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Abstract

We propose a framework for merger analysis with multiproduct firms under gen-
eralized CES (GCES) and generalized multinomial logit (GMNL) demand. Despite
allowing for arbitrary firm and product heterogeneity, we obtain the type aggregation
property: All relevant information about a firm’s product portfolio can be summarized
in a uni-dimensional sufficient statistic, the firm’s type. Indeed, GCES and GMNL are
shown to be the only IIA demand systems giving rise to that property. Relative to
standard CES and MNL demand, our generalization implies that prices, locally, can be
strategic complements or substitutes, depending on the local behavior of the curvature
of indirect utility. In turn, this distinction is shown to determine whether competition
authorities should be more or less strict on mergers in more competitive industries. We
obtain further results on the static and dynamic consumer surplus effects of mergers,
the aggregate surplus and external effects of mergers, and on the relationship between
the market power effect of a merger and the merger-induced change in the Herfindahl
index.

Keywords: Multiproduct firms, aggregative game, oligopoly pricing, ITA demand,
type aggregation, horizontal merger, Herfindahl index, generalized CES demand, gen-

eralized multinomial logit demand.

*We gratefully acknowledge financial support from the German Research Foundation (DFG) through

CRC TR 224 (Project B03).
"Department of Economics and MaCCI, University of Mannheim. Also affiliated with CEPR and the

University of Surrey. Email: volker.nocke@gmail.com.
iDepartment of Economics and MaCCI, University of Mannheim. Also affiliated with CEPR. Email:

schutz@Quni-mannheim.de.



1 Introduction

Although almost all mergers involve multiproduct firms selling differentiated products, much
of the IO literature on horizontal merger analysis has focused on the homogeneous-goods
Cournot model (Farrell and Shapiro, 1990; McAfee and Williams, 1992; Nocke and Whinston,
2010, 2013). We propose a framework for horizontal merger analysis with multiproducts firms
under generalized CES (GCES) and generalized multinomial logit (GMNL) demand. Using
this framework, we revisit classic questions such as the consumer surplus, aggregate surplus
and external effects of mergers. We also relate the harm inflicted on consumers (and society
at large) by a merger without synergies to the induced change in the Herfindahl index.

In Section 2, we introduce the oligopoly model with multiproduct firms and GCES/GMNL
demand. In Section 3, we show that the multiproduct-firm pricing game is aggregative in
that each firm’s profit depends on the prices of its rivals only through a uni-dimensional ag-
gregator, which is also a sufficient statistic for consumer surplus. Moreover, we also show that
the type aggregation property holds: All relevant information on a firm’s product portfolio
(number of products, qualities, marginal costs) can be summarized by a uni-dimensional
statistic, the firm’s type. Relative to standard CES/MNL demand, our generalization to
GCES/GMNL demand implies that prices, locally, can be strategic complements or substi-
tutes, depending on the local behavior of the curvature of indirect utility. The equilibrium
exists and is unique, and has intuitive comparative statics.

The type aggregation property permits a parsimonious modeling of mergers and merger-
induced synergies. In principle, synergies could be reflected not only in changes in the
marginal costs of the merger partners’ products but also in quality improvements of pre-
existing products and a change in the set of products offered by the merged firm. The
type aggregation property allows us to summarize such multi-dimensional synergies in a uni-
dimensional sufficient statistic, which corresponds to the ratio of the merged firm’s type to
the sum of the merger partners’ pre-merger types.

In Section 4, we study the consumer surplus effects of mergers. We show that for a merger
not to harm consumers requires synergies. Moreover, the required synergies are smaller in
more competitive industries if prices are local strategic complements but larger if prices are
local strategic substitutes. Next, we turn to a dynamic environment in which merger oppor-
tunities arise stochastically over time and merger proposals are endogenous. We show that
a myopic merger approval policy (which approves a merger whenever it statically raises con-
sumer surplus) is dynamically optimal, provided prices are (global) strategic complements.
Instead, under local strategic substitutability, we show that a competition authority adopt-
ing a myopic merger approval policy may well have ex-post regret about previously approved
mergers. Our results on the dynamic (non-)optimality of a myopic merger approval policy
both extend and qualify the earlier results by Nocke and Whinston (2010), obtained in a
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homogeneous-goods Cournot model, and Nocke and Schutz (2019), obtained in a model with
(nested) CES/MNL demand in which prices are always strategic complements.

In Section 5, we show that for a merger to raise aggregate surplus, the type of the merged
firm has to be above a unique threshold. The required synergies, if any, are lower than for
the merger not to harm consumers. Extending Farrell and Shapiro (1990), we also relate the
external effect of a merger (on consumers and the non-merging outsiders) to the level and
dispersion of pre-merger market shares.

In Section 6, we study the market power effect of a merger, defined as the impact on
consumer (or aggregate) surplus in the absence of synergies. Using Taylor approximations,
both around small market shares and around monopolistic competition conduct, we show
that a merger’s market power effect is positively related to the merger-induced change in
the Herfindahl index. This complements Nocke and Whinston (2022) who relate the level
of synergies required for a merger not to harm consumers to the change in the Herfindahl
index.

In Section 7, we provide an if-and-only-if characterization of the class of ITA demand
systems giving rise to the type aggregation property. We show that, essentially, only GCES
and GMNL demand permit that property, justifying our focus on those demand systems.

Our paper contributes to two literatures. First, the paper advances the literature on
oligopoly with multiproduct firms (e.g., Anderson and de Palma, 1992, 2006; Konovalov and
Sandor, 2010; Gallego and Wang, 2014; Nocke and Schutz, 2018, 2023; Garrido, forthcoming)
by providing necessary and sufficient conditions for the type aggregation property to obtain.
We show that the demand systems consistent with type aggregation are generalizations of
standard CES and MNL demand, which—through the local behavior of the curvature of the
indirect utility function—allow prices, locally, to be strategic complements or substitutes.

Second, the paper advances the theoretical literature on the unilateral price effects of
horizontal mergers (e.g., Williamson, 1968; Farrell and Shapiro, 1990; McAfee and Williams,
1992; Werden, 1996; Froeb and Werden, 1998; Goppelsroeder, Schinkel, and Tuinstra, 2008;
Nocke and Whinston, 2010, 2013, 2022; Jaffe and Weyl, 2013; Johnson and Rhodes, 2021).
We study the price and welfare effects of mergers in a framework with multiproduct firms,
allowing for arbitrary firm and product heterogeneity, and rich forms of merger-induced syn-
ergies. This paper complements our earlier work, Nocke and Schutz (2019), by studying the
role of strategic complementarity and substitutability for merger analysis in multiproduct-
firm oligopoly with generalized CES/MNL demand.



2 The Multiproduct-Firm Oligopoly Model

2.1 Demand Side

Consider an industry with a finite set N of imperfectly substitutable products. We assume
throughout that preferences are smooth and quasi-linear, and that the demand system has
the ITA property. As shown in Anderson, Erkal, and Piccinin (2020) (see also Goldman
and Uzawa, 1964), given the assumption on preferences, the IIA property is equivalent to

consumer surplus taking the form

Vip) =V <HO +) hj(pj)) (1)
JEN

for some H" > 0 and some smooth, univariate functions ¥ and h; (j € N). Applying Roy’s

identity, we obtain the demand for product i € N, D;(p) = —hl,(p;)V'(H(p)), where

H(p)= H"+ > hi(p))
JEN
is the industry aggregator.
In Section VII in the Online Appendix to Nocke and Schutz (2018), we showed that the
following conditions are necessary and sufficient for the above demand system to be derivable

from multistage discrete/continuous choice:
Assumption 1. The function H — HWV'(H) is strictly positive and non-decreasing.
Assumption 2. Each function h; is strictly positive, strictly decreasing, and log-convex.

In the multistage discrete/continuous choice micro-foundation, a continuum of consumers
are engaged in a sequential choice process. In the first stage, each consumer observes the
vector of prices p and her idiosyncratic valuation for the stage-1 outside option, and decides
whether to take up that outside option. In stage 2, consumers that turned down the outside
option observe a vector of idiosyncratic, product-specific taste shocks, drawn i.i.d. from a
type-I extreme value distribution, and chooses one of the products or the stage-2 outside
option. In stage 3, consumers that chose product i (i € N') decide how many units of that
product to purchase.

With this micro-foundation, log h;(p;) and log H® are the mean utilities of product j and
the stage-2 outside option, respectively, whereas the function ¥ embodies the distribution of
the value of the stage-1 outside option in the population. Under optimal consumer behavior,
a mass H(p)V' (H(p)) of consumers turn down the stage-1 outside option, each consumer
that remains chooses product ¢ with probability h;(p;)/H (p) in stage 2, and the stage-3,
conditional demand for product i is —hj(p;)/hi(p;) by Roy’s identity. Taking the product of
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these three terms yields the total demand for product i, —hl(p;)¥'(H(p)), which coincides
with the above expression for D;(p).

We assume throughout that Assumption 1 holds. Moreover, we significantly strengthen
Assumption 2 as follows:

Assumption 3. Either (i) for every j, hij(p;) = ajpjl-_" for some parameters a; > 0 and

a;—pj
X

o > 1; or (ii) for every j, h;(p;) = exp for some parameters a; and A > 0.

As we show in Section 7, this stronger version of the assumption is necessary for the
type-aggregation property (see Section 3.1) to obtain. Note that if ¥ is (a positive affine
transformation of) the logarithm, the demand system is of the CES type when part (i) of
Assumption 3 holds and of the MNL type when part (ii) of Assumption 3 holds. Thus,
we will henceforth say that demand is generalized CES (GCES) when part (i) holds and
generalized MNL (GMNL) when part (ii) holds.

For every H, let e(H) = H(—V"(H))/V'(H) denote the curvature of ¥. We make the

following additional assumption:
Assumption 4. The function € is strictly positive and non-decreasing.

The first part of the assumption (which boils down to ¥” < 0) says that products are
always substitutes.! The second part of the assumption is a technical requirement that,
together with the other assumptions, implies that any multiproduct-firm pricing game has
a unique Nash equilibrium by Theorem IIT in the Online Appendix to Nocke and Schutz
(2018). Note that Assumptions 1 and 4 imply that e(H) € (0, 1] for every H.

A reformulation of Assumption 4. Consider the multistage discrete/continuous choice
micro-foundation sketched above. To simplify the exposition, assume that there is a unit
mass of consumers and that each consumer’s valuation for the stage-1 outside option is zero.
At the beginning of stage 1, each consumer observes the realization of an idiosyncratic taste
shock &, drawn from some smooth cumulative distribution function F'. A consumer that
turns down the stage-1 outside option expect to receive a utility of £ plus the expected value
of behaving optimally in stage 2. The properties of the type-I extreme value distribution
imply that the latter is equal to log H. Thus, a consumer optimally turns down the stage-1
outside option if and only if log H + £ > 0, which happens with probability

1— F(—logH) = HV'(H)

Taking the logarithmic derivative yields:
F'(—log H)
1—F(—logH)

=1 — e(H). (2)

To see this, note that, for i # j, 0D;/0p; = —h;h;W", which has the same sign as —W¥".
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In words, 1 — € corresponds to the hazard rate of F' in the discrete/continuous choice micro-
foundation. Assumption 4 can therefore be rephrased as follows: The hazard rate of F' is

non-decreasing (so that € is non-decreasing) and strictly less than 1 (so that € > 0).

2.2 Supply Side

We partition the set of products, AV, into a set of firms, F. That is, each firm f has exclusive
property rights over the production of all products in set f. We assume throughout that
there are at least two firms, |F| > 2. Each product j has a constant unit cost of production,
c; > 0. The profit of firm f € F is thus equal to

I (p) = > (pj — ;) (= (p;)) V' (H (p)). (3)
Jjef
Firms compete by simultaneously setting the prices of all of their products; the equilibrium
concept is Nash equilibrium. As welfare measures, we will use both consumer surplus (CS =
W(H)) and aggregate surplus (AS = W(H) + > » 7).
Firm-level shares will play an important role in our analysis. In terms of the multistage
discrete/continuous choice micro-foundation outlined in the previous subsection, the relevant

concept for us will be the market share of firm f among the consumers who did not take up

h;(p;
o=yl

Jef

the stage-1 outside option:

Thus, s/ corresponds to the probability that a consumer who turned down the stage-1 outside
option chooses one of firm f’s products. Moreover, it is easily verified that s/ is firm f’s
output share under GMNL demand and firm f’s revenue share under GCES demand—again,
this does not account for consumers who took the stage-1 outside option. The market share
of the stage-2 outside option is H°/H.

3 Equilibrium Analysis of the Oligopoly Model

Given Assumptions 1, 3, and 4, Theorem III in the Online Appendix to Nocke and Schutz
(2018) implies that first-order conditions are necessary and sufficient for optimality and that
the multiproduct-firm pricing game has a unique equilibrium, which can be characterized
using an aggregative-games approach. In this section, we establish the type-aggregation
property, derive the firm’s fitting-in functions, and characterize the unique equilibrium (Sec-
tion 3.1), establish the key properties of firms’ fitting-in functions (Section 3.2), and use them

to perform comparative statics that will be useful for the merger analysis (Section 3.3).



3.1 Fitting-in Functions, Type Aggregation, and Equilibrium Char-

acterization

The first-order condition for product i sold by firm f can be written as:

V) 1= (= ) 2P DS 0 = ey )| =
G jef

which simplifies to

W) _ |, elH) ,
S =1 S o ) () (@)

Jef

(pz' - Ci)

Nocke and Schutz (2018) refer to the left-hand side of equation (4) as the (-markup on
product 7. As the right-hand side of that equation is independent of the identity of 7, it
follows that firm f charges the same c-markup, call it u/, on all of the products in its
portfolio—the common ¢(-markup property. Under GCES demand, the left-hand side of
equation (4) simplifies to o(p; — ¢;)/p;, and so the common (-markup property means that
firm f charges the same Lerner index on all its products. Under GMNL demand, the left-
hand side is (p; —¢;) /A and firm f thus charges the same absolute markup on all its products.

Let us now use the common ¢-markup property to simplify the second term on the right-
hand side of equation (4). Setting « equal to (¢ — 1)/ under GCES demand and to 1 under
GMNL demand, we have:

=pf =ah;(p;s)
I 1, Wi () H(py)”
= D> Wy =) (=h;(py) = = D (pj —¢))— y
H ; J J A H ; J J —h;(pj) h;-’(pj)
1
= Oéufﬁ Z h;(p;)
Jef
= ap’s’, (5)
Thus, equation (4) simplifies to
1
f_ - 6
P9 ae(H)sl” (6)

Moreover, equation (5) also implies that, at firm f’s optimum:
IV = ap/s" HV' (H). (7)

Next, we use the common (-markup property to express s/ as a function of p/. Under
GCES demand, we have:

1 1 o e
I — (ps) = — ‘ .
s —ﬁi :hj(p])— I E 4 (O._,ufcj)

jef Jef



1 —0
_E\(l—(l 1“2% : (8)
Ev@f) Jef

=7f

Similarly, under GMNL demand we obtain:

Sf:%zh (p;) ZeXp i — 6 — (pj—Cj)

Jjef Jef
| a; — C;
:Ee“Zexpj)\]. (9)
=v(uf) JES B
—Tf

Thus, regardless of whether demand is of the GCES or GMNL type, the market share of
firm f can be written as
T

sl = —o(u), (10)

where v is a strictly decreasing function and T/, firm f’s type, is a sufficient statistic
that summarizes all the relevant information about firm f’s product portfolio—the type-
aggregation property. That sufficient statistic has the same interpretation (and, in fact, the
same expression) as in Nocke and Schutz (2018, 2019): T/ will be higher if firm f supplies
more products, delivers higher quality, or has lower costs; it is thus a measure of how good
firm f is.

The above analysis implies that the pair (u/, s/) must jointly solve equations (6) and (10).
It is easily seen that this system has a unique solution:

Lemma 1. The system of equations (6) and (10) has a unique solution in (u’,s’) in the

domain (1, ﬁ) X <0, ﬁ)z The solution, (m(H, T7),S(H, Tf)), is smooth. The function
S is strictly decreasing in H, and there exists a cutoff H(T') > 0 such that S(H,T') < 1 if

and only if H > H(T'). Moreover, limp_, grsy) S(H, T?) =1 and limy_,o S(H, T) = 0.

Proof. Existence, uniqueness, and monotonicity were established in the Online Appendix
to Nocke and Schutz (2018). The result that limy .. S(H,T7) = 0 follows immediately
as S(H,T') < v(1)T//H. This, together with the monotonicity of S(-,77), implies the
existence of the cutoff H(T7).

If H(T') > 0, then the result that limy_, y(rr S(H,T¥) = 1 follows immediately by the
definition of H(T7) and the continuity of S(-,7/). Suppose instead that H(T/) = 0. As
S(-,T7) is bounded, we can take limits in equation (10) to obtain limy_,ov(m(H,T')) = 0,
and thus limg_om(H,T) = 1/(1 — ). Rearranging terms in equation (6) yields:

1 1 1
S(H,TV) = {1 — m(H,Tf)] we() = %) > 1.

2We adopt the convention that 1/(1 — a) = +o0o when a = 1.




Since S(H,T') < 1 for every H, it follows that limpy_,o S(H,T/) = 1. O

In the following, we refer to m(H,T’) and S(H,T/) as the markup and market-share
fitting-in functions. The interpretation is that S(H,T7) is the share of the aggregator that
is optimally produced by firm f when the aggregator level is H; m(H,T/) is the associated

optimal (-markup. Using equation (7), we can also define the profit fitting-in function:
m(H,T") = am(H,THS(H, T"HV'(H)
B aS(H,TY)
1 —ae(H)S(H,TY)

where we have used equation (6) to obtain the second line. It is also sometimes convenient

H'(H), (11)

to work with the profit-per-active-consumer fitting-in function:
m(H,T") aS(H,T7) (12)
HV(H) 1—ae(H)S(H,TT)

which, in the multistage discrete/continuous choice micro-foundation, corresponds to firm

7(H,T7)

f’s profit normalized by the number of consumers who turned down the stage-1 outside
option.

Finally, the equilibrium value of the aggregator is pinned down by the condition
H°
- £y —
7 + E S(H,T’) =1, (13)

i.e., market shares must add up to unity. Lemma 1 implies that the left-hand side of the
above condition is continuous, strictly decreasing, strictly greater than 1 when H is small
enough, and strictly lower than 1 when H is high enough. Hence, equation (13) has a unique

solution and the pricing game has a unique equilibrium. Summarizing:

Proposition 1. The multiproduct-firm pricing game has a unique equilibrium. The equi-
librium aggregator level H* is the unique solution of equation (13). In equilibrium, firm f
sets a markup of m(H*,TY), commands a market share of S(H*,T7), and earns a profit of
m(H*,T7).

3.2 Properties of Fitting-in Functions

In this section, we study the properties of fitting-in functions, which will later be useful
for deriving comparative statics in the oligopoly model and studying the welfare effects of
mergers. For the analysis that follows, it is useful to define

He'(H)

((H)=1 )

By Assumption 4, ((H) < 1 for every H.
We have:



Lemma 2. The following holds:

(i) Fitting-in functions are increasing in type: The partial derivatives Om/IT, 0S/IT,
and O /0T are all strictly positive.

(ii) The market-share fitting-in function is decreasing in the aggregator level: 0S/0H < 0.
The profit fitting-in function has the same property when evaluated at an economically
relevant aggregator-type pair: Or(H,T)/OH < 0 whenever S(H,T) < 1.

(11i) Whether the markup fitting-in function is locally increasing or decreasing in H depends
on ((H): The partial derivative Om/OH has the same sign as —C(H).

Proof. See Appendix A. O

Part (i) of the lemma says that, holding fixed the intensity of competition, a firm that
has a higher type (i.e., a “better firm”) sets a higher markup, commands a higher market
share, and makes larger profits. Part (ii) of the lemma says that, holding fixed the type, a
firm that operates in a more competitive environment (higher H) commands a lower market
share and makes less profits.

Part (iii) is perhaps more surprising: A firm may respond to an increase in the intensity
of competition by raising its markup; this arises whenever ((H) < 0. To see the intuition,

note that the absolute value of the price elasticity of demand for product 7 is given by

dlog(—hi(pi)) ‘P”(H(p))‘ _ ’dlog(—hé(pi)) €(H(p))
dlog p; V'(H(p)) dlog p; H(p)

Thus, whether the demand for product ¢ becomes more or less elastic as p; rises (j # 1)

T () ' — pih (00|

depends on whether p; — e(H(p))/H(p) is locally decreasing or increasing. This means
that prices are local strategic complements (resp. substitutes) if H — €(H)/H is locally
decreasing (resp. increasing), which holds whenever ((H) > 0 (resp. ((H) < 0).

Recall from our discussion at the end of Section 2.1 that, in the multistage discrete/continuous
choice micro-foundation, 1 — € corresponds to the hazard rate of the distribution of the taste
shock that a consumer receives when turning down the stage-1 outside option. Denoting

that hazard rate function by z(-) and using equation (2), we have:
z(—logH)=1—¢(H).
Differentiating yields:
#(—logH) = He'(H) = e(H) (1 - ((H)),

which implies that




It follows that ((H) is strictly negative if and only if the derivative of the hazard rate is
(locally) sufficiently high. Intuitively, when that condition holds, an increase in p; (and thus
an increase in — log H) gives rise to a large increase in the relative density of consumers who
are indifferent between taking the stage-1 outside option and moving on to the second stage
of the choice process, thus making the demand for product ¢ # j more elastic.

As discussed in the Online Appendix to Nocke and Schutz (2018), the assumptions made
in Section 2 do not imply that ¢ is everywhere non-negative.®> In fact, it is easily checked
that the function W(H) = arsinh(H) satisfies Assumptions 1 and 4, but the associated ( is
negative on the interval (0,1) and positive on (1,00). Thus, the resulting markup fitting-
in function m(-,T") is strictly increasing on (0,1) and strictly decreasing on (1,00). Put
differently, markups are strategic substitutes when prices are high and strategic complements
when prices are low.

There are, of course, examples of functions W that give rise to global strategic complemen-
tarity. For instance, if ¥ is the logarithm or a power function (i.e., V(H) = H?, 3 € (0,1)),

then it has constant curvature, and so ((H) = 1 for every H.

3.3 Comparative Statics

Armed with the equilibrium characterization of Section 3.1 and the results of Section 3.2,
we can study the equilibrium effects of an increase in the type of one of the firms.

The comparative statics of consumer surplus, markups, market shares, and profits are
intuitive. As firm f’s type increases, the left-hand side of equilibrium condition (13) increases.
Since that left-hand side is decreasing in H, the equilibrium aggregator level must rise.
Lemma 2-(ii) implies that the profits and market shares of rival firms decrease; whether
their markups decrease or increase depends on whether prices are local strategic complements
(C(H*) > 0) or substitutes (((H*) < 0). As the market shares of rival firms and the outside
option (HY/H*) decrease, firm f’s market share must increase. This, combined with the
fact that e(H*) increases weakly (Assumption 4), implies that firm f’s (-markup rises (see
equation (6)). Combining this with equation (7) and the fact that HW'(H) is non-decreasing,
we obtain that firm f’s profit increases as well.

Summarizing:
Proposition 2. Let f,qg € F with f # g. A small increase in T
e raises H* and thus equilibrium consumer surplus;

o raises the equilibrium values of p/, s, and 11/ ;

3That being said, these assumptions do imply that ¢ cannot be everywhere non-positive, as this would
imply that e(H) ¢ (0,1] for H sufficiently high or sufficiently small.
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o lowers the equilibrium values of s9 and 119;
o lowers the equilibrium value of p9 if ((H*) > 0, and raises it if the inequality is reversed.

By contrast, the comparative statics of aggregate surplus are less clear-cut: An increase
in 77 may or may not raise equilibrium aggregate surplus. Intuitively, although consumer
surplus and firm f’s profit increase, the profits of firm f’s rivals fall by Proposition 2. Another
way of seeing this is that the increase in T redistributes market shares towards firm f, which
may amplify pre-existing inefficiencies if firm f was initially producing too much (relative to
the other firms).* The following proposition provides sufficient conditions on the primitives
of the demand system (i.e., a and €) that ensure that, regardless of the original vector of

types, an increase in one of the firms’ types always raises equilibrium aggregate surplus:
Proposition 3. Suppose that at least one of the following conditions holds:
(i) C(H) =1 for every H. (That is, V is either the logarithm or a power function.)

(ii) For every H, e(H) < L

Tta”
(i1i) For every H, ((H) > 0 (prices are never strategic substitutes) and e(H) < 2&1‘22.
Then, equilibrium aggregate surplus is strictly increasing in the firms’ types.
Proof. See Appendix B. O

We already know from Proposition 6 in Nocke and Schutz (2018) that, if ¥ is the loga-
rithm, then equilibrium aggregate surplus is increasing in the firms’ types. Part (i) of the
proposition shows that this result extends to any W with constant curvature. Part (ii) of the
proposition says that, even if ¥ does not have constant curvature, aggregate surplus remains
increasing in types provided € and « are not too high. The condition on « and € can be
made less stringent if one is willing to assume that prices are always strategic complements,
as in part (iii) of the proposition. For example, if a is smaller than approximately 0.62
(which corresponds to the GCES case with ¢ < 2.61), then the condition on € in part (iii) is
automatically satisfied since e(H) is always less than 1 by Assumption 1.

The intuition for conditions (ii) and (iii) can be understood as follows. In Appendix B
(see Lemma 5), we show that the derivative of aggregate surplus with respect to firm f’s

type has the same sign as

~ as9d «
= — _ g
r=1+(1 E)Zl—a659+(1—aesf)2 [1 s

geEF geF

+(1—<>62(%)2

geEF

4For similar reasons, equilibrium aggregate surplus in the homogeneous-goods Cournot model is not a

monotonic function of firms’ marginal costs—see Lahiri and Ono (1988) and Zhao (2001).
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-2

geF

dS(H, Tg)‘asg (( 1 1 ) |

dlog H 1—es9)? (1 — aes/)?

where (s9)4e7 is the equilibrium vector of market shares, and the functions ¢, ¢, and S are
evaluated at the equilibrium aggregator level.

All the terms on the first line are non-negative. The first term corresponds to the rise in
consumer surplus triggered by the increase in 77/. The second term captures the fact that,
as H increases, fewer consumers take up the stage-1 outside option, which raises producer
surplus and thus aggregate surplus. (Recall that the mass of consumers who turn down
the stage-1 outside option is HW'(H ), which has elasticity 1 — e.) The interpretation of the
third term is that firm f steals market shares from the stage-2 outside option, which also
increases aggregate surplus since firm f was initially producing too little (relative to the
outside option). The fourth term says that, as H increases, € rises (with elasticity 1 —¢ > 0)
by Assumption 4, which mechanically raises firms’ markups (see equation (6)).?

By contrast, the term on the second line in the definition of I can be positive or negative.
That term captures the fact that, as firm f’s product portfolio improves, firm f steals market
shares from its rivals. This market-share reallocation effect can be positive or negative,
depending on whether firm f’s markup, 1/(1—aes’), is higher or lower than its competitors’.
An immediate observation is that, if firms were initially symmetric or 77 > 19 (i.e., sf > g9 )
for every ¢, then the reallocation effect is non-negative. Instead, the effect is negative if
sf < s9 for every ¢, as firm f is initially overproducing relative to its competitors.

Regardless of the sign of the market-share reallocation effect, its magnitude will be small
if there is little dispersion in markups or the change in H has little effect on market shares.
A sufficient condition for the former is that a and/or € is small, so that (-markups do not
differ much from 1. A sufficient condition for the latter is that ( is sufficiently high, as, in
that case, firms respond to the increase in H by cutting their markups, thereby mitigating
the decrease in their market shares. Parts (ii) and (iii) of Proposition 3 confirm that, under

those conditions, the overall effect of an increase in 77 is to raise aggregate surplus.

3.4 Modeling Mergers

As in Nocke and Schutz (2019), the type-aggregation property permits a parsimonious mod-
eling of mergers. Consider a merger between the firms M C F, and let O = F \ M be the
set of non-merging firms—the outsiders. We assume throughout that the merger does not
directly affect the outsiders. That is, each firm f € O continues to supply the same products,

with the same qualities and costs, post-merger, which implies that 77/ remains unchanged.

5This is only a partial effect, which does not account for the fact that the market share of firm g # f

decreases, thus potentially resulting in a lower markup—see Proposition 2.
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By contrast, the merger may affect the merging firms’ set of products: New products may
be added; some products may be dropped; the qualities and costs of pre-existing products
may change. By virtue of the type-aggregation property, we do not need to keep track of
each of those individual changes, as all that matters is the type of the merged firm, 7M.

A special case of interest arises when the merger does not involve any synergies, in the
sense that the merged firm supplies the same products, with the same qualities and costs,
as the merger partners did pre-merger. In that case, the type of the merged firm is given by
T =3 e T/ We say that the merger involves synergies if 7% > 37\ TV

4 Consumer Surplus Effects of Mergers

In this section, we study the consumer surplus effects of mergers. We provide a static analysis

in Section 4.1 and a dynamic one with endogenous mergers in Section 4.2.

4.1 Static Analysis

Consider a merger M between the firms in M C F, and let T™ be the merged firm’s type.
Let H* and H denote the pre- and post-merger equilibrium aggregator levels, respectively.
We say that the merger is CS-neutral if it does not affect the equilibrium aggregator level,
H* = H; it is CS-increasing if H > H*, and CS-decreasing if the inequality is reversed.
Suppose first that the merger is CS-neutral. Then, the merger affects neither the out-
siders’ nor the outside option’s market share. Since market shares must add up to unity, it
follows that the market share of the merged firm must be equal to the sum of the pre-merger

market shares of the merger partners:

SH*TM) =" S(H", T). (14)
fem
Conversely, if condition (14) holds, then H* continues to be a solution to equation (13)
post-merger, and so the merger is CS-neutral.

As S(H,-) is continuous and strictly increasing (see Lemma 2) and has full range (see
Lemma 3 in Appendix A), there exists a unique cutoff type TM such that condition (14) holds
if and only if TM = T™ Moreover, since the post-merger equilibrium value of the aggregator
is strictly increasing in T (Proposition 2), the merger is CS-increasing if 7™ > T™ and
CS-decreasing if the inequality is reversed.

Next, we show that a CS-nondecreasing merger must involve synergies. As S(H,-) is
strictly sub-additive (see again Lemma 3), we have that, at T = 3" FeMm T/, i.e., if there are
no synergies, the right-hand side of equation (14) strictly exceeds the left-hand side. Since
S(H,-) is increasing, it follows that 7™ > > rem T
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Finally, let us show that a CS-nondecreasing merger is privately profitable, in the sense
that it strictly raises the equilibrium joint profits of the merger partners. Suppose first that
the merger is CS-neutral, TM = ™. Then, the market share of the merged firm, s, is
equal to the sum of the market shares of the merger partners, Fem s/. Hence, s™ > s/ for
every merger partner f. Combining this with equation (6) and the fact that the merger does
not affect the equilibrium H, we obtain that the markup of the merged firm, ™, strictly

exceeds the markup p/ of every merger partner f. Therefore, using equation (7),

MV = o sMH* W/ (H) = ap™ Y~ T (H) > oY @l s/ (H) = ) 11
fem fem fem
Hence, a CS-neutral merger is profitable. Moreover, by Proposition 2, the merged firm makes
larger profits when its type is 7™ > TM than when its type is ™. A CS-increasing merger
is therefore even more profitable than a CS-neutral one.

Summing up:

Proposition 4. For a merger among the firms in M, there exists a unique cutoff type
™ > Zfe/\/t T7 such that thimerger is CS-neutral if TM = T\M, CS-decreasing if TM < T\M,
and CS-increasing if TM > TM . Moreover, merger M is privately profitable whenever it is

CS-nondecreasing.
Next, we turn to the comparative statics of the cutoff type:

Proposition 5. Consider a merger M among the firms in M, and let H* be the pre-merger
level of the aggregator. The post-merger cutoff type T™ s locally strictly decreasing in H* if
C(H*) > 0, and locally strictly increasing if the inequality is reversed.

Proof. Totally differentiating equation (14) yields:

S(H*\ T™) | S(H*,T™) OS(H* TH | .
S el e D D K
L fem
[ o Olog S(H* TM) dlog S(H*, T!)
I * M ) * f ) *
= |—S(H*,T™) S + > SH, T oh dH
L fem
* f x M
_ ZS(H*,Tf) dlog S(H*,T7)  Olog S(H*,T™) JH".
= oH OH

where the last line follows by the definition of 7M. Since T/ < TM for every f, Lemma 4 in

Appendix A implies that the term inside square brackets on the last line has the same sign
as —C(H™). O
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Thus, if prices are local strategic complements, then the synergies required to make a
merger CS-nondecreasing are smaller the more competitive is the market pre-merger. If
instead prices are local strategic substitutes, then we have the surprising result that an
antitrust authority with a consumer surplus standard should require larger synergies to
approve a merger that takes place in a more competitive industry.

To understand the intuition, consider a merger between two identical single-product
firms. Let ¢ denote the merger partners’ constant unit cost of production, p* their pre-
merger equilibrium price, and d the diversion ratio between the two products (evaluated at
pre-merger equilibrium prices). Suppose that the merger-induced synergies only materialize
through a symmetric reduction in the unit cost of production. As shown in Werden (1996),

the marginal cost reduction that would make this merger CS-neutral satisfies

d
1—d

c—c=@p" —c)

Intuitively, the merged firm has more of an incentive to raise the price of one its products if
most consumers lost in the process will end up purchasing its other product (high d) and/or
if the margin on that other product is high (high p* — ¢)—larger synergies will then be
required to make the merger CS-neutral. The question is therefore how an increase in the
intensity of competition affects the pre-merger margin and diversion ratio.

By Lemma 2, the pre-merger margin is locally decreasing (resp. increasing) in H* if
C(H*) > 0 (resp. ((H*) < 0). As for the diversion ratio, straightforward calculations show
that, in this symmetric setting,

J— ae(H*)s* o

1 — ae(H*)s*
where s* and p* denote each merger partner’s market share and (-markup, respectively, and
we have used equation (6) to obtain the second equality. Using again Lemma 2, we obtain
that the diversion ratio is locally decreasing in H* if ((H*) > 0 and locally increasing if
((H*) < 0. Hence, the derivative of ¢ — ¢ with respect to H* has the same sign as —((H*).
Proposition 5 generalizes this result to mergers between arbitrary sets of firms and arbitrary

forms of merger-induced synergies.

4.2 Dynamic Analysis

If merger opportunities are not isolated events, the static analysis undertaken in the previous
subsection may be inappropriate: Merger approval decisions in the current period may affect
both the consumer-surplus effects of future mergers (and thus whether those mergers will be
approved) and their profitability (and thus whether those mergers will be proposed). This

raises the question whether a static merger policy, whereby a merger receives approval if
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and only if it is CS-nondecreasing given the current market structure, may be dynamically
sub-optimal.

We study this question in the dynamic stochastic framework laid out in Section 3.2 of
Nocke and Schutz (2019). (See Nocke and Whinston (2010) for the Cournot version of that
framework.) We now provide a brief, informal description of the framework, and refer the
reader to Nocke and Schutz (2019) for details.

Time is discrete and runs for a finite number of periods, and the initial state of the
industry is as described in Section 2. The strategic players are the firms, which maximize the
expected present discounted value of profits, and the antitrust authority, which maximizes
the expected present discounted value of consumer surplus. There is a collection of potential
mergers, each corresponding to a set of merger partners. Importantly, these mergers are
disjoint, i.e., each firm can be part of at most one potential merger. In every period, one
or several potential mergers can become feasible with some probability, in which case the
types of the merged firms are drawn from some probability distributions. We assume that a
merger that has become feasible but has not yet been consummated remains feasible, with
the same merged firm’s type, in all subsequent periods.

Within each period, there are three stages. In the first stage, mergers that have become
feasible but have not yet been consummated can be proposed to the antitrust authority—we
assume that a merger is proposed if and only if it is in the merger partners’ joint interest.
In the second stage, the antitrust authority decides which mergers to approve. In the third
stage, firms compete in prices given the current market structure. All of those decisions are
made under complete information. The equilibrium concept is subgame-perfect equilibrium.

We now show that, under the assumption that prices are global strategic complements
(¢ > 0), equilibrium behavior is surprisingly simple. Let the myopically CS-maximizing
merger policy be the approval rule that, in each period, maximizes consumer surplus in that

period, given current market structure and the set of proposed mergers. We have:

Proposition 6. Assume that ((H) > 0 for every H. There exists a subgame-perfect equi-
librium in which the antitrust authority adopts the myopically CS-maximizing merger policy
and firms propose all feasible mergers in each period after any history. The resulting outcome
mazimizes the present discounted value of consumer surplus, no matter what the realized se-
quence of feasible mergers. Moreover, every subgame-perfect equilibrium results in the same

optimal level of consumer surplus in each period.

Proof. Given Propositions 4 and 5, the analysis in Section VI in the Online Appendix to
Nocke and Schutz (2019) readily extends to this setting. O

As in Nocke and Whinston (2010) and Nocke and Schutz (2019), the key insight under-

lying this result is the sign-preserving complementarity in the consumer surplus effects of
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mergers. Consider two disjoint mergers M; and M, and suppose that, given the current
market structure, each merger is CS-nondecreasing in isolation. Assuming ¢ > 0, Proposi-
tion 5 implies that merger M, remains CS-nondecreasing conditional on merger M; taking
place, since implementing merger M; weakly raises H* and thus weakly reduces the cutoff
type for merger M;. The same argument implies that if M; and M, are both CS-decreasing

in isolation, then each remains CS-decreasing conditional on the other taking place.

By contrast, if ((H) < 0 for some H, then the sign-preserving complementarity property
no longer holds in general, and a counterexample can be constructed in which the myopically
CS-maximizing merger policy is not dynamically optimal. Suppose indeed that ¢(H) < 0 for
some H. Let F be a finite set containing at least five elements, and fix an arbitrary vector
of market shares (s/);ex € (0,1)7 such that Do feF s/ = 1. By Lemmas 2 and 3, for every
f € F, there exists a unique T/ > 0 such that S(I;T,Tf) = s/. Since the shares s/ add up
to one, equilibrium condition (13) holds for the vector of types (TY);cr and the aggregator
level H, and so H is indeed the equilibrium aggregator level when the vector of types is
(T7) er-

Next, consider two disjoint mergers M; and My, with merger partners M; and M, re-
spectively, such that M; U My C F. Choose T > TM1(H) such that ¢(H) < 0 for every
H e [ﬁ , H'], where H! > H is the equilibrium aggregator level after merger M; has been im-
plemented with type TM1. Note that such a T exists since  is continuous, the equilibrium
aggregator level is continuous in the firms’ types, and the post-merger equilibrium aggregator
level strictly exceeds H whenever the merged firm’s type is greater than M (ﬁ ) by Propo-
sition 4. Next, consider merger M,. By Proposition 5, we have that T2 (H') > T™2(H).
We can thus choose a TM2 € <T\M2(}AI), T\MQ(Hl)) such that H? € (H, H'), where H? is the
equilibrium aggregator level after merger M, has been implemented with type 72, Again,
the continuity of the equilibrium aggregator level in types and Proposition 4 ensure that
such a TM2 exists. It is clear that the sign-preserving complementarity property does not
hold for mergers M; and M,: Although each of those mergers is CS-increasing in isolation,
merger Mo is by construction CS-decreasing conditional on merger M; taking place.

Moreover, we also have that H! > H'% where H'? is the equilibrium aggregator level
after both M; and M, have been implemented. Hence, if M; and M, are both proposed to
the antitrust authority, then only M; will be approved. Let us now embed those mergers
into the dynamic framework described at the beginning of this subsection. Suppose that at
time t = 1, merger M, and only this merger, becomes feasible, with probability 1 and type
TM: as defined above. At time ¢t = 2, merger M;, and only this merger, becomes feasible
with probability 1 and type 7M. No further merger becomes feasible thereafter. Assume
that the discount factor is sufficiently close to 1 and that there are sufficiently many periods,

so that the consumer surplus level from period ¢ = 3 onward dwarfs that in periods 1 and
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2. To focus on the antitrust authority’s behavior, assume also that mergers M; and M, are
always proposed when feasible. Then, since H' > max(H, H2, H'?), the antitrust authority
optimally blocks merger M, in period 1 and approves M; in period 2 (and keeps blocking
M,). Instead, the myopically CS-maximizing merger policy would approve M in period 1,
and approve M, in period 2 if and only if H'?2 > H?. Thus, the myopically CS-maximizing

merger policy is strictly sub-optimal.

5 Aggregate Surplus and External Effects of Mergers

Although most antitrust authorities around the world have adopted (something close to) a
consumer-surplus standard, it seems worthwhile to study approval standards that put some
weight on firms’ profits. We analyze the aggregate-surplus effects of mergers in Section 5.1

and their external effects in Section 5.2.

5.1 Aggregate Surplus Effects

In this subsection, we assume that at least one of the conditions of Proposition 3 is satisfied,
so that equilibrium aggregate surplus is a strictly increasing function of the firms’ types.
Consider a merger M between the firms in M C F, and let 7™ be the merged firm’s
type. If the merger is CS-neutral (i.e., TM = ™ ), then it is AS-increasing since it raises
the profits of the merger partners (Proposition 4) while leaving consumer surplus and the
outsiders’ profits unchanged. If, instead, T is equal to zero, then the merger is equivalent to
setting the types of all merger partners equal to zero, which must reduce aggregate surplus
by Proposition 3. By continuity of equilibrium aggregate surplus in types, there exists a
cutoff TM € (0,7M) such that the merger is AS-neutral if 7™ = T™ . Proposition 3 implies
that the merger is AS-increasing if T > T™ and AS-decreasing if the inequality is reversed.

Summing up:

Proposition 7. Suppose that at least one of the conditions of Proposition 3 holds. For a
merger among the firms in M, there exists a unique T™ < TM such that the merger s
AS-neutral if TM = fM, AS-decreasing if T < TM, and AS-increasing if T™ > ™,

As discussed in Nocke and Schutz (2019), there is no counterpart to this result in Farrell
and Shapiro (1990)’s classical analysis. The reason is that in the homogeneous-goods Cournot
model, equilibrium aggregate surplus is never globally monotonic in the firms’ marginal costs
(Lahiri and Ono, 1988; Zhao, 2001).

The fact that 7™ < TM means that for a merger to be AS-increasing requires fewer

synergies than for it to be CS-increasing. In fact, no synergies may be required at all—we
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refer the reader to Section 4.1 in Nocke and Schutz (2019) for simple examples where ™ is

greater or lower than ) feF T’

5.2 External Effects

Consider a merger M among the firms in M, and let O = F \ M be the set of non-merging
firms. The merger’s external effect is defined as its impact on the sum of consumer surplus
and the outsiders’ profits. One reason for studying external effects is that, to the extent
that a merger will be proposed only if it is in the merger partners’ joint interest to do so, a
positive external effect is a sufficient condition for a positive impact on aggregate surplus.
Define
E(H)=V(H)+ Y n(HT7).
feo
Letting H* and H" denote the pre- and post-merger equilibrium value of the aggregator, the

merger’s external effect is thus

=k

2]
AE=EH) - EHY) = E'(H)dH.
H*
Thus, &'(H)dH can be viewed as the external effect of an infinitesimal merger. In the
following, we focus on CS-decreasing mergers (dH < 0, H < H *) to fix ideas, and let
n(H)=—-&(H)/V'(H). An infinitesimal CS-decreasing merger has a positive external effect

if and only if n(H) > 0. In Appendix C, we show that

N(H) = —1+) ¢(s",e(H),a) + (L= ((H)) Y x(s*,e(H), ), (15)

geo geo

where s9 = S(H,TY),

B(s,e,0) = G--al,

1 —es+afes

oS 1 —es
1 — aes

(aes)?s
(1 — aes)(1 —es+ afes)?)

and (s, €, a) =

The two sums on the right-hand side of equation (15) represent the increase in the
outsiders’ profits triggered by the infinitesimal decrease in H. The —1 term represents the
decrease in consumer surplus. The external effect of the merger is positive if and only if the
former outweighs the latter.

We now argue that, under certain conditions, an infinitesimal CS-decreasing merger is
more likely to have a positive external effect if the outsiders’ market shares are larger or
more concentrated. We formalize the notions of “larger” and “more concentrated” market

shares as in Nocke and Schutz (2019). A pre-merger industry structure among outsiders is
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a vector (s);co, where O is a finite set, s/ € (0,1) for every f € O, and Zfe(? sh < 1.
Let s = (s/) jeo and s’ = (') jeor be two such outsider industry structures. Outsiders have
larger market shares under s than under s, denoted s >; ', if there exists a one-to-one
mapping ¥ : @ — O such that s°) > ¢/ for every f € . Outsiders’ market shares
are more concentrated under outsider industry structure s than under s’, denoted s >, &', if
s and s’ have the same length and the distribution of s is a mean-preserving spread of the
distribution of s’ (Rothschild and Stiglitz, 1970).

Exploiting the convexity and monotonicity properties of the functions ¢(-, ¢, ) and

X(+, €, ), we prove the following proposition:

Proposition 8. Consider two infinitesimal CS-decreasing mergers, M and M’, with pre-
merger industry structures s = (s')co and s = (s'7)eor, and pre-merger aggregators H
and H'. Suppose that e(H) = e(H'), ((H) = ((H'), and at least one of the following
conditions holds:

(i) s >1 8" and s¥ < 3/5 for every f € O.
(ii) s >9 8", s/ <1/5 for every f € O, and s < 1/5 for every f € O'.
If merger M’ has a positive external effect, then so does merger M.
Proof. See Appendix C. O

Note that one of the assumptions of Proposition 8 is that e(H) = ¢(H') and ((H) = ((H’).
This assumption is automatically satisfied if ¥ is the logarithm or a power function, as €
and ( are then constant functions. If € is strictly increasing, then the assumption reduces to
H=H.

To understand the intuition behind Proposition 8, let us study how an infinitesimal de-
crease in H affects an outsider’s profit fitting-in function. Combining equations (7) and (12)

with equation (10) yields

©(H,T") = oT'm(H, T v(m(H, TH))V' (H)
Tf
and 7(H,TY) = ozgm(H, THu(m(H, TY)),
where the function v was defined in Section 3.1 (see equations (8) and (9)). Differentiating
the profit fitting-in function with respect to H and normalizing by the induced change in

consumer surplus, we obtain:

dr! | H.TH 91
I _ (it jam) — 20 mULTT) Ologluv(p))
V'(H) dlog H dlog it |\

dH]|. (16)
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The positive effect of the infinitesimal CS-decreasing merger on the outsiders’ profits can
therefore be decomposed as follows. First, holding fixed the outsiders’ markups, the merger
raises the profit of each outsider f by e(H)#/|dH|. Intuitively, as H decreases, the merger
partners lose some consumers. A share 1— e of those consumers is drawn towards the stage-1
outside option, while the remaining share e starts purchasing from the outsiders. Due to
the ITA property, those latter consumers are allocated to the firms in proportion to their
market shares. Hence, the “direct” effect on outsiders’ joint profit is proportional to their
joint profit per active consumer. Second, outsiders respond by increasing their markups.
As the outsiders’ aggregate profit per active consumer is increasing and convex in out-
siders” market shares (see equation (12)), the first, direct effect is larger when those market
shares are larger or more concentrated. How the distribution of outsiders’ market shares
affects the second, indirect effect is less clear. The proposition shows that the intuition that
can be gleaned by focusing on the direct effect is valid provided the outsiders’ market shares

are not too large.

We now turn to the external effects of non-infinitesimal mergers. We begin by deriving

conditions under which any CS-decreasing merger has a negative external effect:
Proposition 9. Suppose at least one of the following holds:

(i) W is the logarithm or a power function, and o and/or € is lower than 0.8.°

(ii) Prices are always weakly strategic complements (¢ > 0) and ae(H) < 1/2 for every H.
Then, any CS-decreasing merger has a negative external effect.
Proof. See Appendix C. O

A CS-decreasing merger has a negative external effect if the loss in consumer surplus
exceeds the gain in outsiders’ profits. To understand the intuition for the sufficient condi-
tions in Proposition 9, let us thus return to equation (16), which decomposes the effect of an
infinitesimal CS-decreasing merger on outsider f’s profit into a direct effect (firm f’s market
share increases) and an indirect effect (firm f adjusts its markup). Under strategic comple-
mentarity, the indirect effect is negative, as Om/9H < 0 and d(pv(p))/Op < 0.7 Moreover,
the direct effect is proportional to e(H)#/. It will therefore be small if € is small (so that
many consumers are lost to the stage-1 outside option when H falls) and /or profit per active

consumer is small (so that firm f makes little profit on the additional consumers it gains).

6See Appendix C for tighter upper bounds on « and e.
"This holds since oligopolistic markups are always above those of monopolistically competitive firms (that

perceive H as fixed, and thus set an (-markup of 1), so any further increase must reduce profit for a fixed

H. See Section 6.2 for more details on the monopolistic competition version of the model.
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A sufficient condition for the latter is that o and/or € is small, as firms then tend to set low

t-markups.

We close this subsection by providing a sufficient condition for a CS-decreasing merger to
have a positive external effect in the case where ¥ has constant curvature. Suppose indeed
that W is the logarithm or a power function. Assume that, at the pre-merger market-share

vector,

as! 1 —esf
-1 —(1- > 0 17

i.e., an infinitesimal CS-decreasing merger at H* has a positive external effect. Then, along
the sequence of infinitesimal mergers from H* to H", the market shares of all outsiders
increase. Therefore, by Proposition 8 (and as long as no outsider reaches a market share
larger than 60%), the external effect of each of those infinitesimal mergers is positive. It
follows that the external effect of the merger is positive. Importantly, checking whether

condition (17) holds only requires knowledge of the outsiders’ pre-merger market shares.

6 The Herfindahl Index and the Welfare Effects of
Mergers

In this section, we show that the merger-induced, naively-computed change in the Herfindahl
index provides a suitable approximation to the market power effect of a merger, defined as
the impact that the merger would have on consumer surplus (resp. aggregate surplus) if
it involved no synergies. We provide approximation results around small market shares in

Section 6.1 and around monopolistic competition conduct in Section 6.2.

6.1 Approximation around Small Market Shares

We assume throughout this subsection that consumers have access to a stage-2 outside option,
i.e., H® > 0. Suppose the equilibrium vector of market shares, s = (s/) ez, is known. As
the firms’ market shares and the market share of the outside option must add up to unity,
the equilibrium aggregator level can be written as a function of s, as

FO
1= yer st

Thus, equilibrium consumer surplus can also be written as a function of s, as CS(s) =

H(s)

W(H*(s)). The analysis in Section 3.1 implies that producer surplus is given by

O_/Sf
PS(s) = — %(H*(S))Sfﬂ*(sw (H*(s)).

fer
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We also obtain aggregate surplus: AS(s) = CS(s) + PS(s).
For any vector of market shares s (between 0 and 1, adding up to strictly less than 1),

there exists a unique vector of types, T = (T f (s)) such that the resulting equilibrium

feFr
market-share vector is s. Firm f’s type, T7(s), is the unique solution of equation

sl =S5 (H*(s),T(s)). (18)

(Existence and uniqueness of the solution follow immediately by Lemmas 2 and 3).

Now, consider a merger M among the firms in M C F. The set of firms post-merger is
F = OUM. We define the market power effect of merger M as the impact it would have on
equilibrium consumer surplus (resp. aggregate surplus) if there were no synergies. Without
synergies, the post-merger vector of types is T(s) = (T7(s)) ;ez, where T/(s) = T/(s) if
feOand T/ (s) = > gem T9(s) if f = M. This vector of types T(s) gives rise to a post-
merger equilibrium—the aggregator and the market-share vector are denoted H (s) and 5(s),
respectively.

The objects of interest are A CS(s) = CS(5(s)) — CS(s) and A AS(s) = AS(5(s)) —AS(s),
which we seek to approximate at the second order in the neighborhood of s = 0. The merger-

induced, naively computed change in the Herfindahl index is:

AHHI(s) = <Z sf> - Z(sf)2: Z sts9.

fem fem f,geM
f#g

We have:

Proposition 10. At the second order in the neighborhood of s = 0, the market power effect

of the merger is®

A CS(s) = —HW' (H®)ae(H®)A HHI(s) + o(||s]|?).
A AS(s) = —HU' (H)ae(H®)A HHI(s) + o(||s]|?).

Proof. See Appendix D. O

Thus, regardless of whether the metric used is consumer surplus or aggregate surplus, the
market power effect of the merger is proportional to the merger-induced, naively-computed
change in the Herfindahl index. The proportionality coefficient is equal to market size (i.e.,
H°WU'(H?), the mass of consumers who turn down the stage-1 outside option) times the

product of the elasticity measures o and e(H?).

80(-) is Landau’s little-o notation: f(z) = o(g(x)) in the neighborhood of z = 2° if f(z)/g(x) — 0.

z—x0
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6.2 Approximation around Monopolistic Competition Conduct

Throughout the paper, we have assumed that each firm fully internalizes its impact on the
industry aggregator— “Bertrand-Nash” conduct. Under monopolistic competition, instead,
firms make their pricing decisions taking the aggregator as given. Given this behavioral

assumption, the first-order condition for product i sold by firm f (equation (4)) becomes

h// ( )
(7= &) S

)

= 1.

That is, each firm sets an -markup of 1 on all of its products. Under GCES demand,
we obtain the familiar pricing formula (p; — ¢;)/p; = 1/0; under GMNL demand, we have
pi — ¢ = A\. An immediate observation is that the market structure (i.e., the firm partition
F) does not affect equilibrium prices. This implies in particular that, under monopolistic
competition, a merger without synergies affects neither consumer surplus nor aggregate
surplus.

Let us now bridge the gap between monopolistic-competition and Bertrand-Nash conduct
by introducing a conduct parameter, § € [0, 1], into the oligopoly model. Specifically, we
assume that each firm believes that the impact of a small increase in p; (for every i € N)
on the aggregator is #0H /Op; instead of OH/Jp;. That is, firms internalize their impact
on the aggregator only to some extent.” The special cases § = 1 and 6 = 0 correspond to
Bertrand-Nash and monopolistic-competition conduct, respectively.

In Appendix E.1, we show that the oligopoly model augmented with a conduct param-
eter can still be solved using an aggregative games approach and that the type-aggregation
property continues to hold, with the definition of types being independent of 6. The only

difference is that the markup equation (equation (6)) becomes

F 1

W T T T ale(H)s!

That is, firms set lower markups when they do not fully internalize their impact on the
aggregator. This implies that all the fitting-in functions now depend on 6. The equilibrium
aggregator level, H*(0), is still pinned down by the condition that market shares add up to
unity. Applying the market-share fitting-in function gives firm f’s equilibrium market share:
s/ (0) = S(H*(0),T7;0). Consumer surplus and aggregate surplus are then given by (see
Appendix E.1):

an
CS(A) = U(H*(9)) and AS()) = U +Zl—a€e T g)) (9>H*(9)\IJ’(H*(6)).

9This way of modeling firm conduct is closely related to the classical approach with quantity setting and

homogeneous products as surveyed in Bresnahan (1989).
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Consider now a merger M between the firms in M. Suppose the merger involves no
synergies, TV = 37, ;T f and let CS(6) and AS(#) denote consumer and aggregate sur-
plus post-merger. The merger-induced, naively computed change in the Herfindahl index
is denoted A HHI(#). We provide a linear approximation of the market power effect of the

merger around monopolistic competition conduct:

Proposition 11. In the neighborhood of @ = 0, the market power effect of the merger is:'°

S(0) — CS(0) = —ae(H*)H*U' (H*)A HHI %0 + o(6),

AS(0) — AS() = —ae(H*YH*V'(H*)A HHI (1 —a) sf> 0+ o(6).
fer

Proof. See Appendix E.2. O

Thus, the market power effect of the merger is again proportional to the merger-induced,
naively computed change in the Herfindahl index. When consumer surplus is used as measure
of market performance, the proportionality coefficient is the same as in Proposition 10 (times
the conduct parameter). When instead aggregate surplus is used, there is an additional term
in the proportionality coefficient: 1 — «a > f s/. That term corresponds to the increase in
industry profit resulting from the merger. The reason why it is not present in Proposition 10
is that it would be third order.

7 Type Aggregation: A Complete Characterization

Two features of our class of multiproduct-firm pricing games have allowed us to provide
a rich and yet tractable merger analysis. First, the pricing game is aggregative and the
industry aggregator also pins down consumer surplus; thus, the pre- (and post-) merger
state of the industry can be summarized into a uni-dimensional sufficient statistic. Second,
the type-aggregation property holds; thus, merger-specific synergies can also be summarized
into a uni-dimensional sufficient statistic. Anderson, Erkal, and Piccinin (2020) showed that
the first property is equivalent to the indirect utility function being additively separable
across products, i.e., as in equation (1). To obtain the type aggregation property, however,
we strengthened this requirement by imposing that the hj-functions take either the GCES
or the GMNL form (Assumption 3). In this section, we show that this stronger requirement
is (almost) necessary for type aggregation.

The section is organized as follows. We begin by reviewing Nocke and Schutz (2018)’s

aggregative-games approach with arbitrary functions ¥ and h;. Building on this, we then

10The functions H*(-), A HHI(-), and s/(-) are to be evaluated at either 0 or 6.
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propose several formal definitions of the type-aggregation property. Finally, we show that
all those definitions are equivalent and provide a complete characterization of the set of

h-functions satisfying type aggregation.

Review of Nocke and Schutz (2018). Let U be a function satisfying Assumptions 1
and 4 and N a finite set. For every j € N, let h; be a function satisfying Assumption 2.
Fix some H° > (0. The analysis in the Online Appendix to Nocke and Schutz (2018) implies
that the demand system with indirect utility function ¥ [H 0+ > jen (pj)] can be derived
from multistage discrete/continuous choice, as described in Section 2.1. For every j € N
and p; > 0, let ¢;(p;) = —p;hf(p;)/P;(p;) denote the curvature of h;. To ensure that the
resulting multiproduct-firm pricing game is well behaved, we assume that, for every j and
pj» (p;) > 0 whenever ¢;(p;) > 1.1

For every j, let ¢; > 0. Partitioning the set of product A into a set of firms F, we obtain

a multiproduct-firm pricing game with payoff functions

7 (p) = > (p; — ¢;)(=hj(p;)¥'(H(p)) Vpe (0,00, Vf €F, (19)
o
where H(p) = H° + 3", cp hi(pr) and hy(00) = limy o0 hi(p}). Note that firm f can, in
principle, set infinite prices on some (or all) of its products. Equation (19) implies that firm
f makes no profit on products priced at infinity—thus, it is as if firm f were withdrawing
those products from the market.!?

Having set up the oligopoly model, we can now describe how the markup and market-
share fitting-in functions of firm f are derived. With arbitrary h;-functions and potentially
infinite prices, a version of the common (-markup property still holds; formally stating it
requires additional notation. Our assumptions on h; imply the existence of a P, > 0 such
that: For every p; > p; tj(pj) > 1 and t}(p;) > 0; whereas ¢;(p;) < 1 whenever p; < ]_9],.13
Hence, the function
pj—¢

Li\Pj),
" ()

vjip; € (max(}_?j,cj), oo) —

HThis corresponds to Assumption 1 in Nocke and Schutz (2018). When W is the logarithm, it is the weakest
assumption that ensures that, in the multiproduct-firm pricing game, first-order conditions are sufficient for

optimality (see Section III in the Online Appendix to Nocke and Schutz, 2018).
12From a technical viewpoint, allowing firms to set infinite prices compactifies the action sets, thus guar-

anteeing that a firm’s profit-maximization problem has a solution. With arbitrary h;-functions, it is easy to
construct examples in which firms find it optimal to withdraw some of their products in equilibrium—see
Section 3.2 in Nocke and Schutz (2018). See also Section II.3 in the Online Appendix to Nocke and Schutz

(2018) for an in-depth discussion on infinite prices.
13See Lemma A in Nocke and Schutz (2018).
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which, to every price p;, associates the (-markup on product j, is continuous and strictly
increasing. It therefore establishes a bijection from its domain to <Vj(max(;g_9j, ), Lj(oo)>,
where ¢;(00) = lim,, , ¢;(p;). Let r; denote its inverse function. We extend the domain of
r; to (Vj(max(]_)j, ci))s oo) by setting r;(1) = oo whenever p > ¢;(00).

If the vector of prices (p;)jes is optimal for firm f (given the prices set by its rivals),
then it satisfies the common ¢-markup property. That is, there exists an (-markup p/ €

1, maxe s ti(00)) such that p; = r; (/) for every j € f; moreover, u/ satisfies
f J J

p =1+ %u’cz:%(pj),
jef

where y; = (B))?/R] 1415

For a given H, the value of firm f’s markup fitting-in function, m/(H), is therefore the

unique solution in u/ of the following equation:'6
e(H)
=1+ == Ze;w(m(uf))- (20)
j

Firm f’s market-share fitting-in function is defined as follows:

1
= ﬁZhj(rj(mf(H))), (21)
jef
where “market share” should be understood as choice probability in the discrete/continuous

choice micro-foundation. We also obtain firm f’s profit fitting-in function:

o (H) = HV(H) 5 3 (0~ ) (~1(0,)

JESf
pj<oo

P; — €4 th”( )h}(pj)Q
Z —h(p;) hj(p;)

JES Pi
pj <oo

_ HY(
_ 6( fZ% ;)

14Gee Lemma XIX in the Online Appendix to Nocke and Schutz (2018).

'°If product j has an infinite price, we have v;(c0) = lim,, 0 v;j(p;) = 0; see Lemma A in Nocke and
Schutz (2018).

16To see why the solution exists and is unique, note that the equation can be rewritten as

f_
W 1 e( Z% ri(u

Jjef

As 1 increases from 1 to oo, the left-hand side increases from 0 to 1, whereas the right-hand side decreases

from something strictly positive to 0; see Lemmas A and E in Nocke and Schutz (2018).

28



_ HU'(H)

) (mf(H)-1), (22)

where we have used the common ¢-markup property to obtain the third line and equation (20)
to obtain the fourth line.
The equilibrium aggregator level is then pinned down by the condition that market shares

add up to unity:!”
H°
- + » SI(H)=1.

Type aggregation: Formal definition(s) and complete characterization. Let #H
be a set of smooth functions from R, to R, satisfying Assumption 2. We impose the
following additional requirements on H. First, H permits arbitrary quality shifters; that
is, for every h € ‘H and a > 0, we have ah € H. Second, for every h € H and p > 0,
d(c[h](p)) /dp > 0 whenever ¢[h](p) > 1, where ([h](p) = ph”(p)/(—h'(p)) is the curvature
of h. The first requirement seems desirable for a merger analysis, as mergers can lead to
quality improvements (or deterioration). We already discussed the second requirement.

A multiproduct-firm is a tuple ((h;);er, (¢j)jer), where f is a finite set, and h; € H
and ¢; € Ry, for every j € f. Let Q(H) be the set of all such tuples. For every w =
((hy)jess (cj)ier) € QUH), we let firm w’s markup and market-share fitting-in functions,
mlw](-) and Sfw](-), be as defined in equations (20) and (21). (This definition is unambiguous
since neither equation (20) nor equation (21) depends on the characteristics of the other firms
in the multiproduct-firm pricing game under consideration.)

We are now in a position to propose several formal definitions for the concept of type
aggregation. In a nutshell, the set H satisfies type aggregation if: (a) There exists a real-
valued mapping that assigns a type to each firm w € Q(H), such that two firms that have the
same type have the same markup and market-share fitting-in functions;'® and (b) the type
mapping is economically meaningful. Note that, for our merger analysis, requirement (b)
is essential, as we need the post-merger type to provide information as to whether merger-
specific synergies are involved, and, if so, how strong those synergies are.'® We propose three

versions of requirement (b).

1"Under an additional technical assumption, Nocke and Schutz (2018) show that this equation has a
unique solution and, in the firm’s profit maximization problem, first-order conditions are necessary and
sufficient for global optimality. Hence, the multiproduct-firm pricing game has a unique equilibrium. See
Assumption iii-(g), Lemmas XXI and XXIV, and Theorem III in the Online Appendix to Nocke and Schutz
(2018).

8Equation (22) implies that two such firms also have the same profit fitting-in function.

YWithout requirement (b), the question of whether H satisfies type aggregation boils down to whether

Q(H) can be indexed by the reals, i.e., whether there is an injection from Q(H) to R. A sufficient condition
for this is that H has the cardinality of the continuum—see Appendix F.1 for details.
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In Section 3.1, we defined firm f’s type as T/ = Zjef h;(c;). Thus, in the discrete/continuous

choice micro-foundation, log T corresponds to the consumer surplus (per stage-2 consumer)
that firm f would deliver if there were no other products and firm f were pricing all of its

products at marginal cost. This motivates the concept of surplus-based type aggregation:

Definition 1. The set H satisfies surplus-based type-aggregation if there exist two functions
m:R3, — (1,00) and S : RZ | — Ry such that for every w = ((h;)jer, (¢j)jer) € QUH),
mlw](-) = m(;, 7(w)) and S[w](-) = S(-, 7(w)), where

T ((hy)jers (ci)jer) = D hiley). (23)

Jef
When studying the properties of fitting-in functions in Section 3.2, we found that a firm

that has a higher type systematically commands a higher market share. This motivates the

concept of monotonic type aggregation:

Definition 2. The set ‘H satisfies monotonic type aggregation if there exist a function
7 : Q(H) — R with range T and two functionsm : Ry XT — (1,00) and S : Ry  XT —
R, such that:

(a) For every w € Q(H), mw](-) = m(-, 7(w)) and S[w](-) = S(-, 7(w));
(b) for every H >0, S(H,T) is strictly increasing in T.

Finally, observe that the type mapping defined in Section 3.1 is continuous in cost and

quality shifters. This motivates the concept of continuous type aggregation:

Definition 3. The set H satisfies continuous type aggregation if there exist a function
7 : Q(H) — R with range T and two functionsm : Ry xT — (1,00) and S : R, xT —>
R, . such that:

(a) For every w € Q(H), mlw](-) = m(,7(w)) and S]() = S(,7());
(b) for every n € N\ {0} and (hj)i<j<n € H", the mapping
(@5, ¢)1<jen € R = 7 ((a5h)1<5<m, (¢5)1<5<n)
1S CONtINUoOus.

The following proposition provides a complete characterization of the sets H satisfying

type aggregation:

Proposition 12. Let H be a set of functions satisfying the assumptions made at the begin-

ning of this section. The following statements are equivalent:
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(i) H satisfies surplus-based type-aggregation.
(ii) H satisfies monotonic type-aggregation.
(11i) H satisfies continuous type-aggregation.
(iv) One of the following assertions holds true:

(1) There exists o > 1 such that for every h € H, there exist a > 0 and > 0 such
that h(p) = a(p + B)'77 for every p > B/(c —1).2°

(2) For every h € H, there exist a € R and A > 0 such that h(p) = ex for every
p> N2

Proof. See Appendix F.2. O

Thus, our three notions of type aggregation are equivalent. Moreover, the set H satisfies
type aggregation if and only if either (1) all of its elements are power functions with a
common exponent 1 — o, or (2) all of its elements are exponential functions.

The demand systems characterized in part (iv) of the proposition are slightly more general
than those considered in the previous sections in that, in case (1) the parameter 5 can be
strictly positive and vary across products, and in case (2) the price sensitivity parameter A
can vary across products. However, once types have been defined using equation (23), it is
straightforward to show that a firm’s markup and market-share fitting-in functions continue
to be pinned down by equations (6) and (10) (see Appendix F.2). This implies that all the
results of the paper continue to hold with those slightly more general demand systems. Note
however that, if 5; # 0 for some product j (resp. A; varies across products), then market
shares can no longer be interpreted as revenue shares (resp. output shares).

We close this section by discussing the key steps of the proof of Proposition 12. Showing
that (iv) implies surplus-based, monotonic, and continuous type aggregation is straightfor-
ward. Moreover, it is clear that surplus-based type aggregation implies continuous type
aggregation, as the type mapping in Definition 1 satisfies the continuity requirement of Def-
inition 3. Similarly, we show that monotonic type aggregation also implies continuous type
aggregation. Intuitively, if H satisfies monotonic type aggregation with some type mapping

7, then due to condition (b) in Definition 2 it also satisfies monotonic type aggregation with

20Note that, whenever f3 is strictly positive, the proposition does not pin down h on (0, 3/(c—1)). However,
such prices are irrelevant for the following reason. Routine calculations show that ¢[h](p) = op/(p + 5) for
every p > /(o — 1). By continuity of ¢[h](:), and since ¢[h])'(p) > 0 whenever ¢[h](p) > 1, it follows that
t[h](p) < 1 for every p in (0,8/(c — 1)). Thus, for any ¢ > 0, if the firm were pricing the product at
p € (0,8/(c —1)), then the :-markup on the product, (p — ¢)/pt[h](p), would be strictly less than 1. Yet, we

see from equation (20) that a firm’s optimal choice of (-markup necessarily exceeds unity.
21Gee footnote 20: Prices below A are irrelevant, as they give rise to t-markups that are less than 1.
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type mapping 7(w) = S[w](1); and that latter type mapping is easily shown to satisfy the
continuity requirement of Definition 3.

The proof that (iii) implies (iv) is more involved. The first step is to show that, if
H satisfies continuous type aggregation, then, for every h € H, the function hh”/(h')? is
constant (see Lemma 21 in the Appendix). We do so by contradiction: If this condition is
violated for some h, then we can apply the implicit-function theorem and the inverse-function
theorem to equations (20) and (21) to establish the existence of an open set B C R% | such
that the mapping (a,c) € B + 7(ah,c) € R is one-to-one. However, that mapping must also
be continuous by Definition 3. Since there is no continuous injection from an open subset of
R? to R (see footnote 24 in the Appendix), we have a contradiction.

The next step is to show that the constant hh”/(1/)? is the same for all h € H (see
Lemma 22 in the Appendix). The proof is again by contradiction: If hyhY/(R})* # haohly/(hh)?
for some hy, hy € H, then we can again apply the implicit-function theorem and the inverse-
function theorem to equations (20) and (21) to establish the existence of an open set B C R?
such that the mapping (¢1,c2) € B +— 7((h1,hg), (c1,¢2)) € R is one-to-one. Since that
mapping is also continuous, we obtain the same contradiction as in the previous paragraph.
This establishes the existence of a scalar p such that h(p)h”(p)/h (p)? = p for every h € H
and p. Integrating this differential equation (see Lemma 20), we obtain that H must be as

described in assertion (iv) of Proposition 12.

8 Conclusion

We have developed a framework of multiproduct-firm oligopoly that is amenable for studying
the unilateral price effects of horizontal mergers. The framework allows for arbitrary firm
and product heterogeneity and is based on the largest class of demand systems giving rise
to the type aggregation property. Through the local behavior of the curvature of indirect
utility, the GCES/GMNL class of demand systems allows prices, locally, to be strategic
complements or substitutes.

The type aggregation property proves useful for merger analysis, as it permits rich forms
of merger-induced synergies—not only through changes in the marginal costs of pre-existing
products but also through quality improvements and changes in the set of products. We have
derived results on the static and dynamic consumer surplus effects of mergers, the aggregate
surplus and external effects of mergers, and on the relationship between the market power ef-
fect of a merger and the merger-induced change in the Herfindahl index. Importantly, several
results hinge critically on whether prices are (local) strategic complements or substitutes.
For instance, a competition authority with a consumer surplus standard should, surprisingly,

require larger synergies for approving a merger in a more competitive industry—if prices are
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strategic substitutes. This highlights the value of a general framework that flexibly allows

for different types of strategic interaction.
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Appendix

A Technical Results on Fitting-in Functions

In this section, we derives formulas for the partial derivatives of fitting-in functions, prove
Lemma 2, and derive two additional intermediate results.

Totally differentiating equations (6) and (10) yields (firm superscript dropped to ease
notation):

S

/ d /
dlogpu = aule'(H)sdH + e(H)ds| = aues (E—dH + S) =(pu—-1) (E—dH + dlog s)
€ €

and

o' (p) ap
dlogs =dlog(T/H) + dlogpu =dlog(T/H) — ——————dlog p.
: (/i) + F (T/H) = =

Rewriting this in matrix form as

L —(p=1) dlogp \ [ (pn—1)(1—((H))dlog H
e 1 dlogs | dlog(T/H) ’

and applying Cramer’s formula yields:

dlogp \ _ 1 1 (n—1) (0 —1)(1 = ¢(H))dlog H
dlogs | 14 osk=D — o 1 dlog(T/H)

1-(1—a)p
1 (1 —1)[=C(H)dlog H + dlog T
ERETIr= [ (1) (1 _ ¢(f)) + 1] dlog H +dlogT |

I—(1—a)u 1—(1-a)u

We have thus obtained the partial derivatives of the markup and market-share fitting-in

functions:
dlogm m—1
=—(——, (24)
am(m—1)
alOgH L+ 1-(1—a)m
dlogm m— 1 (25)
- am(m—1) ’
alOgT L+ 1-(1—a)m
am(m—1)
o am(m—1) >’
810gH L+ 1—(1—a)7’21
dlog S 1
o2 = (27)

OlogT ~ 14 D

For our comparative statics on aggregate surplus, our analysis of the external effects of

mergers, and our results on the Herfindahl index as a measure of the market-power effect of
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mergers, it is also useful to express the partial derivatives of S as a function of S (instead of
m). Plugging equation (6) into equations (26) and (27) yields:

dlog S 14 al )
Olog H 1—eS+a(eS)?
dlogS (1 —eS)(1— ael)
OlogT  1—eS+a(eS)?

We can now prove Lemma 2:

¢, (28)

(29)

Proof. The results for the partial derivatives of S and m and for 97 /9T follow readily from
equations (24)—(27) and (11). (Recall that ¢ < 1.)

Next, suppose that S(H,T) < 1, and consider the partial derivative 0w /0H. Consider
a small open interval I containing H and such that S(H',T) < 1 for every H' € I. (The
continuity of S imply that I exists.) For every H' € I, let fI(H’) =H — HSH'T) >0,
and note that H has a strictly positive derivative. Consider the maximization problem

max apTo(p)V' |H(H') + To(y)] .
m
The objective function corresponds to the profit of a firm with type 7" when it sets an ¢-
markup of p and its rivals contribute H(H’) to the industry aggregator (see equations (7)
and (10)). The analysis in the Online Appendix to Nocke and Schutz (2018) implies that,
for every H' € I, this maximization problem has a unique solution, = m(H’,T), and the

maximized value of the objective function is w(H',T'). It follows that

or(H',T) 0 .
o |,_, " O (m&xauTU(u)\P [H(H ) —l—TU(,u)] o
— oTm(H, T)o(m(H,T))H' (H)¥" [ﬁ(H) + Tv(,u)] <0,
where we have used the envelope theorem. O

The following technical lemmas will be useful when studying the consumer-surplus effects

of mergers:

Lemma 3. For every H, limyr_,o S(H,T) = 0 and limy_,o S(H,T) > 1. Moreover, S(H, ")

15 strictly concave and thus strictly sub-additive.

Proof. The result that limy_,0 S(H,T) = 0 follows immediately as
T
< — .
S(H,T) < —v(1) — 0
(See equation (10).) Assume for a contradiction that [ = limy_,., S(H,T), which exists by
monotonicity, is strictly less than 1. Taking limits in equation (6), this implies that

1 - 1
l—ae(0)l 1—a

lim m(H,T) =
T—o0
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Using this to take limits in equation (10), we obtain the following contradiction:

T
lim S(H,T)= lim — lim v(m(H,T)) = oo.
T—o00 T—o0 T—o00

4

~~

=00 >0

Next, we prove the strict concavity of S(H,-). Using equation (27), we have that

oS S 1 1 v(m)
ar T T am(m—1) ~ 77 am(m—1) ’
or T L+ 1-(1—a)m H L+ 1—(1—0[)721

where we have used equation (10) to obtain the second equality. As the right-hand side is
strictly decreasing in m (holding H fixed) and m is strictly increasing in 7' (see Lemma 1),
it follows that 0S/0T is strictly decreasing in 7. Hence, S(H,-) is strictly concave; since
S(T,0) = 0, it is also strictly sub-additive. O

Lemma 4. The partial derivative 9?log S/OHOT has the same sign as ((H).

Proof. This follows immediately from equation (26):

&logS ((H) 9 1
OHOT ~— H 9Ty L0-am’

am(m—1)
o
TV

>0

B Proof of Proposition 3

For every T/ > 0, let H*(T7) (resp. W*(T')) be the equilibrium aggregator level (resp.
aggregate surplus) when firm f’s type is T7/. (Since the other firms’ types are held constant,

we do not include them as arguments.) We have:
Lemma 5. The derivative W* (T7) has the same sign as
=it —— 1=+ 0 gy (X 2(1-()6
- (1 — cesf)? - - 1 — aes?

1 — cvesy
asd 1 1
—as? (1= _
as ( 1—es9+ a(659)26<> <(1 —aes?)? (1-— aesf)2>] ’

where (s9) 7 is the equilibrium market share vector and € and ¢ are evaluated at H*(T7).

Proof. We will prove the result by showing that W*(T7) is the product of I and a strictly

positive term. Define

W(H,T)=V(H)+ Y #(HT)HV'(H),

geF
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and note that W*(TY) = W(H*(T7), T7). The object of interest is therefore

ow N dlog H* OW
orf dTf OlogH

W (TY) = (30)

We thus require expressions for each of the three terms on the right-hand side of equa-
tion (30).
Clearly,
OS(H,T7) a
ort (1 — aest)?

oW 0x(H,T!)

oT7 = a7 V)=

HV'(H). (31)

Totally differentiating equilibrium condition (13) yields:

. dS(H,T?) IS(H,TT)
f HO 0S(H,T9) Olog S(H,T9) *
dT H _Zg Olog H 1 _Zg s9 _Zg 59 glogH

Moreover, as, for every g,

O (H, T9)HV'(H)
Olog H

= ) [so -+ e+ SR 0]

Olog H (1 — aes?)?

= HV'(H) [ﬁg(l — ) +e(1=O)(F) + dlog S(H,T9) (79) ] |

Olog H as9

we have that

aizﬂ = HV'(H) (1 +) [ﬁg(l C O+ (79)2(1— ) + (22 @102 iEgH];Tg)D )

g

Plugging equations (31)—(33) into equation (30), we obtain:

we(rh) = go () 8 (1 +3° {ﬁgu )+ (79)2e(1 — () 4 (F)EOlog SUH, T")}

dTf as9 dlog H
,0log S(H,T9)
1 — g Z orv s )
+(1 —aesf [ ZS Z dlog H )

dlog H*
— HV'(H) C‘ﬁf (HWI ng +Z [79(1 — €) + (77)%(1 — ¢)

+asgalog S(H,T9) 1 B 1
dlog H (1—aes9)?2 (1 — aesl)? '

Using equation (28), we see that the term inside parentheses is indeed equal to T, as defined

g

in the statement of the lemma. O
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To prove the proposition, we show that, if the assumptions of Proposition 3 are satisfied,
then I is strictly positive for any vector (s9) such that s9 € [0, 1] for every g and >80 <L
Note that I’ > I, where

as?d as?d 2
r=1 —(1— _ 11—
+Zg: 1—aesg( €)+<1—aesg) (1=0)e

g as? 1
o (1 Cl—est+ a(esg)QEC) ((1 —es9)? 1>] '

It is thus enough to show that, under the assumptions of Proposition 3, I' is non-negative.

Let us rewrite I' as an affine function of (1 — ():

I'=k+ (1= )er,

as? oes? 1
=1 Y - —ast(1- 1
" * zg: ll - aesg( €) - as ( 1 —es9+ a(639)2) ((1 — aes9)? )}

r=X (s [(1 - elasgy = et et ((1 o lﬂ

_ Z (as9)? (1 — (1 + a)es?) (34)

(1 — ves9) 1 — es9 + a(es?)?)’

Let us show that « is strictly positive:

Lemma 6. For every a € (0,1], € € (0,1], and for every vector of market shares (s9), k is

strictly greater than 1 — a.

Proof. Note that

o tra ¥ |0 -0 - (1 s ) (e 1))

g

-~

=¢(s9,€,c)
It is thus enough to show that, for every «, ¢, and (s9), Zg ¢(s9,¢,a) > —1. Routine

calculations show that ¢ is decreasing in a. Hence, it is enough to prove the inequality for
a = 1. Let ¢(s,e) = ¢(s,€,1). Routine calculations show that, if € < 1/2, then ¢(-,¢) is
strictly concave on (0, 1); if instead € > 1/2, then ¢(-, €) is strictly concave on (0,1/(2¢)).

Suppose first that € < 1/2. Since ¢(0,€) = 0 and ¢(-, €) is concave, ¢(-, €) is sub-additive.
Thus,

Z¢(SQ’ 6) > ¢ (Z Sg’€> > min{¢(076>7¢(176)}7
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where the second inequality follows by the concavity of ¢(-,€). Clearly, ¢(0,¢) = 0, whereas

1 —4e + 3€2 — €

o6 =

Y

which is easily shown to be greater than —1 for every e € (0, 1].

Suppose next that € > 1/2, and let (s?) be a vector of market shares. If 5 =3 s9 <
1/(2¢), then the above sub-additivity and concavity arguments immediately imply that
>, #(s%¢) > —1. Suppose instead that s > 1/(2¢), and assume without loss of gener-
ality that the profile of market shares s = (s9)1<,<n is sorted in increasing order. We argue
that there exists (si, s2) € [0,1]? such that s; + so = 5, s5 > 1/(2¢), and

D 6(s%,€) > d(s1,€) + P52, €). (35)

To this end, let us define the function &, which takes as argument a strictly positive vector
of market shares s’ = (s/,...,s,.) (with £ > 2) adding up to § and sorted in increasing order.

The function £ is defined as follows:
o If s, > 1/(2¢), then {(s') = ¢'.
o If s, < 1/(2¢), then do the following:

— If s + 54 < 1/(2¢), then form the (k — 1)-dimensional vector with first component
sy + s4 and remaining components (s;)s<;<k, and sort it in increasing order to
obtain &£(s').

— If instead s} + s, > 1/(2¢), then form the k-dimensional vector with first com-

ponent s) + s, — 1/(2¢), second component 1/(2¢), and remaining components

(s})s<i<k, and sort it in increasing order to obtain £(s’).

Clearly, £(s') is a strictly positive vector of market shares adding up to s and sorted in

increasing order. Moreover, the concavity and sub-additivity properties of ¢ imply that
Z ¢(’ 6) > Z gb(? 6)7
s/ &(s")

where, for every market-share vector § = (8;)1<i<k,

k

Z o+ €) = Z o84, €).

i=1

0)

Define the sequence (5(),>o by induction as follows: s(*) = s; for every n > 1, s =

¢(s("=Y). The properties of ¢ imply that, for every n, >, ¢(-,€) > > ) ¢(-,€). For every n,
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let J, be the dimensionality of vector s and K, the number of components of vector s™
that are strictly less than 1/(2¢). By construction, (J,,),>0 and (K,),>o are non-increasing
sequences of integers. Hence, they are eventually stationary: There exists N > 0 such
that Jy.; = Jy and Ky, = Ky. The definition of ¢ implies that &(s™)) = sV) and
sgN) > 1/(2¢). Thus, condition (35) holds with (s1,$2) = (SEN), sgN)).

Routine calculations show that ¢(-, €) is decreasing on (1/(2¢),1). It follows that

> 6(s%,€) = d(s1€) + G(1 — 51, €).

Thus, all we need to do is show that ¢(s,€) + ¢(1 — s,€) > —1 for every s and e. Straight-

forward but tedious calculations show that this condition holds. O
We are now in a position to prove Proposition 3:

Lemma 7. Under the assumptions of Proposition 3, I' is non-negative for every vector of

market shares (s9).

Proof. Tf condition (i) of Proposition 3 holds, then I' = &, which is positive by Lemma 6.
If condition (ii) of Proposition 3 holds, then 7 is strictly positive for every vector of market
shares (see equation (34)). Since 1 — ¢ > 0 and k > 0, this implies that I' > 0.

Finally, suppose that condition (iii) of Proposition 3 holds. We have just shown that I'
is positive when ¢ = 1 (for any €, a, and (s9)). Since I is linear in ¢, all we need to do is
show that T is also positive when ( = 0. At ( = 0, we find after some algebra that

asd(l —e— aes?)
b=1+ zg: 1 — aesy ‘

-~

E¢(S767a)

N

Routine calculations show that ¢(-, €, a) is concave and ¢(0,€,a) = 0. Hence, ¢(-, €, ) is
sub-additive. It follows that I' > 1+ ¢(3, ¢, ), where 5 = 3 _s%. By concavity, ¢(3, ¢, a) is

minimized at either § = 0 (in which case ¢(5,¢,a) = 0) or § = 1, in which case

1 — 20 — o?
1+q§(§,e,a): +« e — ‘e

1 — e ’

which is indeed non-negative given condition (iii). O

C External Effects: Derivations and Proofs

We begin by deriving the formula for n(H) stated in the main text (equation (15)). Using
equation (33) (and replacing F by O), we have:

G = —1-% [frg(l CO+ (FP- O+

geo

(79)% Dlog S(H,TY)
asd Olog H
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T o T O N f (RO )

— 2
poers 1 —es9 + aes9)

_ Z {%9(1 - (79)2 (1 — cves?)(1 — €s9) 1 — O es9(1 — aes?) } |

asd 1 —esI + afes?)? 1 —€s9 + aes9)?

ge0

Using the definition of 79 and simplifying, we obtain equation (15).
We now put on record the following facts on the functions ¢ and y, which appear in

equation (15):
Lemma 8. The function ¢ has the following properties:
(a) For every (a,e) € (0,1)%, ¢(0,¢,a) = 0, and ¢(s,e,a) > 0 for every s > 0.

(b) There exist a cutoff € ~ 0.81 and a strictly decreasing function & : e, 1] — [a, 1] such

that the following assertions are equivalent:

(i) For every s € (0,1), ¢(s,€e,a) < s.

(ii) Either e <¢, ore> € and o < a(e).
Moreover, a(e) =1 and o = a(1) ~ 0.82.
(c) For any (o, ¢€) € (0,1]%, ¢(-, €, ) is strictly increasing on [0, 3/5].
(d) For any (a,€) € (0,1)%, ¢(-, €, ) is strictly convez on [0,1/5].
Moreover,

(e) For every (a,e) € (0,1]%, x(-, €, ) is strictly positive, strictly increasing, and strictly

convez on (0, 1).

Proof. The lemma is proven analytically using Mathematica. Mathematica files are available

upon request. OJ
Armed with Lemma 8, we can prove Proposition 8:

Proof. Suppose first that condition (i) holds and merger M’ has a positive external effect.
Then, there exists an injection ¥ : O' — O such that s%¢/) > s'F for every f € O'. Hence,

0< =1+ 3 o(s el @) + (1 = C(H) Y x(s", e(H), )

feo’ feo’

< -1+ 30 6D, e(H), @) + (1= C(H) Y (5", e(H), )
feo’ feo’

< —14 30!, (), 0) + (1 = C(H)) 3 x(s7, (), ),
feo feo
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where the second inequality follows by parts (c) and (e) of Lemma 8, and the third inequality
follows by injectivity of ¥ and parts (a) and (e) of Lemma 8. Hence, merger M also has a
positive external effect.

Next, suppose that condition (ii) holds and merger M’ has a positive external effect.
Then,

0<—14 3 (s, e(H'),0) + (1= C(H) 3 (s, e(H), )

feo’ feo’
<=1+ o(s e(H),0) + (1= C(H)) D (s’
feo feo

where the second inequality follows as s is a mean-preserving spread of s and ¢(-, e(H), o)
and x(+,e(H),a) are convex on [0,1/5] by parts (d) and (e) of Lemma 8. Hence, merger M

also has a positive external effect. O
Finally, we prove Proposition 9:

Proof. Consider a CS-decreasing merger M with set of outsiders O and pre- and post-merger
equilibrium aggregator levels H* and H, respectively.

We begin by stating a weaker version of condition (i) in the proposition: V¥ is the logarithm
or a power function; and either ¢ < ¢, or € > € and a < a(e) (where € and & were defined
in Lemma 8). Note that this is indeed weaker than condition (i) since € and @(1) = « are
both greater than 0.8 and the function @(-) is decreasing. Suppose indeed that this weaker
condition holds. For every H € [H , H*], we have

——1+Z¢ S(H,T'),e(H),a) since ¢ =1

feo

< -1+ ZS(H,Tf) by part (b) of Lemma 8
feo

<-1+ Z S(H',T7) by monotonicity of S(-,T7).
feo

Since the outsiders’ market shares add up to less than 1 in the post-merger equilibrium, it
follows that n(H) < 0 for every H € [H , H*], and so AE < 0.

Next, suppose that condition (ii) holds. Let H € [H , H*] and s/ = S(H,T/) for every
f € O. For every outsider f, define also 3/ = S(H ,T), and note that 3/ > s/ since S(-, T)

is decreasing. As ¢ and x are non-negative, we have that

n(H) < =1+ [6(s" e(H), ) + x(s7, e(H), )]

feo
ae(H)s!
1
2 ac(H)sT
feo
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ae(H)s! L
< —1-1—22—~ since §/ Zsf
ol ae(H)ss
ae(H) > e 5t ae(H)s
< — b -additivity of § — —————
S +1—04€(H)Zfeo§f y super-additivity of s 1= ac(H)s
ae(H) , _
< -1+ -—-+— since Zsf <1
1 —ae(H) <
1
<0 since ae(H) < 5
Hence, n(H) < 0 for every H € [H , H*], and so AE < 0. O

D Proof of Proposition 10

We prove a series of lemmas that jointly imply Proposition 10. Throughout this section,
X(s)=>] reF s/ denotes the aggregate market share of all firms.
We begin by obtaining second-order approximations of pre-merger market-performance

measures:

Lemma 9. At the second order in the neighborhood of s = 0,

H*(s) = H° (14 X(s) + X(s)*) + o([[s]?),

s(s) = w(tt®) + 1w ") (2660 + [1- L o)+ oo

and PS(s) = HOU'(H") (aE(s) + a1 — e(H?))X(5)? + a?e(H) Z(sf)2> + o(||s]?).
feF
Proof. To ease notation, let § = 3(s). We have:

HO
H'(s) = 7= = H(1+35+3) +0(3%) = H'(1 45+ 5%) + o(||s|]*).

Since

U(H'(1+2)) =V(H") +V(H")H x + %\IJ”(HO)(H%)Q + o(z?)

= U(H) + H'V'(H") (:v — @ﬁ) + o(z?), (36)

it follows that

CS(s) = W(H*(s)) = W(H") + HW'(H") ( NP
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as stated.

Next, we turn to profits. Clearly,

O[Sf

e e = @ [+ aelH)s ] +olsl).

Moreover, since

H*(s)W'(H*(s)) = H" (1+3) [V'(H°) + H"W"(H°)3] + o(]s]])
= HOU'(H°) [1+ (1 = €(H"))3] +o([s])).

we have that

=Y s [1+ae(H)s'] HOU'(H°) [1+ (1 — (H"))3] + o||s]*)
feF

= HOW'(H") |03 + a1 — e(H"))3* + a’e(H) Y "(s")?| + o([|s|I*).

ferF

Next, we compute the first and second partial derivatives of T (s):

Lemma 10. The first and second partial derivatives of T/ (s) at s = 0 are given by

or'| i =1,
Os" |,y 0 otherwise,
and
- 25t [+ ae(HO)] if f=f=f",
osT s | _ = 0 if [l " # T,
$= HO .
== otherwise.

v(1)
Proof. Totally differentiating equation (18) yields:
(

HO Tf S(H*, TS
ds! = sty OSUHTY) s
1-% &9 an
;S
fﬁlogS (H*,T7) Zd . sf 810gS(H*,Tf)de
~HOO dlog H* Tr dlog T/ '
Hence,
dlog S(H*, T/
or! 1—1p f%
Osf s/ Olog S(H*,TT)
Tr Olog TS
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1+ g_gsf [1 1— esfo-fo]: esh) z€ C] . .
= (e (o) using equations (28) and (29)
TT 1=esT+afesT)?

f 1 —egf )2 * f
_ TV 1—es + a(es’) 1+sfH = as | ). (37)
sl (1 —esl)(1— aes) HO 1 —esf + a(esf)?

and, for f' # f,

H* f
an . Hosf |:1 T 1- esfcisa esf 2€Cj|

o f (1—es?)(1—cesf
* 2
_ il 1 —es +a(es!) B as! o (38)
HO (1 —esf)(1 — aes?) 1 —es/ + afesh)?

Taking limits in equation (37) and using the fact that

T H*(s) H
I —
sl w(m(H*(s),T'(s))) =0 v(1)
yields
o
ost | _,  v(1)
Taking limits in equation (38) gives
oT’
st | g

Next, we turn to the second partial derivatives of T/. Differentiating equation (37) at

s = 0 yields:??

o°T/ oL T . T/
OGTR |, —asf| T [931 s_f} ae @) x 1+ [53“ s_f} !
o 1 orf T
= (1)[ +°‘€]+s§n J\asT T

[1+ ae] + lim —

1T [ 1—es! +ales!)?
s—0 sf Sf (

1 —es)(1 — aesh)

i

OéSf ) .
{ 1 —esf + a(esf)Qec}) o 1) using equation (37)
[1+ ] +1i LT acs/
= (673 m —
U(l) par, (1_65f>(1—0468f)

22There is no need to differentiate the second fraction on the right-hand side with respect to e because
that derivative is equal to s/ (which tends to zero) times a finite number. Likewise, there is no need to
differentiate the term inside square brackets because that term is pre-multiplied by s/, which tends to zero.
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1 —es/ +alesh)? H* ast
+sf - €
(1 —es?)(1 — aesl) HO 1 —es/ + afesf)?
HO
=2——[1 + af].

v(1)
Differentiating equation (37) with respect to s (f' # f) yields:

o*T7 i LOTIN T HY
—— = (lim——— =lim— = —
ostsl"| _, s—0 sI Osl’ s—0 sF w(1)

where we have used equation (38) to obtain the second equality. Finally, differentiating
equation (38) with respect to s/ (f’, f" # f) yields:

o*T7 oT/!

_ = — =0. 0J
asflsf/l asf/l 0

s=0

s=0
We are now in a position to approximate the post-merger level of the aggregator:
Lemma 11. At the second order in the neighborhood of s = 0,

H'(s)=H° [1+3(s) + 3(s)* — ae(H)A HHI(s)] + o(||s||*).

Proof. The post-merger equilibrium aggregator level F*(s) is pinned down by the following

condition: 0
i S(F*S,Tgs)zl. 39
RO SEICACRA0 (39)
€F
Differentiating this with respect to s/ yields
_£2+Z§galogS(H,T9) dlog H N 017 5* Olog S(H ,T7) | _
~ Olog H 0sf ~ Jsf T9  OlogT9
geF geF

Using equation (39) to eliminate HY yields:

Olog H 0sf * ~ 9sf T9 OlogTY
geF

H T H ['9 59 o0 T
_1+Z§g <1+6logS(H ,T )) O0log H oT9 59 Olog S(H , 1Y)
gEF

Combining this with equations (28) and (29), we obtain:

-+ 59 (1—e(H")59)(1—ae(H")59) 9T9
8i . F* ZQE}— T9 1—e(H )s9+a(e(H )59)2 0sf (40)
osl AT — ad@?
1 C(H )ZQE}- 1—€(ﬁ*)§9+a(5(ﬁ*)§g)2

The denominator clearly tends to 1 as s tends to 0. Moreover, by Lemma 10, as s tends
to zero each term indexed by g in the numerator tends to 0 if either f ¢ M and g # f or
f € M and g # M; otherwise, that term tends to
59079  w(m(H ,T9))0T¢
im ——— = lim — =1
s—0T9 Osf s—0 H Osf
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It follows that -
OH"
—1| =H"
Osf

s=0

Next, we differentiate equation (40) with respect to s/* (where f’ may or may not be equal
to f) and take the limit as s tends to zero. Note that the derivative of the denominator
tends to zero, so we can ignore that term. Moreover, when differentiating the numerator, we
can ignore the terms coming from the derivative of € as all those terms will be pre-multiplied

by §9, which tends to zero. We have:

OPH' 959)T9|  9TY
_ HO HD
dsfost Z[ asf" | _, 0sf| _
s=0 geF s=0 s=0
_ () 059 oT9 v(1) 0TI
—gae(HY) 5| o — AT (41)

H Os o 08|, H° 0s/0s/"|_,

Thus, we require gjf, . and a‘;g/f:,[’g . Since 59 = S(H ,T9), we have:

05 OH 5 dlogS(H ,T9) 0T 5 dlog S(H ,T*)

ost” — asl" T OlogH dsl"T9  OlogT9 (42)
oT9 v(1)
:go—f‘asf,s:XFXl
~JO ifeither f'¢ M and g# f'or f'€ M and g # M
1 otherwise.
Moreover,
059 /T9 B 5_9810g§g/T9 _v(l) [dlogs? dlog T9
ost" |_, T9  OsF o H° | 0sF s ||
(1) [0H" 1 dlog S(H',T7) | DlogT? (dlog SH.T%)
- HY |osP"HY OlogH ds!’ dlogT9 »
HO ds!" T 1—e(H )sg+a( H)39
L s=0
v(1) oT9 59 ae(H
= — —1 — 7=
HO 0sI'T91 — e(H )39+a
_ v oy v(1) 919
- {1 o)y 5|
v(1) 1 if either ¢ M and g # f'or f'€ M and g # M

HY 1+ ae(H®) otherwise.

47



Combining these results and Lemma 10, we can now evaluate equation (41). Suppose
first that f, f' € O. If f' # f, then only the terms g = f and g = f’ on the right-hand side

of equation (41) can be different from zero:

O’H"

T =H'(1+[-1+0+1+[0+0+1])=2H"

s=0

If instead [’ = f, then only the term g = f can be different from zero:

O°H'

55f5sF | = H® (14 [~(1 + ae(H®)) — ae(H) + 2(1 + ae(H))]) = 2H°.

s=0
Next, suppose that one firm in (f, f’) belongs to M while the other one belongs to O;
to fix ideas, suppose f € M and f' € O. Then, only the terms ¢ = M and g = f’ can be
different from zero:
O*H

579 =H (1 +[-14+04+1]+[0+0+1]) =2H".

s=0

Finally, suppose that f, f' € M, so that only the term g = M in the sum on the right-
hand side of equation (41) can be different from zero. If f’ # f, we have:

0?H"

S| = H (14 [~(L+ ae(H") — ae(H") +2]) = 2H(1 - ae(H")).

s=0
If instead f = f’, then:

O°H'

5o | = H (L4 [-(1+ae(H) — ae(H) + 2(1 + ae(H")]) = 2H".

s=0

The Taylor theorem implies that

. 1
H(s) = H° |1+ s +5 |23 s/ —2ae(H") D /s | | +ollls|)

feFr f.9eF fgeM
f#g
= H° [1 4 3(s) + X(5)? — ae(H®) A HHI(s)] + o(||s]1?). m

Combining Lemmas 9 and 11, we obtain the merger-induced distortion to consumer

surplus, which proves the first part of Proposition 10:

Lemma 12. At the second order in the neighborhood of s = 0,
A OS(s) = —H"U' (H)ae(H*)A HHI(s) + o(||s]|*).
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Proof. Combining equation (36) and Lemma 11 yields

e(HY)

= W(H) + HOU'(HY) |2(s) + 2(s)* — ae(H°) A HHI(5) — Y(s)?| + of||s||*)

= CS(s) — H'V'(H®)ae(H*)A HHI(s) + o(||5]?),
where the last line follows by Lemma 9. O
The next step is to approximate post-merger market shares:
Lemma 13. At the second order in the neighborhood of s = 0,

=5l +o(s|*) VfeO

and 5 = Z s/ — ae(H®)A HHI(s) + o(||s]|?).
fem

Proof. We already showed in the proof of Lemma 11 that

Osf

0 if either f ¢ Mand g# for f€ Mand g # M

s=0 1 otherwise.

Plugging equations (28) and (29) into equation (42) yields:

959 OH & { o9 e }

YW= -1 —x% —x%

sl 0sl H 1 —e(H )59+ ale(H )59)?
afgg (1 —e(H)39)(1 — ae(H )59)
0sT T9 1 — ¢(H")59 + a(e(H")59)2

Differentiating this with respect to s/ and taking the limit as s tends to zero yields

0259 057 979 wu(1) T [agg/zfg u(1)

_Zo _ 0
0sf0s!’ ost’! HO ae(H )} ’ (43)

T 98l +83f85f’ HO Os/f

s=0
where all the derivatives on the right hand-side should be understood as being evaluated at
s = 0. Recall from the proof of Lemma (42) that

03919
sl

v(1) 1 if either f' ¢ M and g # f' or f'€ M and g # M
= - X
5=0 HY 1+ ae(H®) otherwise.

Suppose first that g € O. If f # g and f’ # g, then all the terms on the right-hand side
of equation (43) are equal to zero by lemma 10, and so
D*s9

S -}
dsT0st" | _,
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If f/=gand f # g, then

o5 14140=0
dsiose| TP ED
Finally, if f' = f = g, then

%59

3(s9)? _ = —1+42(1+ ae(H%) + [ (1 + ae(H")) — ae(H’)| = 0.

Hence, if g € O, then 59 = s9 4 o(||s]|?) by the Taylor theorem.
Suppose instead that g = M. If neither f nor f’ belongs to M, then we again have that

all the terms on the right-hand side of equation (43) are equal to zero, and so

0?39 0
dsfosl"| _,
If f'€ M but f ¢ M, then
0?39
— =—-14+140=0.
0sf0sl"|,_,

Next, assume that f and f’ both belong to M. If f # f’, then

0?59 ‘
e = —1+4+2+ [-(1 4+ ae(HY)) — ae(H?)] = —2a¢e(H).
dsl0st" | _, | ]

Finally, if f = f’, then we have again

0?59

(s )2 =—14+2(1+ ae(H%) + [ (1 + ae(H®)) — ae(H)] = 0.

s=0

Thus, by the Taylor theorem,

1 /
S =308 SaelH®) Y0 2505 ollslP) = 3 s — ac(HOAHHI(s) + of Js]). O
e "5 =

Combining the above lemma with Lemma 12, we can prove the second part of Proposi-
tion 10:

Lemma 14. At the second order in the neighborhood of s = 0,
A AS(s) = —HU'(H)ae(H°)A HHI(s) + o(]|s]|?).

Proof. All that is left to do is approximate post-merger profits. For every f € O, we have

that
as’ £ 1+ ae(H)s] + of|s]]?)
— =S e s o(||s
1 — ae(H )s!
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by Lemma 13. (Note that we can simply take the order-zero approximation of e(ﬁ*) since

that term is pre-multiplied by (s/)2.) Moreover, using again Lemma 13, we have that

M

as
. =a | ' ac(H)AHHI(s) | |1+ ae(H*) S 57| + of|s||?)
1 — ae(H )sM Y geM
2
=a ) 5% —a’e(H)AHHI(s) + a’¢(H") [ng +o(|lsl?)
geEM geEM
= Z as? [14 ae(H®)s?] + o(||s|).
geEM

Hence,
as/ 2 0 £1\2 2
Y =a ) s ate(HY) Y () + ol
jor L —ae(H )3 feF feF

Since, by Lemma 11,

%

H (s)V'(H (s)) = H'V'(H°) +o([s]]),

L+ (1—e(H?) ) s

feF

we have that

PS(5(s)) = H°V'(H®) [1+ (1 — e(H"))2(s)] [aZ(s) +ae(H) Y “(s7)?| +o(s]|*)
feF
00 (HY) [a > st +a(l —e(H)S(s)* + a?e(H) D ()| +o(lls])
fer fer
= PS(s) +o[Isl*).
where the last line follows by Lemma 9. Hence, A AS(s) = A CS(s) + o(]|s||?). O

E Conduct Approximation

E.1 Conduct in the Oligopoly Model

In this subsection, we provide more details on our treatment of firm conduct. Consider a
multiproduct-firm pricing game, as defined in Section 2, and let # € [0,1] be a conduct
parameter, as introduced in Section 6.2. The first-order condition for product ¢ sold by firm

f is given by:

h;’(pi) ‘IJN(H) / -
_h;(pl) —0 \Iﬂ(H) Z(pj - Cj)(_hj(pj)) =0,

Jef

—h;(pi)q’/(H) 1—(pi — i)
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which simplifies to

hi (pi)
—hi(pi)

(Pi )

= L 0e(H) 3 30 — ) (S (0))) (44)

Jef
Hence, the common ¢-markup property continues to hold—Ilet u/ denotes firm f’s :-markup.
It follows that equation (5) still holds, so that equation (44) simplifies to:
f 1

T 1- abe(H)s! (45)

i
Moreover, as equations (7)—(10) only relied on the common -markup property, those
equations continue to hold. That is, firm f’s profit can still be written as II/ = au/s/ HV'(H)
and we still have that -
f = Toulu), (46)
where the expression for firm f’s type (77) and the function v are as in Section 3.1.

The system of equations (45) and (46) has a unique solution in (', s/), which defines the
markup and market-share fitting-in functions: m(H,T7;0) and S(H,T/;0). It is straight-
forward to show that S is strictly decreasing in H, and that S is close to 1 or greater than
1 when H is close to zero, and close to 0 when H tends to infinity. The profit fitting-in

function is

, aS(H, TS0 ,
m(H,T?;0) = am(H,T?;0)S(H,T?;0)HV' (H) = - aHe((H)S(H >Tf‘6>H\1: (H).

The equilibrium condition is still that market shares add up to unity:

HO
f+ZS(H,TJ‘;9):1. (47)
feEF

The properties of S imply that this equation has a unique solution, H*(6).

E.2 Proof of Proposition 11

In this subsection, we prove a series of lemmas that jointly imply Proposition 11. We begin
by computing the partial derivatives of S with respect to H and # at 6 = 0:

Lemma 15. We have:

a8 __S(H,T;0)

OH | 7.0 H

05 = —ae(H)S(H,T;0)>
90 (H,T;0)
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Proof. Combining equations (45) and (46) and dropping the firm superscript to ease notation

o)

Differentiating this expression with respect to s, H, and 6 at § = 0, we obtain:

yields:

T T ,
ds = —ﬁv(l)dﬂ + Eoze(H)sv (1)do

(1) s
— 5t + ae(H)s* S WDdg — — 2 a8 — ae(H)s2do. O
Hd + ae(H)s o) do Hd ae(H)s“do

Next, let us fix a profile of types (T7);cr and a value of the stage-2 outside option
H° > 0. Let HHI() = 3=, » 5/ (0)* be the equilibrium Herfindahl index when the conduct
parameter is 8. We now compute the derivative of the equilibrium aggregator level, H*(6),
with respect to 6 at 6 = 0:

Lemma 16. We have:
dH*
df

Hence, in the neighborhood of 6 = 0,

= —ae(H*(0)) HHI(0)H*(0).

CS(6) = CS(0) — ae(H*)H*W'(H*) HHIO + o(0),
where the functions H*(-) and HHI(-) are evaluated at either 0 or 6.

Proof. Totally differentiating equilibrium condition (47), we obtain:

dH* L0 H T ;0) 0S(H Tf ;0)
T ( +Y H ) oy ————1= =0
fer

feFr

Evaluating this at # = 0 and using Lemma 15 and the equilibrium condition yields:

dH*
—df Y " ae(H*(0))s'(0)* =0,
feF

which proves the first part of the lemma.

The second part of the lemma follows by Taylor’s theorem:

CS(6) = W(H*(0)) + H*(0)V (H*(0))0 + o(6)
— CS(0) — ae( H*(0))H*(0)¥'(H*(0)) HHI(0)8 + o(6)
— CS(0) — ae(H*(8))H* ()Y (H*(9)) HHI(8)0 + o(6),

where the third line follows as
e(H*(0))H*(0)V'(H*(8)) HHI(0) = e(H*(0))H*(0)¥'(H*(0)) HHI(0) + o(1). O
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Let PS(#) be equilibrium industry profit when the conduct parameter is . We have:

Lemma 17.
PS(0) = o H*U'(H*)e(H*)* HHI Y 57,
feF
where the functions H*(-), HHI(-), and s/(-) are evaluated at 0.
Proof. Let
B as! (6)
1 — abe(H*(0))s!(0)
denote firm f’s equilibrium profit. We have that
a5
oH (1 (0). 77 0)
= ae(H*(0)) [HHI(0)s/ (0) — s/(0)?],

m/ (9) H*V'(H*(0))

0S

s!'(0) = H*(0) + =
)10y 99

where we have used Lemmas 15 and 16. It follows that
(0) = [as” + a2e(H*)(s")?] H*V'(H*) + as/ HYV' (H*) [1 — e(H*
(0) =
= o?H*V' (H*)e(H*)?* HHI 87,
where all the functions are evaluated at 6 = 0. Adding up over all firms proves the lemma.
Combining Lemmas 16 and 17 yields:

Lemma 18. In the neighborhood of 6 = 0,

AS(0) = AS(0) — ae(H*)H*V'(H*) HHI [1 —ae(H*)Y ' 0+ 0(0),

fer

where the functions H*(-), HHI(-), and s/(-) are evaluated at either 0 or 0.

We are now in a position to prove Proposition 11:

0J

Proof. Consider a merger M between the firms in M, and suppose the merger involves no
synergies. For every 6, let CS(6), AS(#), H*(0), HHI(f), and s/(#) denote the pre-merger

equilibrium values of consumer surplus, aggregate surplus, the aggregator, the Herfindahl

index, and firm f’s market share, respectively. We use the same notation with an upper

bar to denote the post-merger values of those quantities. The discussion at the beginning of

Section 6.2 implies that, under monopolistic competition (§ = 0), CS(0) = CS(0), AS(0) =
AS(0), H*(0) = H (0), and s/(0) = 57(0) for every f € F\ M. Moreover, s™(0) =

Zfej\/l s/(0) and

HHI(0) - HHI(0) = Y §/(0)* =) s/(0)’

fe(FA\M)uM feF
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= (Z sf<0>> - sl (0)

Jem fem
=A HHI(O).

Thus, at € = 0, the merger-induced, naively computed change in the Herfindahl index
coincides with the actual change in the Herfindahl index.

By Lemma 16, we have that

* 7%

CS() — CS(0) = a [e(H*(O))H*(O)\I/’(H*(O)) HHI(0) — e(H (0))H
= ae(H*(0))H*(0)¥'(H*(0)) [HHI(0) — HHI(0)] 6 + o(0)
= —ae(H*(0))H*(0)¥'(H*(0))A HHI(0)8 + o(6).

(0)W'(H"(0))HHI(0)| 6 + o(6)

Note that the coefficient on 6 can be replaced by —ae(H*(0))H*(0)¥' (H*(0))A HHI(0) since
all the functions involved are continuous.
Similarly, applying Lemma 18 to AS(6) — AS(f), we obtain the second part of the propo-

sition. L]

F Technical Results on Type Aggregation

F.1 Type Indexation

In the main text, we proposed three definitions of the concept of type aggregation (Def-
initions 1-3). In a nutshell, H satisfies type aggregation if: (a) There exists a mapping
7 : Q(H) — R such that firms w and " have the same markup and market-share fitting-in
functions if and only if 7(w) = 7(w'); and (b) the mapping 7 is economically meaningful. In
the following, we drop requirement (b) and say that H satisfies type indezation if require-
ment (a) holds. We now argue that a sufficient condition for type indexation is that H has
the cardinality of the continuum.

Suppose indeed that there exists a bijection H : © € R — H[z] € H. The set of
multiproduct firms can be written as Q(H) = [J,,~; 2n(H), where

Qn(H) = {((h))1<j<n, (¢i)1<j<n) + Vi, hy € H and ¢; > 0}

= {((H[zj])1<j<n: (¢j)1<j<n) = Vi, v € Rand ¢; € Ry }.

Thus, with a slight abuse of notation we can write Q,,(%) = R" xR, and Q(H) = |J,,», R"x

n
R,
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For every n > 1, let 7,, be an injection from R™ x R", to the interval (n — 1,n).?* For
every w € Q(H), let 7(w) = 7w (w), where n(w) is the number of products that firm w owns
(ie., w € Qn)(H)). Then, 7 is an injection from Q(H) to Ry,

Next, define the equivalence relation ~ as follows: For every w,w’ € Q(H), w ~ W' if
and only if mlw] = m[w'] and S[w] = S[W']. For every y in the quotient set Q(H)/ ~,
let ¢p(y) € Q(H) be a representative of the equivalence class y. Finally, define 7 : w €
Q(H) — T(p(e(w))) € Ry, where e(w) denotes the equivalence class of w. Since 7 and ¢ are
injective, we have that 7(w) = 7(w’) is equivalent to e(w) = e(w'), which is in turn equivalent
to m[w] = m[w'] and S[w] = S[w']. It follows that () satisfies type indexation (with type
mapping 7).

F.2 Proof of Proposition 12

It is clear that (i) implies (iii), i.e., surplus-based type aggregation implies continuous type
aggregation, as the type mapping in Definition 1 (see equation (23)) obviously satisfies the

continuity requirement of Definition 3. Next, let us verify that (iv) implies (i) and (ii):

Proof. Suppose first that part (1) of assertion (iv) holds for some o > 1, and let the type map-
ping 7 be as defined in equation (23). Consider a multiproduct firm w = ((h;)jer, (¢j)jer) €
Q(H). Then, there exist (a;);c; € R, and (8;) € R/ such that for every j € f and
p; > Bj/(c —1), hi(p;) = aj(p; + B;)* 7. Routine calculations show that (using the notation
of Section 7):

Dy Bi
Li(pj) =0 Vp; > ——,
]( ]) p_]+/8j J 0__1
B
LA —
oc—1 B,
i (py) = Thj(pj) Vp; > J—_]1> (48)
pj—¢
and v;(p;) = o —— Vp->max(p,,c»>. 49
.7( J) pj+ﬁj J 2 J ( )

Plugging equation (48) into equation (20), using equation (21), and rearranging terms, we

obtain
1

mlelH) = T s

2The classic example of an injection from (0,1)? to (0,1) is the function x, which, to every z
and y with decimal expansions = = Y -, z107F and y = Sore g yr107F, associates x(z,%)
220:0 (xklo_l + yk10_2) 10~2*. Using the same approach, one can construct an injection from (0,1)™ to
(0,1) for any n. Since the interval (0,1) can be put in bijection with any non-degenerate interval, one can

then construct an injection from R™ x R, to (n —1,n) for any n.
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where a = (0 — 1) /0.
Inverting equation (49), we obtain r;(u) = (o¢; + upB;)/(c — u) for every p € (1,0).
Plugging this into equation (21) yields:

) = L3, (5, 4 St mBUDE;)
SWwl(H) = 5> a(ﬁﬁ o — mlw](H) )

Jef

<1 - M>a_l D e+ 8)

g -
Jjef

| =

\1

_ T(w) L
= (1= (1 —a)mlw](H))™= .

Hence, (m[w](H), S[w](H)) is the unique solution (in (u/, s')) of the system of equations (6)
and (10) (with 77 replaced by 7(w)). It follows that H satisfies surplus-based type ag-
gregation. Moreover, part (i) of Lemma 2 implies that # also satisfies monotonic type
aggregation.

Next, suppose that part (2) of assertion (iv) holds, and let the type mapping 7 be as
defined in equation (23). Consider a multiproduct firm w = ((hj)jer, (¢j)jer) € QH).
Then, there exist (a;);c; € R and (\;) € RL, such that for every j € f and p; > A,

h;(pj) = exp % Routine calculations show that
1 (py) = % Ypi > Aj,
P, =X
(i) = hi(p;) Vb >N, (50)
and v;(p;) = pj)\_j % Vp; > max <]_9j,cj> : (51)

Plugging equation (50) into equation (20), using equation (21), and rearranging terms, we

obtain
1

T 1 (H)S](H)
Inverting equation (51), we obtain r;(p) = \;ju + ¢; for every p € (1,00). Plugging this

mw](H)

into equation (21) yields:

Sl ) = 36 i = T omn,
jef
Hence, (m[w](H), S[w](H)) is the unique solution (in (u/, s')) of the system of equations (6)
and (10) (with o = 1 and TV replaced by 7(w)). It follows that H satisfies surplus-based
type aggregation. Moreover, part (i) of Lemma 2 implies that H also satisfies monotonic
type aggregation. ]
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Next, we introduce new notation. For every h € ‘H and p > 0, let ¢[h](p) = —ph”(p)/F (p)
and y[h](p) = (I (p))?/h" (p). For every ¢ > 0, let r[h, c](-) be the inverse function of

vih,d] : p € (max(c,p[h]),o0) b ; CL[h](p) € (v[h, ] (max(c, p[h])) , e[h](c0))
where p[h] = inf {p > 0: «[h](p) > 1}. We extend the domain of r[k, c] to (v[h, ¢] (max(c, p[h])) , o0)
by setting r[h, c](n) = oo for every p > ¢[h](c0). An immediate observation, which will be
very useful in many of the proofs below, is that, for every a > 0, ¢ > 0, and h € H,
tfah| = [h], v[ah] = avy[h], and r[ah,c] = r[h,].
Let us show that (ii) implies (iii):

Lemma 19. If H satisfies monotonic type aggregation, then H satisfies continuous type

aggregation.

Proof. Suppose H satisfies monotonic type aggregation, and let 7(w), S(-, 7(w)), and m(-, 7(w))
be as in Definition 2. For every w € Q(H), define 7(w) = S[w](1), and let T' be the range of
7. Requirement (b) of Definition 2 implies that, for every w,w’ € Q(H), 7(w) = 7(w') if and
only if 7(w) = 7(w'). For every t € T, we can thus define i(-,t) and S(-,¢) by picking an
arbitrary w such that 7(w) = t and setting (-, ¢) = m(-, 7(w)) and S(-,t) = S(-,7(w)). The
triple (7,77, S) then satisfies requirement (a) of Definition 3.

Next, let us show that 7 satisfies the continuity requirement of Definition 3. Fix some
finite set f and some (h;);er in H/. For every (a,c) = ((a;)jes, (¢;)jes) € RLL x RL, | let
w(a,c) = ((ajhj)jes, (¢j)jer) € QH). For every (a,c), m[w(a,c)](1) is the unique solution in
1 of equation

p=1+¢(1 MZ’YQJ (rlajhs, cil(w)) ,
jef

which can be rewritten as

p=1+el ZQJV rlhy, c;l(1) -

Jjef

As all the functions on the right-hand side are continuous (see Lemma E in Nocke and

Schutz, 2018), standard arguments imply that m[w(a, ¢)](1) is continuous. It follows that

#(w(a,0)) = Slw(a,Q)](1) = Y azhy (rlhy, ¢} (mlw(a, 0))(1)))

Jef
is continuous in (a, ¢). O

We now turn our attention to the more challenging part of the proof, i.e., showing that

(iii) implies (iv). The following lemma reformulates assertion (iv):
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Lemma 20. The following statements are equivalent:
(i) Assertion (iv) in Proposition 12 holds.
(i) There exists p > 1 such that, for every h € H and p > p[h], h(p)h"(p)/F (p)* = p.

Proof. Tt is straightforward to check that (i) implies (ii) (with p = 0/(0 — 1) in case (1) and
p = 11in case (2)). Conversely, suppose that (ii) holds for some p > 1, and let h € H. Then,
on (p[hl], 00), we have
- h B
W
Integrating yields:
log(—h'") = plogh + K,

where K is a constant of integration. Taking exponentials yields —h' = e h*, i.e., —h'/h* =
e, If p = 1, then this implies that log h(p) = — e’ p + L for some constant of integration
L, and thus

h(p) = exp (L — " p) Eexpa;p

for every p > p[h]. It follows that v[h](p) = p/A for every p > p[h], and so p[h] = A. Hence,

h(p) = exp 52 for every p > A, as stated.

If, instead, p > 1, then we obtain

1
W) = p L de, W) =(p— 1) p+ L.
- P
Taking exponent 1/(1 — p) in the above equation and setting o = p/(p — 1), we obtain that

1—0o

K1l-o L
h(p)z[(p—lz)re ] PE D)ok
=a e

for every p > p[h]. Moreover, as t[h](p) = op/(p + B) and ¢[R](-) must be non-decreasing on
(plh],00), § must be non-negative. Moreover, p[h] = /(o — 1). Hence, h(p) = a(p + )"~
for every p > /(0 — 1), as stated. O

Thus, we need to show that continuous type aggregation implies assertion (ii) in Lemma 20.

We do so in two steps:

Lemma 21. If H satisfies continuous type aggregation, then for every h € H, hh"/(h')?* is

constant on (p[h], 00).
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Proof. Assume for a contradiction that H satisfies continuous type aggregation and there
exists h € H such that hh”/(h')> = h/~[h] is not constant on (p[h],00). To ease notation,
let « =[], p = p[h], v = ~[h], and 7(-,¢) = r[h,](:).

As h/v is non-constant, there exists p° > p such that dip % . # 0. Choose p° €
- p

(1,1(00)) and ® > 0 such that r(u% c”) = p% such a pair (u° ) exists since r(yu,c) is
continuous and lim._or(1,¢) = p < p° < lime o r(1,¢) = co. Next, let a” be such that
w0 =1+ €(1)u’a’y(p®). Finally, let s° = a"h(p?).

For every (a,c) € R2,, let m(a,c) be the unique solution in u of equation

++

1= i +e(Day (r(p,c)) . (52)

Define also S(a,c) = ah (r(i(a,c),c)) and £(a,c) = (fn(a,c),g(a,c)). Clearly, £(a°, %) =
(u°,s°%) and &(a, ¢) = (m|(ah,c)](1), S[(ah,c)](1)) for every (a,c).

Note that: The right-hand side of equation (52) is continuously differentiable in (u, a, ¢);
the partial derivative with respect to u is equal to —ﬁ +ae(1)g—;7’ (r(u,c)), which is different
from zero since v/ < 0 and Or/0p > 0 by Lemmas A and E in Nocke and Schutz (2018);
the partial derivative with respect to ¢ is also different from 0 (see again Lemmas A and E
in Nocke and Schutz, 2018). The implicit function theorem implies that m is continuously

differentiable and dm(a, c)/0c is different from 0 for every (a,c). Moreover,

on_ 4 _om
da  ay'Or/dc Oc’
where v and 7 are evaluated at r(m(a, ¢),c) and 0r/0c is evaluated at (m(a,c),c). As m is
continuously differentiable, so are S and &.
Let us now show that the Jacobian matrix of £ at (a°, ¢”) is non-singular. Differentiating
S (a,c) yields
oS Jor Om oS Jrom = Or
— =h+ah—"— d —=ah |—— + —
da T op da e e T ¢ lau o+ 80] ’
where h and h' are evaluated at r(m(a,c),c) and the partial derivatives of r are evaluated

at (m(a,c),c). The Jacobian determinant of £ is

omoS _0Som _om [orom or] _on[,  .orom
da dc  Oa Oc  Oa ou Oc  Oc oc ou da
om ,0r 0m
=25 2"
om {7
Al

where h and 7 and their derivatives are evaluated at r(m(a,c),c). Since dm/dc # 0, the

Jacobian of £ is non-singular at (a, ¢) if and only if the term inside square brackets is different
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from zero, which is equivalent to (h(p)/v(p))’ being different from zero at p = r(m(a,c),c).
At (a® ), r(m(a®, ), ®) = p°, and so the derivative is indeed different from zero.

Thus, ¢ is continuously differentiable and it has a non-singular Jacobian matrix at (a”, °).
The inverse function theorem implies the existence of an open ball B C R, containing
(a°, %) such that the restriction of £ to B is one-to-one. Hence, for every (a,c) and (da/,¢)
in B such that (a,c) # (d/,), we have {(a,c) # £(a’, ). This means that, for every such
(a,c) and (a',c), m[(ah,c)](1) # m[(a’h,d)](1) and/or S[(ah,c)](1) # S[(a'h,)](1), and
thus 7((ah,c)) # 7((d'h,')). It follows that the function 7 : (a,c) € B — 7((ah,c)) € R
is one-to-one. Moreover, 7 is continuous since H satisfies continuous type aggregation. We
have thus found a continuous injection from an open subset of R? to R. As is well known,

such a function does not exist; we therefore have a contradiction.?* O

Lemma 22. If ‘H satisfies continuous type aggregation, then there exists p > 1 such that,
for every h € H and p > p[h], h(p)h"(p)/I (p)* = p.

Proof. Suppose that H satisfies continuous type aggregation. By Lemma 21, for every h € H,
there exists a scalar p[h] such that h(p)h"(p)/h'(p)* = p[h] for every p > p[h]. Moreover,
by log-convexity, plh| > 1 for every h € H. Assume for a contradiction that there exist
hi,he € H such that p[hi] # plhe]. To ease notation, let v; = ([h], p. = p[hil, pi = plhil,
%i = 7[hi], and 7i(-, ¢) = r[hi, c|(+) for i = 1,2. Note that hi(p;) = pivi(p:) for every p; > p.
(i=1,2).

Let p° € (1, min(1(00), 12(00))) and ® = (¢?,9) € RZ . Let a > 0 be such that

P =1+ ae(1)p” [n(ri(p’, &))) + 72(r2 (1, )] -
For every ¢ = (c1,¢) € R, let m(c) be the unique solution in p of equation
1= 2 ae(D) . e0) + s 0. (53)
Clearly, m(c) = u°, and so r;(m(c"),¢;) < oo for i = 1,2. Define also
S(e) = alha(ri(m(e), 1)) + ha(ra(m(c), c2))]
and £(c) = (m(c), S(c)). Note that

m(c) = m[(ahy,ahy), (c1,c2)](1) and g(c) = S[(ahy, ahsy), (c1, c2)](1).

24The reason why such a function does not exist is the following. As 7 is continuous and B is connected,
7(B) is a connected subset of R; it is therefore an interval. Let ¢ be a point in the interior of that interval, and
let (a,¢) be the unique element of B such that 7(a,¢) = t; (a,¢) is indeed unique, as 7 is one-to-one. Then,
despite 7 being continuous and B\ {(a,¢)} being connected, 7(B \ {(a,¢)}) = 7(B) \ {t} is not connected,
a contradiction.
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Applying the implicit function theorem to equation (53), we obtain that /m is continuously
differentiable in a neighborhood of ¢ and that its partial derivatives are different from zero.
(The argument is the same as in the proof of lemma 21.) Moreover,

O V52 Om

— 54
802 ,.Yi grl 861’ ( )

where ~; is evaluated at r;(m(c), ¢;) and Or;/0c; is evaluated at (m(c),¢;), i = 1,2. Since m

is C', so are S and &. The partial derivative of S with respect to ¢; is:
05 _ |0, 0m 2. o
— hl— h—2
Gci [ "Oc; 862 ; J 8u] ’

where hj, is evaluated at r(m(c),c;) and the partial derivatives of 7 are evaluated at

(m(c), cx)-

Let us now show that the Jacobian matrix of ¢ is non-singular at . The Jacobian

determinant is:

om oS omoS  om ar2 L Or ory  Om or
wresREial afngd

dcy Ocy  Ocy Ocy oc; | 20cy T o Y9¢, ' Oe; = 7o
~|om o, Ory  Om 01
661 2862 802 1861
am ory N [h’Q h’l] . :
= — — — using equation (54
acl 662 ’yé ’yi g €q ( )
om 87’2 ’

= “a_cla_cﬂ?(pz —p1) #0.

We can conclude as in the proof of Lemma 22. As the C! function £ has a non-singular Ja-
cobian matrix at ¢, the inverse function theorem implies that it is locally one-to-one. Hence,
there is an open ball B containing ¢ such that, for every ¢, ¢ € B such that ¢ # ¢, we have
that m[(ahy, ahy), (c1,c2)](1) # ml(ahy,ahs), (c),c)](1) and/or S[(ahy,ahs), (c1,c2)](1) #
Sl(ahy,ahs), (c),c)](1). It follows that the function 7 : ¢ € B — 7 ((ahy,ahs), (c1,¢2)) € R,
which is continuous since H satisfies continuous type aggregation, is one-to-one. Since there
is no continuous injection from an open subset of R? to R (see footnote 24), we have a

contradiction. O

Combining Lemmas 20 and 22, we obtain that (iii) implies (iv), which concludes the
proof of the proposition.
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