. there is a signed measure 7t satisfying 10(X) > 0, puy + 710 >0, p, — 7w > 0 and such that the

barycenter of fi, == p, + 70 is x;.

2. there is a signed measure 7 satisfying 7(X) <0, py + 7w >0, p, — 7 > 0 and such that the

barycenter of fi, == p, + 70 is X1.

17



The corollary shows that mass can be moved in either direction while preserving the

barycenter of y,.

Proof. Fix z € C and let L, be as in Lemma 3. For s € {-1,1} set d = sx;. Since d —sz =
s(x; —z) € Ly, the lemma yields, for small ¢ > 0, a signed measure 7@ with 7(X) = es,
fxdn = ¢sx1, and the required positivity properties. Hence r(y; + ) = x;; taking s = 1

and s = —1 proves the two claims. ]

For a set A CIR", let aff A denote the affine span of A:

k k
affA = {Zaixi :k>0,x; €A eIR,Za,- =1}
i=1 i=1

Lemma 4. Let {u; | i € I} be a finite collection of positive measures with r(y;) = x; and
aff(suppp;) = R" for every i € 1. Let p =3 ;o p,;, and let V = {]y,...,Jx} be a partition of
L.
Consider the graph G whose vertex set is V and which contains an edge between | and ]’ if
int(ch(supp() ;) Nint(ch(supp() p)))) = 0.
j€l j€l’
Suppose that G is connected, and let A be a finite signed measure such that y+ e is positive
for all sufficiently small € > 0 and such that, for some reals (y;)ier,
fdi = Z)/ixi and AX) = Zyi.
iel iel
Then, for all € > 0 small enough we can decompose ji := p+ ¢) into positive measures i,

with ) ey fiy = ji and r(fi;) € aff{x;|j € J}.

Proof. Let p; = Y i p;, and let {Aj}cy be such that A =Yy Ay, ;= p; +€A; 2 0, and
supp j; C supp ,1)].10 By hypothesis there are reals (;);er such that fxd/\ =) ;erV;¥xi and
Yier Vi = MX).

19For all sufficiently small ¢ > 0, such a decomposition exists with the A; independent of ¢. Let f; :=
d
di”’ €[0,1] (so Y j fy = 1 p-a.e.) and write A = AT — A7, Since p+ €A > 0 for all sufficiently small € > 0, the
negative part of A satisfies A~ < Ky for some finite K (one may take K = 1/¢( for any ¢y with u+¢pA > 0).
Fixing any Jo, set A;; == A" = f;; A" and A} := —f;A” for ] # Jy. Then } ; A; = A, and each negative part satisfies

A; = fjA”7 <Kfyju=Kpy, so fiy = py + €Ay = (1 - eK)p; > 0 and supp p; C supp fi; whenever € < 1/K. Since
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Consider a spanning tree T of G. If T has at most two vertices, skip the following
construction and proceed directly to the corresponding terminal case below (with L(f) =

L(J) = 0). Otherwise, for each leaf ] of T, define a weight w; =} ;.; ; — A;(X) and let

fip = jiy + 10,
where 77 is a measure chosen such that 77;(X) = ewy, ;1] >0,y < III%PA[]’ (where ]’ is the
neighbor of  in T), and
efdi] + fxdn] =¢ Zyixi.

ie]
Such 7t; exist by Lemma 3 whenever ¢ is chosen small enough.

Proceeding inductively, consider the tree obtained by deleting all leaves from the pre-
vious tree. For each leaf | of the new tree, denote by L(J) the set of all neighbors of
J in T that were deleted in earlier rounds (each deleted vertex thus lies in L(J) for ex-
actly one J, its unique neighbor at the time of deletion). Note that for each leaf | of the
new tree, fi; — ) ger() Tk = 0 and supp(f;) € supp(fl; — Xker() k). Define the weight
Wy = ) ker() WK + Liey Vi — A7(X) for each leaf | of the new tree. As long as there are at
least 3 vertices remaining, define

f‘]:ﬁ]_ Z Ttk + T
KeL(])

where the 7t;’s are chosen so that 7t)(X) = ewy, i; 20, 7ty < III%’A‘I’ (where ]’ is the neighbor

of ] in the remaining tree), and
eJ-xd)\]— Z denK+den]:eZyixi. (A1)
KeL(]) ie]

Such a choice exists by Lemma 3 whenever ¢ > 0 is small enough. We repeat this proce-

dure until we obtain a tree with at most two vertices.

the A; are independent of ¢ and of finite total variation, the weights w; and the barycenter targets in the
construction below do not depend on ¢; the shifts 7r; then have mass and first moment proportional to ¢,

hence vanishing as ¢ — 0, and so exist by Lemma 3 once ¢ is small enough.
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If only two nodes are left in the remaining tree (denote them by J and J), define

Bi=hi- ) mcrm
KeL(])

B=ip= ) e
KeL(])

where us is chosen so that nf(X) = ewyj, ﬁf >0, ﬂ]- >0, and
efxd/\f - Z denK + jxdnf =¢ Zyixi.
KeL(J) ief

If only one node, denoted by J, is left in the remaining tree, define

fif = pp+eA;— Z (K.
KeL(])

In either case, it follows that )} jcy ji; = ) jey fi; by construction. Moreover, for all ] = I,

the barycenter of fi; is in aff{x;|i € J}."!
It remains to verify that the barycenter of jijisin aff{x;lieJ}. ForJ e V,let by = fxdn].

For any node ] # ] we obtain from (A1) that

by = eZyix,- —efdi]+ Z bk,

ic] KeL(])

(A2)

where L(J) = 0 if ] is a leaf of T. Suppose J and J are the remaining vertices. Therefore

pX) e (X)—e ) wi —ew | r(fig) = r{fip)fy(X)

= r(y]—)y]—(X)+£fxd/\]-— Z bk —bj

KeL())

KeL(J)

= r(pup)pp(X) + edeA— € Z%‘xi’

ie]
where the first equality follows from the definition of g and the third equality follows

from using (A2) repeatedly.

U This holds because r(p) € aff{x;li € J}, iy (X) = py(X) + €) jeyviand deﬁ] = (X)r(py) + €Y jey ViXi-
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Since ) gep(yWk + Wi =Liej Vi — Lj-j A7(X), and fxd/\ =)_; V;Xi, this implies

| (X)r(pp) +e )y x|

ie]
Since the barycenter of Ky lies in aff{x;|i € J}, we conclude that the barycenter of iy lies in
aff{x;|i € J}.

If ] is the only remaining vertex, then Y keL()WK = Liej Vi — Lj=f A7(X), which again

implies
i) = ——— W X)) +e Y vix
X)) +eXigy | ! T |
It follows that the barycenter of ji; lies in aff{x;|i € J). [

Proof of Proposition 1. Let % be a partition of X such that each A € & is convex, satisfies
u(A) > 0, and v|4 < pls. Moreover, assume there is no finer partition satisfying these
properties.'?

Suppose that for some A € @, the support of v|4 is not affinely independent. Let
{xili € I} denote the support of v|4. Also, let u; satisfy r(y;) = x;, p;(X) = v({x;}), and
pla = 2;p; (such p; exist by Lemma 1). Since p; < p|4 and p is absolutely continuous,
aff(supp p;) = R" for every i € I.

The idea behind the iterative construction below is as follows. We seek a subset C C I
of support-point indices such that {x; | i € C} is affinely dependent—providing a direction
along which the weights v({x;}) can be perturbed—and such that the component measures
{;}iec are ‘connected’” through chains of pairwise overlaps—two measures overlapping
if the convex hulls of their supports have a common interior point—which enables the
actual mass transfer. To find such a subset, we progressively merge groups of component

measures whose aggregate supports have convex hulls with a common interior point. At

each stage, the vertices of the new graph represent coarser clusters, and an edge indicates

2The trivial partition # = {X} satisfies all conditions. Moreover, there is an upper bound on the number
of partition elements in any such partition since the support of v is finite. Therefore, there is a partition

that satisfies all conditions and cannot be refined.

21



that two clusters can exchange mass. We stop as soon as one of these clusters is large
enough to be affinely dependent.

Construct a graph G; with vertex set I and an edge between i and j if

int(ch(supp(y;))) Nint(ch(supp(y;))) # 0.

Recursively, given a graph G, construct a new graph G,,; with vertex set being the
set of connected components in G, (for each connected component in G,, there is one
vertex in G,,,1; each vertex is labeled by a subset of I corresponding to the set of vertices

it represents). Add an edge between vertices C and C’ in G, if

int(ch(|_Jsupp(y,))) nint(ch(|_]supp(x;))) = 0.
ieC 1eC’

Stop this procedure of constructing graphs once it yields a graph Gy with a vertex C such
that {x;|i € C} is affinely dependent.

We first claim that the procedure always stops with such a graph Gy. Suppose the
procedure does not stop. Up to some iteration M, each iteration reduces the number of
vertices by at least one; after that, the number of vertices stays constant, which implies
that there are no edges. Let Gj; denote this graph without edges. We claim that Gy,
has exactly one vertex. Suppose not and let Jy,...,J,, with m > 2 denote its vertices. For
k=1,..,m, Ay := ch(U,g, supp(p;)) is convex and satisfies p(Ag) > 0. Since there are no
edges in Gy, int(A;) Nint(Ax) = 0 for j,k = 1,...,m with j # k. Since every hyperplane has
p-measure 0, this implies v|4, < pla,. This implies that the collection {A;,...,A,,} gives
rise to a partition #’ of X that is finer than %, contradicting our initial hypothesis. We
conclude that G, has one vertex; since {x;|i € I} is affinely dependent, this contradicts the
hypothesis that the procedure did not stop.

This implies that vertex C of Gy corresponds to a connected component of Gy_y; let
T be a spanning tree of this component. Every vertex | of T has {x;|i € J} affinely indepen-
dent, since otherwise the procedure would already have stopped at Gy_;. We claim we
may choose T together with a leaf ] of T so that both {x;|i € J} and {x;|i € C \ J} are affinely
independent. To see this, pick any leaf ] of T. If {x;|i € C\]} is affinely independent we are
done. Otherwise, delete the leaf | from T and replace C by C\ J: the resulting tree spans
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a connected component of Gy_; whose vertex-union C\ ] is still affinely dependent, and
we repeat the argument on it. Each step removes one vertex, so the procedure terminates;
it must terminate with the desired leaf, since a tree with a single vertex has affinely inde-
pendent support. Henceforth C, T and ] denote the (possibly reduced) objects produced
by this pruning, and the component measures y; for indices i removed from C are left
unchanged in the construction below.

Now let {J;,...,],,,} denote the vertices of T, choose a leaf ] of T (without loss of gener-
ality, assume ] = J;), and let pc\; = ) jcc\y ;- Since {x;|i € C} is affinely dependent, there

are coefficients (f,);cc, not all zero, such that ) ;.- f;=0and ) ;.- ,x; = 0. This implies

§:= Zﬁi = Z pi and d:= Zﬁixi == Z pixi.

ie] ieC\J ie] ieC\J

By Lemma 3 (applied with the s and d above) there is a fixed signed measure A, indepen-
dent of ¢, with A(X) =s and fxd/\ =d, such that for any ¢ > 0 small enough the measure

70 := €\ satisfies
pp+m=0, po;-m=20, m(X)=es and den =éd.

It follows that
1

1
r‘”f”):n,(X)m U’“d”ﬁf"d” = X)X >

tey(X) [deyc\] Janl poyX ) [ﬂc\] ey ) = gd]'

Therefore, r(p; + 1) € aff{x;|i € J} and r(pey —m) € aff{x;|li € C\ J}. Recall that 7t = €A

] X0r() + e

r(hey —7) =

with A independent of ¢, s0 e\, — 7 = pic\; + €(-A). We apply Lemma 4 to the collection
{1;}iec\j, partitioned according to {J,,...,J,,}, with the perturbation —A: its hypothesis
holds because pc\; — €A > 0 for all small ¢ and, taking y; := g, for i € C\ ], we have
—MX)=-s=Yjcc\y B; and fxd(—/\) =—d =) jec\s B;xi- Hence, for ¢ small enough, pic\; -
T=) 1, iy, with each fij, 20 and r(p]k) € aff{x;|i € J}. We decompose pp+T=ppted
in the same way, now with y; = §; for i € J (so that A(X) =s =) ;;f; and jxd/\ =d =
Y iej Bixi)- Applying these decompositions repeatedly to the graphs Gy_,, Gy_3, etc.,

yields measures {fi;}icc with } ;ccfi; =) ;cc #; and r(ji;) = x;. We can then define ¥ to be a
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positive measure with the same support as v|4 that satisfies ¥({x;}) = ji;(X) for i € C and
P({x;}) = v({x;}) for i e I \ C. This is an MPC of p|4 by Lemma 1.
Repeating the construction with —f§ in place of f—equivalently, with —s and —d in
place of s and d—yields a second MPC ¥ of u|,, again with ¥({x;}) = v({x;}) fori e I \ C.
We claim that ¥({x;}) = v({x;}) + €B; for every i € C. Indeed, on the leaf ] the decompo-

sition gives ) ¢y fi; = p; + 7, SO

Zf/({xi}):y](X)+ss and Zﬂ({xi})xizjxdy1+ed.

ie] i€]

Since {x;|i € J} is affinely independent, the vectors {(x;,1) : i € J} are linearly independent,
so this pair of (moment and mass) equations has a unique solution. As v({x;}) + £f3; solves
it—using ) ;.;B; = s and } ;. B;x; = d, together with the fact that } ;.; v({x;})d,, is an
MPC of p—we obtain ¥({x;}) = v({x;}) + €B; for i € J]. The same argument on C\ ] (with
Yieccy Bi = —sand ) ;.o\ B;xi = —d) gives the identity for i € C\J. By symmetry of the
construction, ¥({x;}) = v({x;}) —€p; for i € C.

Consequently %(17+1‘/) = V|4, while ¥ # v|4 because g = 0 implies ¥({x;}) = v({x;})+€p; #
v({x;}) for some i € C. This implies that v is not an extreme point of F,,, contradicting our

initial hypothesis. We conclude that supp(v|,) is affinely independent for each A€ #. m

A.2 Proofs for Section 3

Proof of Proposition 2. Let G denote the set of probability measures that are MPC of y and
have at most K points in their support. We show first using Zorn’s lemma that there is a
maximal measure in G according to the convex order: The convex order is a partial order.
Let {gi}ic; be a totally ordered subset of G, which can be viewed as a net by setting i < j
if g 5 gj. Since G is compact (e.g., in the weak®-topology), there is a subnet with limit
%w- Then g; < g, because for any convex continuous function f and i < j, f fdg; < f fdg;.
Therefore, every totally ordered subset of G has an upper bound in G. It follows from
Zorn’s lemma that there is a maximal element in G.

Let A denote the maximal element of G, let {xy,...,x;} denote its support points, where

L <K, and suppose A is not convex partitional. Using Lemma 1 there is a decomposition
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of u into positive measures {A;} such that y = ZiL:l Ai, r(A;) = x5, and A;(X) = A({x;}).
Since A is not convex partitional, for some i, j, int(ch(supp(4};))) Nint(ch(supp(4;))) = 0.
For z in this intersection, x; — x; = (xj —z) + (z—x;) € L; + L, in Lemma 3, applied with
(#1,Hy) = (1), ;). Hence that lemma yields a measure a and ¢ > 0 such that a(X) =0,
-Ai <a <, and fxda = &(xj — x;). If we fuse for each k = i,j the measure Ay to its
barycenter and fuse A;—a > 0 and A;+a > 0 to their barycenters (if two of these measures
have the same barycenter, decrease the value of ¢ slightly), we obtain an element of G that

is larger than A in the convex order, a contradiction. [ ]

Proof of Proposition 3. Let v € F,, be a finitely supported optimal solution. Let S := supp ¥,
and let

Og = {/\ € F,: Ais optimal and supp A C S}.

As a subset of the finite-dimensional simplex of probability measures supported on S, Og
is nonempty, compact, and convex, so it has an extreme point; fix one and call it v*. We

claim that v* is an extreme point of F,. Suppose that
v = t/\l +(1 —t)Az

for some t € (0,1) and Ay, A; € F,. By the linearity of the objective, A; and A, are optimal.
Since v*(X \ S) = 0, we have

Thus, Ay, A, € Og, and by the extremality of v* in Og, A; = A, = v*. We conclude that v* is
an extreme point of F,.

By Proposition 1, there exists a convex partition #* of X corresponding to v*. Among
all such partitions, choose #* to be a finest up to y-null refinements.'>

Next, fix P € #* with u(P) > 0, and define

fip = /,t(P)_1 plp and Vp:= ,u(P)_1 v¥|p.

13That is, there is no partition corresponding to v* that strictly refines #* on a set of positive y-measure.
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By the global optimality of v*, the normalized restriction ¥p is optimal for the moment-
persuasion problem on P with prior fip, as otherwise we could strictly improve the global
objective by modifying the signal only on P. Denote Sp := supp ¥p.

As Vp < jip, Strassen’s theorem implies that there is a martingale coupling 7tp € A(P x P)
whose first marginal is 7p and whose second marginal is ji,. Because the objective de-
pends only on the first marginal and ¥p is optimal, any such martingale coupling mp is
an optimal solution to the normalized moment-persuasion problem. Applying Dworczak
and Kolotilin (2024, Theorem 5) to this normalized problem on P, there exist a convex
Lipschitz price function ¢p: P — R and a measurable function Qp: P — IR? such that

¢p(2) = sup{V (x) + Qp (x) - (z - x)}
xeP

forallze P, ¢, >V on P, and the complementary-slackness condition
@p(z)=V(x)+Qp(x)-(z—x) for mp-a.e. (x,2). (CS)
For each x € Sp, define the affine function

e (2) =V (x)+Qp(x)- (z-x),

and set P (2z) = maxycs, {x(2z). As Sp is finite, ¢ is convex and piecewise affine. More-
over, Yp < ¢p on P. Complementary slackness (CS) implies that 1, (z) = @p(z) for fip-
almost every z € P. As both functions are continuous and ji, has full support relative to
P (after modifying cells on p-null boundaries), we have ¢, = ¢, on P and so 1, > V on
Pp.

We also have 9, (x) = V (x) for every x € Sp. Indeed, since ¢, = ¢p, p > V. On the

J¢Pdﬂp:f¢PdﬂPSj¢PdﬁP :j Vdvp,
P P P P

where the inequality follows from ¥p < ji, and the convexity of ¢, and the final equality

other hand,

is the primal-dual value equality from (Dworczak and Kolotilin, 2024, Theorem 5) ap-
plied to the normalized problem on P. Since ¢, > V and ¥p is supported on Sp, equality

of the integrals implies 1, (x) = V (x) for every x € Sp.
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We claim that 1, is affine on P. Suppose not. For each x € Sp, define

C, = {zeP: ¢P(z):€x(z)}.

The sets C,, x € Sp, are convex and cover P. As ¢, = ¢p, (CS) implies that the conditional
distribution of z given x under 7p is supported on C,. Since x is the barycenter of this
conditional distribution and C, is convex, we have x € C,. Moreover, because x € Sp has
positive ¥p-mass and fip is absolutely continuous, C, has nonempty relative interior in P.

If two such sets have overlapping relative interiors, then the corresponding affine
functions agree on a relative open set and, therefore, agree everywhere. Thus, after
identifying support points that generate the same affine function and assigning common
boundaries, which are y-null, the distinct sets C, define a finite convex partition of P,
where we assign the boundary pieces so that each support point x € Sp belongs to the cell
generated by C,.

For each cell R of this partition, let Sg := {x € Sp: C, = R}. The conditional distribution
of z given any x € Sy is supported on R, and x is the barycenter of this conditional distri-
bution. Aggregating over x € Sy, the restriction ¥p|g is a mean-preserving contraction of
jip|r. Scaling by u(P), replacing P by these cells yields a convex partition corresponding
to v*. Since 1, is not affine on P, this partition is strictly finer than /#*, a contradiction.
Therefore, 1, is affine on P.

In sum, p is affine, p > V on P, and ¢ = V on Sp. For every 1 € D, p, both 1 and

Vp have barycenter rp (u). Therefore,

Ey [VI<E, [0p]=0p(rp (1) = 5, [0p] = By, [V],

whence we conclude that ¥p solves the unconstrained persuasion problem on P; and, as
P € %" was arbitrary, v* is canonical. We obtain the stated payoff by summing the values

of the unconstrained problems for each cell: E«[V] =} pcp p(P)cavp V (rp (n)). [

A.3 Proofs for Section 4

Proof of Proposition 4. Fix a decision problem, cost function, and prior of the form de-

scribed above. The strict convexity of kc means that any optimal solution must be finitely
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supported. Moreover, if V is affine, then the unique optimum is degenerate on the prior’s
barycenter 6,(,). That solution is convex partitional with a single prototype, so the con-
clusion is immediate. We therefore assume that V is not affine.

Foreachj=1,...,d, let

dc
ci(x) = =—(x),
] 8x]
and define
a = x,yeXm;ja:)i,...,d |Cj (x) —¢; (3))|

Because the partial derivatives of ¢ are bounded and c is strictly convex, a € R,,.

We write z,(x) = b, - x+d, for eacha € A, with b, = (b, 1,...,b, ;). Define
ﬂ = min{lba,j _ba’,j : a,a’ €A, ] =1,...,d, ba,j # baf’]'}.

Because V is not affine and because the actions in A are undominated, the finite set of
slope vectors {b,},.4 contains at least two distinct elements and g € R,,.

Let ® := p/(2a), and fix k¥ < k. Since V — «c is Lipschitz on X and the optimum is
finitely supported, Proposition 3 applies and so there exists a canonical solution v with
corresponding partition &. Suppose for the sake of contradiction that for some P € %, the
restriction v|p has support {xy,...,x,,} with m > 2.

Since v is canonical, the normalized restriction /4(P)_1 v|p solves the unconstrained
persuasion problem on P for the objective V — xc. Accordingly, there exists an affine

function h: P - Rsuch that h > V —«xcon P and
h(x;) =V (x;) = xc(x;)

foreachi=1,...,m.
For each 7, choose a; € A such that V (x;) = z,. (x;). Then,

24, (x) —h(x)

K

<c(x)

for all x € P, with equality at x;. Since c is differentiable, the affine function

Zq; (x) —h(x)
K

X =
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is a supporting hyperplane to c at x;. If a; = a; for all i, k, then the same affine function

Zq, (x) — h(x)

K

X =

would support c at the distinct points x,..., x,,, contradicting the strict convexity of c.

Thus, there exist i,k € {1,...,m} such that a; # a;. For such i and k,
by, —ba, =k (Ve(x;) = Ve(xg)).

.. Then

k]

Choose j € {1,...,d} such that b, ; # b

|bai:j B b“k:j| > ﬁ
a

= > —>K,
lej (xi) = ¢ (x|
contradicting x < k. We conclude that every cell P € % contains a single support point of

v, as desired. ]

Proof of Proposition 5. The first statement follows from Proposition 2 and the convexity
of V, so only the second statement needs proving. Let Aj C A be a set of K actions that

are strictly optimal somewhere. For a € A, define
U, ={xeX: z,(x)>z(x) Vb=al

Each U, is relatively open and convex. Since a is strictly optimal somewhere and y has
full support, u(U,) > 0.

First, we observe that every optimum has exactly K support points. Indeed, suppose
for the sake of contradiction that v is optimal and |supp v| < K. Since the sets U,, a € A,
are pairwise disjoint and there are K of them, there is some a € Ay such that U, Nsuppv =
0. If m is a martingale coupling with first marginal v and second marginal p, then for
some y € supp v, the conditional distribution 7, assigns mass p € (0,1) to U,. Replacing
v by the two barycenters y, = r(1y|y,) € U, and yr = r(1y|x\y, ), with weights pv({y}) and
(1 -p)v({y}), yields an MPC with at most [suppv|+ 1 < K support points and a strictly
higher payoff, because a is uniquely optimal at y,, while the affinity of payoffs implies
that a is not optimal at yg. This contradicts the optimality of v.

Second, suppose for the sake of contradiction that some optimal v with [suppv| < K is

not convex partitional. As we have just argued, it must be that |supp v| = K. Furthermore
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Proposition 2 delivers a convex-partitional MPC A of u, with |[supp A| < K, such that
v < A. Since V is convex, E,[V] > E,[V]. If the inequality were strict, v would not be
optimal. Thus, equality must hold, and A is also optimal. Moreover, |supp A| = K.

Let y be a martingale coupling with first marginal v and second marginal A. Since

v < A, some conditional distribution y, is nondegenerate. Moreover,

o=EVI-E (V= Y st [vean,@-vi),

yesupp v
and each term in brackets is nonnegative by Jensen’s inequality. Therefore, Jensen’s in-
equality holds with equality for the nondegenerate conditional distribution Yy SOV is
affine on chsupp y,,. In particular, there exist two distinct points z;,z; € supp A such that
V is affine on the segment [z, z;].
Let m; = A({z;}), i = 1,2, and define
_ M2z +My2y
Z:= T v,
Let p be obtained from A by replacing the two atoms z;, z, by the single atom Z with mass
my +my. Then p S A S psopeF, and [suppp| <K.
Since V is affine on [z, 2], E,[V] = E,[V], and so p is an optimal solution with fewer
than K support points, a contradiction. Therefore, every optimal solution must be convex

partitional. n

B Sufficient Conditions for Extremal M PCs

We explore here sufficient conditions for a finitely supported measure v to be an extreme

point of F,,.

Definition B.1. Given a positive measure y and a partition & of X into finitely many

convex subsets, we say that a collection of (signed) measures {up}pcyp is a feasible flow for
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P if it satisfies

0 <uplx\p < plx\p (B.1)

—pulp <uplp <0 (B.2)

up(X)=0 (B.3)

f xdup =0 (B.4)
X

Zup =0 (B.5)

P
Proposition 6. Fix an absolutely continuous measure p and let P be a partition of X into

finitely many convex sets.

1. Suppose that v € F, satisfies v|p < plp for all P € & and that the support of v|p is affinely
independent. If up = 0 for all P € P is the unique feasible flow for P then v is an extreme

point of F,.

2. Suppose there exists a non-zero feasible flow for . Then there exists an MPC v € F,,

that is not an extreme point of F,, and that satisfies

(a) Foreach P e ®, v|p 3 plp; and

(b) The support of v|p is affinely independent.

The proof of Part 2 uses the following lemma.

Lemma 5. Let p be absolutely continuous and let P C X be convex with u(P) > 0. Then
there is & > 0 such that for every 6 € (0,0) there are affinely independent points vy,...,9,.1 €
int(P) N By(r(plp)) with the following property. For every signed measure w of finite total
variation such that ulp + ew > 0 for all sufficiently small € > 0, there is € > 0 such that for all
€ € (0,&) one can write plp + ew = Z}tll /\;7 with each /\]‘? positive and r(/\;f) =y;. Consequently
the unique measure supported on {yy,...,v,,1} with the same mass and barycenter as p|p + ew

is positive and is an MPC of u|p + ew.

Proof. Let M := u(P), z := r(plp) and Xp(z, p) = fp(x —z)(x—z)" du(x). Thus, Xp(z, p) is the

unnormalized covariance matrix of yulp.
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Since p is absolutely continuous and u(P) > 0, the measure p|p is not carried by a
hyperplane. Hence P has nonempty interior and the matrix Xp(z, u) is positive definite.
Moreover z € int(ch(supp(p|p))): otherwise a supporting hyperplane at z with normal a
would give (a,x —z) > 0 on supp(p|p) while J{a,x —z)dulp = 0, forcing pu|p to be carried
by that hyperplane. Since ch(supp(ulp)) € P and int(P) = int(P) for a convex set with
nonempty interior, z € int(P).

Let vq,...,v,,1 be the vertices of a regular simplex in B;(0) C R” centered at the origin,

so that Z]' vi=0and z+vy,...,2+ vy, are affinely independent. For 6 > 0 set

yi=z4ov, 0=+ MASp v x-2), A= plp

Since Z]- v; = 0 we have Z]- =1 and hence Z]- Aj = plp. Since f(x—z)d;dp = 0 we have
Ai(X) =M/(n+1), and since f(x —z)(b,x —z)dpulp = Xp(z, u)b for every b € R",

J‘xd,\j = ]j\f—lz+)jp(z,y)(n+12p(z ,u) ) = ,1Mj(z+6v]'),

so that r(A;) = y;. Because X is compact, |1,b]( )—%H < n+1||}:p(z, )_1||max]~||v]-||diam(X)
for all x € X. Hence there is 6 > 0 such that, for all 6 € (0,6) and all j, y; € int(P) and
P2 %ﬂ), so that A; > ﬁ]dlp. This proves the assertion for w = 0.

Fix such a ¢ and let w be as in the statement. Since A; > ’lelp for every j, all
the A; have the same support as plp and hence aff(supp };) = IR”. Consequently the
graph in Lemma 4, for the singleton partition, is complete and connected. Further-
more, {y1,...,V,41} is affinely independent and therefore spans aff(P) = R”, so the vec-
tors (1,y;) € R™! form a basis and there are reals y,,...,7,,; with w(X) = 2y and
fxdw =2j7,vj- Lemma 4 thus applies and yields, for all ¢ > 0 small enough, positive
measures /\]8- with ) ]g = plp + ew and r(/\]“?) € aff{y;} = {y;}.

Finally, let v* be the measure supported on {y1,...,y,.1} with v({y;}) = /\}?(X). By
Lemma 1, v® < plp + ew, and by construction v® has the same mass and barycenter as
plp+ew. As {y1,...,9,.1} is affinely independent, it is the only measure supported on that

set with this mass and barycenter. [

Proof of Proposition 6. Part 1: Assume v is not an extreme point. Then there are vi,v; € F,

such that v{ # v, and v = %vl + %vz. Let {xy,...,x,,} denote the support of v and let ,u;.
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]
(such measures exist by Lemma 1). Define pl, := Z]-:X]Ep ;4; and up = spp + sus — plp. It

be positive measures such that, for i = 1,2, y = Z]- ;4;-, vi({x;}) = y;-(X), and r(y;) = X;

follows that Y pup = 0. Moreover, up is positive on X \ P and, since p}, < p, it satisfies
(B.1). Analogous arguments establish (B.2). Finally, up(X) = 0 and fxdup = 0. Since
V1 %V # vy, up # 0 for some P. Hence, there is a non-zero feasible flow.

Part 2: Conversely, suppose there is a solution {up} to (B.1)-(B.5) satisfying ug # 0
for some Q € #. Enumerate the elements of # as # = {P,,...,P,}. Note first that u(P) > 0
whenever up # 0: if y(P) = 0, then (B.2) forces up|p = 0, and since up(X) = 0 and up|x\p > 0
by (B.1), also up|x\p = 0. In particular u(Q) > 0.

We first construct v. For each P € ® with u(P) > 0, let Sp > 0 be as in Lemma 5, fix
0 € (O,min{Sp : u(P) > O}), and let yf,...,y,fﬂ be the points that the Lemma associates
with P and 6. Let v|p be the measure supported on {yf,...,yfﬂ} with the same mass and
barycenter as p|p, and let v|p := 0 if y(P) = 0. By the case w = 0 of Lemma 5, v[p is a
positive measure satisfying v|p < plp, so v = ) pcp vlp is an MPC of y; moreover, the
support of v|p is affinely independent, spans the affine hull of P, and is contained in the
o-ball around the barycenter of v|p. Note that ¢ is fixed at this point; the parameter ¢
below is chosen small only afterwards.

Choose ¢ € (0,1) small enough and define, fori =1,...,m,

’l,l}jl = ,u|R +€Mpilx\pl.

[433 = ’/llp—SMpilp for P iPi.

By construction, y% is a positive measure for all P € # and ) p.p y}} = p. Write ;4}', =
ulp + ew}}, where w;',i = up|x\p = 0and w}; := —up|p > —plp for P # P;, both inequalities by
(B.1). Hence /ulp—i-ew;; >0 forall e €(0,1), so Lemma 5 applies to each of the finitely many
pairs (P, w;‘;): for € small enough, the measure v}') with support supp(v) N P and the same
mass and barycenter as ;/tfj is well defined, positive, and an MPC of ,u;. Consequently
vii=Y pepvh is an MPC of p.

We claim that 2 Y ", v/ = v, which implies that v is not an extreme point. To establish
the claim, we argue that %Z;ﬂzl v(P) = v(P) and %Z:’il IP xdv' = IP xdv for all P € &.

Since the support of v' and v coincides on each P and is affinely independent, this implies
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that % K vyl = v. That is,

1 v« . 1 1
— ) VB = p(B) +—euplin(X)=—e ) uplp(X)
i=1 iz
1 1 .
= u(P;) + E(‘flxlpjb(\pj(X)"r Efupjlpj(X) (since Zupilpj =0)
1
1
=l4(1’j)+%€upj(X)

Also,

m

MRS

j i=1 j

-
= xd,u—i-e/mf xdu%—e/mZJ xdup.
JF X\By itizj 2 L
-
= xd,u+£/mf xdup.+£/mj xdup.
Jp, X\P, j P j
~
= | xdv.
JP.

Lemma 6. Suppose that P € & is the intersection of a half-space and X, i.e., P = HN X for
some half-space H of R". If {up} is a feasible flow then up|p = up/|p = 0 for all P’ # P.

Proof. If {up}is a feasible flow then fxdup = 0 and therefore IXd[—Mplp] =) prp fxd[upll’j].
The result follows since if up|p, # 0 then the barycenter of —up|p lies in the interior of P,
hence in the interior of the half-space H, whereas the barycenter of } p,.p up|p: lies in the

complement of this half-space. This violates deup = 0, therefore up|pr = 0. [

Lemma 7. Let y be an absolutely continuous measure with full support on X.
Let & be a partition of X into finitely many convex sets and suppose that there is a non-zero

feasible flow {up}peyp for P. Let mpg := up|o(X) and xpg = J-XdI/lplQ. For all P,Q € ® with

xPQ
mpg”*

MmpQ >0, let pr =
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If %’ is a partition of X that approximates P in the sense that for each P € P there is
P’ € &’ such that P’ C P and, for all Q € P, bgp € int P’ then there is a non-zero feasible flow
for @’

Proof. Let k denote the number of partition elements in & and fix 0 > 0 small enough.
For all P € # and all Q € @\ {P}, let P’ and Q’ be the corresponding partition elements

in #’ that approximate P and Q, respectively. Let 7y p- be a non-negative measure with

igp < %I/llp/, iy p(X) = dmpp, and barycenter fxdﬁQ/p/ = bgp (if mgp > 0). Such

omgp
measures exist by Lemma 2 whenever 6 > 0 is choseQn small enough. For all P/,Q’ € #’ for
which ip/ has not been defined this way, let 7ip/ be the zero measure.
For any P’ € &/, define iip/pr = =} epr\(p o’ @and define dpr = }_ e tipry-
Then } picp tipr = 0 by construction. Moreover, since } ¢y tiglp is the zero measure,
we obtain for any P €  and its approximating partition cell P’ € #’,
oup|p(X)=-06 Z uQ|P Z g p(X) = iipp(X).
QeP\{P QeP\{P’}
This yields
fip(X) = Z oy (X Z Suplo(X) = sup(X) = 0.
Qep’ Qe
Analogous arguments establish that fXdﬂp' = 0. Since 0 < dp/|x\pr < plx\pr and —plp <

iip/|pr <0, it follows that {i7} is a non-zero feasible flow for &’. [
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