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Abstract

Advertisers post ads on publishers’ websites to attract the attention of consumers
(who visit both available publishers). Since advertisers are competing in the product
market, an advertiser may have an incentive to foreclose its competitor through exces-
sive advertising. An ad blocker may be present and charge publishers for whitelisting.
We fully characterize the equilibrium in which ad blocker, publishers, and advertisers
make strategic pricing decisions. Under some conditions, the ad blocker sells whitelist-
ing to one publisher and both publishers are strictly better off than without the ad
blocker. Under other conditions, not only publishers but also advertisers or consumers
are worse off.
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1 Introduction

Internet advertising is a main source of revenue for digital media. However, ad funding has
come under the attack from ad blockers. According to surveys,! 34 % of internet users in the
U.S. and 39 % in Germany state that they use an “ad blocker” on their computer desktop
— third-party software that prevents advertisements from being displayed on websites.? The
market structure for ad blockers is often monopolistic. For example, in Germany, Adblock
Plus is the largest ad-blocking firm with a 95 market share in 2017 (OLG Miinchen, 2017,
para. 20).

Ad-blocking firms earn money by allowing some select publishers to show ads, a practice
called whitelisting.® To be part of the whitelist, large publishers (defined as those publishers
that generate more than 10 million additional advertising impressions through whitelisting
per month) have to pay 30 % of their additional revenue to the ad-blocker (Adblock Plus,
n.d.).

In this paper, we model the strategic and welfare effects of whitelisting by a monopoly ad
blocker, when users multi-home with publishers, advertisers may multi-home with publishers,
and advertisers compete with each other in the product market. More precisely, we consider

a parsimonious model with two publishers, two advertisers and a continuum of consumers.

!Numbers and sources for a large range of countries are reported by Statista, see

https://www.statista.com /statistics/351862/adblocking-usage/
20n other devices, ad blocking tends to be less prominent: in 2020, only 17% of internet users in Ger-

many stated in a survey that they use an ad blocker on their mobile device and 12% on their tablet. See

https://www.statista.com/statistics/875612/ad-blocker-usage-in-germany-by-device/
3Not all types of ads are eligible. The two ad-block firms Adblock Plus and Adblock jointly run the

Acceptable Ads Committee (AAC), a committee that determines criteria that define which ads are non-
intrusive enough to be shown on whitelisted publishers’ websites (AAC, 2019, p. 27). The criteria refer to
size and distinctiveness from the text (Adblock Plus, n.d.). While users can also change the settings on their
ad blocker and see no ads at all, most do not, at least in Germany: 90 % of Adblock Plus users keep the
default settings and see the filtered ads (Bundesgerichtshof, 2019, para. 3). Several ad blockers (including
Adblock Plus) also offer a premium subscription model, but according to a survey from 2020, only 5 %
of internet users in Germany stated that they subscribed to such a service whereas 93% stated that they
did not; see https://de.statista.com/statistik /daten/studie/873815/umfrage/nutzung-von-kostenpflichtigen-

werbeblockern-in-deutschland /.



In the presence of the ad blocker some consumers use the ad blocker, while others do not.
We assume that consumers only consider buying a product that was advertised. Thus, it is
essential for advertisers to reach consumers with their ads.

Advertisers engage in duopoly competition for consumers. There is one ad slot per pub-
lisher. Since consumers visit both publishers, an advertiser can foreclose the other advertiser
by buying the ad slot for both publishers and thus achieve a monopoly position in the product
market.

Depending on the intensity of competition between advertisers, one advertiser buys both
ad slots or each advertiser buys one. An ad blocker will sell whitelisting to one or both
publishers. When advertisers price discriminate between consumers who use the ad blocker
and consumers who do not, some of the surplus that advertisers and publishers obtain without
ad blocking is extracted by the ad blocker.

If advertisers can not price discriminate and thus resort to uniform pricing, the picture
is richer. When publishers suffer due to ad blocking, the ad blocker’s surplus is extracted
only from publishers, from publishers and advertisers, or from publishers and consumers.
However, it is also possible that publishers do better with the ad blocker in which case either
advertisers or consumers are worse off.

Our model shows the importance of product market competition for the economic effects
of an ad blocker. Our main insights hold when an ad blocker sells whitelisting to only one
advertiser. They are robust to endogenous ad blocker installation where consumers experience
advertising as a nuisance and, as a result, some consumers install an ad blocker only if the
overall exposure to ads is reduced. Importantly, the ad blocker will only operate if only one
of the publishers is whitelisted. Several extensions complement the main analysis.

Related literature. Previous work on the role of ad blockers has focused on the in-
teraction between ad blocker and publishers abstracting from advertiser competition in the
product market (Anderson and Gans, 2011; Despotakis, Ravi, and Srinivasan, 2021; Gritck-
evich, Katona, and Sarvary, 2022).4

4“We do not address the interaction between ad targeting and ad blocking; see Johnson (2013) for an
analysis. In a different vein, Chen and Liu (2022) focus on the signaling role of advertising following Nelson

(1974) and Milgrom and Roberts (1986) and analyze how ad blocking affects the advertising cost.



We follow the advertising literature that views advertising as a way to increase the prob-
ability that consumers become aware of a product (because they did not know about it or
because it was no longer part of their consideration set). According to this informative view
of advertising, a consumer only considers buying a product if they have been exposed to an
ad about this product (Butters, 1977; Grossman and Shapiro, 1984).5

One may suspect that ad blocking benefits consumers since consumers can reduce the
intake of advertising, which reduces ad nuisance. However, Anderson and Gans (2011) and
Gritckevich, Katona, and Sarvary (2022) show that ad-blocking can have a negative indirect
effect on consumer welfare as it may lead to lower quality. In particular, Anderson and Gans
(2011) show that publishers may increase ad volume in the presence of ad blockers. Since
consumers with a high nuisance cost of advertising install the ad blocker, the presence of the
ad blocker changes the composition of those consumers who still see all the ads and makes
it more attractive for publishers to increase the ad volume. Our analysis has a different
focus: by construction, ad volumes can not increase with the introduction of an ad blocker
and quality is exogenous. We uncover a different mechanism by which consumers can suffer
from the presence of an ad blocker. The ad blocker may limit the exposure of consumers to
ads from different advertisers and thereby lead to a less competitive outcome in the product
market. As a result, consumers have to pay higher prices in the product market and thereby
suffer from the presence of the ad blocker (under uniform pricing in the product market this
holds for consumers who installed the ad blocker and those who did not).

One may also suspect that ad blocking hurts publishers. In particular, one may think
that an ad blocker extracts rents without providing additional benefits to publishers and,
thus, ad blocking hurts publishers. However, as shown by Despotakis, Ravi, and Srinivasan
(2021), competing publishers sometimes benefit from ad blocking in a setting with hetero-
geneous consumers as ad blocking enables them to discriminate between consumers with a
different sensitivity to advertising; for a similar finding with a monopoly publisher, see Aseri

et al. (2020). We also find that ad blocking can be beneficial for publishers; in contrast

SStarting with Grossman and Shapiro (1984), one stream of this literature considers advertiser competition
with differentiated products restricting attention to symmetric settings that have symmetric equilibrium

outcomes; see Soberman (2004), Christou and Vettas (2008), and Amaldoss and He (2010).



to Despotakis, Ravi, and Srinivasan (2021), our argument again hinges on the competitive
effects in the product market: advertisers compete in prices for consumers and advertising
affects the rent extraction possibility of publishers and ad blocker.

Several empirical papers speak to these theoretical findings. Since an ad blocker reduces
the number of ads shown to consumers and consumers tend to see display advertising on
the internet as a nuisance, one would expect that consumers with an ad blocker are less
annoyed and spend more time on a publisher’s website; this is indeed the finding of Yan,
Miller, and Skiera (2022). In line with the theoretical prediction that ad blocking hurts
publishers (Anderson and Gans, 2011; Gritckevich, Katona, and Sarvary, 2022), ad blocking
in commercial television tends to decrease tv channel revenues (Wilbur, 2008) and ad blocking
for display ads on publishers’ websites reduces publishers’ revenues (Shiller, Waldfogel, and
Ryan, 2018). These lower publisher revenues may then feed into a decrease in the quality of
publishers’ websites and overturn the positive effect of ad blocking on usage once publishers
have responded to the revenue reduction.® The finding by Shiller, Waldfogel, and Ryan
(2018) that ad blocking reduces consumers’ site visits of publishers’ websites can be seen
as supportive evidence. Todri (2022) provides evidence in line with ad blocking affecting
product market competition, which is the novel mechanism in our model: they find that ad
blocking significantly decreases spending for products that consumers had not been exposed
to in the past and partially shifts it to products they are familiar with.

More broadly, our paper relates to the work on two-sided platforms that cater to two
groups, sellers and buyers, and that manage competition between sellers (e.g., Nocke, Peitz,
and Stahl, 2007; Hagiu, 2009; Belleflamme and Peitz, 2019; Karle, Peitz, and Reisinger,
2020; Teh, 2022) as in our paper the ad blocker affects competition between advertisers in
the product market. Our paper also relates to work on media platforms since publishers
do not make profits directly from consumers, but charge advertisers (Anderson and Coate,
2005). In these works, in contrast to this paper, network effects figure prominently. Advertiser
competition not only features in the literature on the economics of advertising (Butters, 1977;
Grossman and Shapiro, 1984), but it has also been introduced in models for competing media

platforms (Dukes and Gal-Or, 2003). A key economic mechanism in our model is that an

6The wide adoption of ad blockers may also make it more attractive for publishers to raise paywalls.



advertiser may advertise with both publishers and thus foreclose its competitor in the product
market, which is reminiscent of Prat and Valletti (2022) who analyzed the competitive effects
of media mergers when consumers multi-home. However, this literature does not consider

the role of ad blockers.

The paper proceeds as follows. In section 2 we present the base model in absence of the ad
blocker and analyze how publishers, advertisers and consumers interact; here, we introduce
two examples of product market competition that we use throughout for illustration (hori-
zontal product differentiation a la Hotelling with linear and quadratic transport costs). In
section 3 we introduce the model with the ad blocker and an exogenous fraction of consumers
installing the ad blocker. This model is analyzed in Section 4 in two different product market
settings: in the first, advertisers can price discriminate between consumers who installed the
ad blocker and those who did not; in the second, advertisers must set uniform retail prices. In
section 5 we endogenize the consumers’ decision on whether or not to install the ad blocker.
Section 6 concludes. All proofs are relegated to Appendix A. The full analysis of our two

examples of product market interaction are contained in Appendices B.1 and B.2.

2 Preliminaries: Model and analysis without an ad

blocker

In a given product category, each publisher can post at most one ad that can be seen by a unit
mass of consumers.” A publisher bundles own content with advertising and makes money by
selling consumer attention to advertisers. Advertisers can only make a sale if they attract
attention through at least one of the publishers. More specifically, there are two advertisers
competing in the same product category. There are two publishers that are both frequented
by consumers — in other words, consumers are multi-homers. Thus, for an advertiser it is
sufficient to show an ad via one publisher to get the consumer’s attention. If one advertiser

advertises on one of the publisher’s website and the other advertiser on the other publisher’s

"The limit to one ad slot per publisher can be motivated by consumers’ limited attention for ads when
visiting a publisher’s website. If consumers dislike advertising and can pay attention to at most one ad on a

website, a publisher benefits the most by posting only one ad.



website, consumers learn about both products and there is duopoly competition. In the
equilibrium in the product market, the gross profit of each advertiser is denoted by 7. If an
advertiser does not advertise, its gross profit will be equal to zero. Thus, each advertiser is
willing to pay up to 7% to show the ad, provided the other advertiser shows an ad with the
other publisher.

We consider the timing: (1) Publishers simultaneously set a price for the ad, after which
(2) advertisers sequentially decide whether to accept the offer,® Upon accepting, (3) adver-
tisers simultaneously set product prices, and, finally, (4) consumers make purchase decisions.

Suppose that publishers have set the same fee f. If each of the advertisers agrees to pay
to advertise with one publisher, the net profit of each advertiser is 7% — f. Instead, one
advertiser could exclude the other advertiser by buying the ad slot on both websites. This
would give a net profit of 7™ — 2 f, where 7™ is the maximal gross profit when the advertiser
is a monopolist in the product market. If f > 7¢, it does not pay for advertiser B to buy
the second slot. Thus, advertiser A will not buy the second slot at a fee above 7¢. Hence,
if 7™ > 27, publishers set f = 7 and advertiser A buys both ad slots. Here, advertiser A
obtains a net surplus of 7™ — 27¢.

By contrast, if 7™ < 27?, publishers extract the full gross profit from advertisers by
setting f = w¢. Each advertiser buys one slot and there will be duopoly competition between
advertisers.

Duopoly industry profits are larger than monopoly profits if the advertisers’ products
are sufficiently differentiated. In this case both advertisers buy an ad slot. Otherwise, one
advertiser advertises on both websites. We illustrate the relationship between monopoly
profits and duopoly industry profits in two versions of the well-known Hotelling model of
price competition with differentiated products; in Example 1 we assume linear transport

costs and in Example 2 quadratic transport costs.

Example 1: Hotelling with linear transport costs. We first compare monopoly to
industry duopoly profits in the Hotelling model with linear transport cost. Consumers are

uniformly distributed on the unit interval, are of mass 1, and demand one unit of one of

8If a slot has been taken by the first advertiser, the second advertiser is excluded from the respective

publisher. By assuming sequential acceptance decisions, we avoid mixed-strategy equilibria.



the products or do not buy in the market. Consumer x obtains net utility v — p; — t|lz — ;]
from product i sold at price p; at location l;; the net utility of not buying is normalized to 0.
Advertiser A sells a product located at 0 and advertiser B at 1 on the unit interval. Both
have constant marginal costs of production c. Advertisers set retail prices and, after observing
prices of advertised products, consumers make purchasing decisions.

If only advertiser A advertisers it makes monopoly profit

. (”ZE)Q, if c<v<c+ 2t

v—t—oc, ifv>c+ 2t
If consumers see ads from both advertisers, a symmetric duopoly prevails. For some param-
eters, there are multiple equilibria. Then, we select the equilibrium that mazximizes industry

profits (which features symmetric choices). The equilibrium duopoly profit is

(ool <1
=t w—c—t), if e 18],

For the derivation, see Appendiz B.1. We find that 7™ > 2% if and only if Y75 > 2 (see

Lemma 2 in Appendiz B.1).

Example 2: Hotelling with quadratic transport costs. We modify the previous example
by assuming quadratic transport costs; that is, consumer x obtains net utility v —p; — t|x — ;>

from product i sold at price p; at location l;. The monopoly profit is

2 (U—C)3 . ou—
. Vo eSS,

v—t—c, if 5° >3
As in the example with linear transport costs, for some parameters, there are multiple equilib-

ria, and we select the equilibrium that mazximizes industry profits (which features symmetric

choices). The equilibrium duopoly profit is

(v— c)3 — 3
w o <1




We find that 7™ > 2x% if and only if 7 > (21)!/% (see Lemma 4 in Appendiz B.2).

Both examples feature discrete consumer choice with perfectly negatively correlated match
values and full consumer participation. In a discrete choice with independent match values
due to Perloff and Salop (1985) there would only be partial market coverage. Also in such an
example, industry duopoly profits are larger than monopoly profits, if the degree of product

differentiation is sufficiently large.”

In the absence of an ad blocker, we have the following result on pure strategy subgame-

perfect Nash equilibria (the proof is relegated to Appendix A).

Proposition 1. Consider an environment without an ad blocker. If ™ < 27, in any
equilibrium, both publishers set fees fi = fo = 7 and each advertiser buys an ad slot. If
7™ > 2w in any equilibrium, both publishers set fees fi = fo = 7w and advertiser A
buys the ad slot on each publisher’s website. In the borderline case, both publishers set fees

fi = fo = and either advertiser A buys both slots or each advertiser buys one slot.

If 7™ > 27, advertiser A buys both ad slots. We note that buying the second ad slot may
look like a wasted expense since all consumers are reached in any case. However, advertiser
A buys the second slot to foreclose advertiser B; as alluded to in the introduction, this logic
is reminiscent of Prat and Valletti (2022).1

Table 1 reports the surplus for the different market participants depending on whether
or not monopoly profits are larger than duopoly industry profits in the product market. In
both cases, each publisher makes a profit of 7¢. In the latter case, publishers fully extract
the advertisers’ gross profit; in the former, advertisers obtain a net surplus of 7™ — 27¢,

The intuition for the lack of full rent extraction by publishers in the former case is that
both publishers provide access to the consumers’ attention. If a publisher asked for a higher

fee, advertiser A would stop buying the ad without endangering its monopoly position in the

product market. Up until 7¢ the Bertrand undercutting logic applies to publishers because

9The comparison of monopoly and duopoly industry profits can be analyzed in other imperfect competition
models where a parameter different than the degree of product differentiation differs across industries; see,

for instance, the discussion by Karle, Peitz, and Reisinger (2020).
10Ty their setting, an incumbent firm can reach consumers in any case; it may then take the ad slot of each

publisher to foreclose a potential competitor for whom advertising is necessary to reach consumers.



Table 1: Net surplus without an ad blocker

m < 27 7™ > 27

Publisher surplus 27? 2
Advertiser surplus 0 ™ — 27d

Consumer surplus ~ CS(p?,p?)  CS(p™, c0)

for any fees fi, fo with max{fi, fo} > 7 advertiser A will drop the publisher with the higher
fee, while, at equal fees above 7¢ it would randomize between the two; advertiser B will not

buy a slot at those fees.

3 The model with an ad blocker

We now introduce an ad blocker that offers whitelisting to publishers and asks for a uniform
fee to be whitelisted. A publisher who buys whitelisting makes sure that the ad on its website
is shown to all consumers, including those who installed the ad blocker. By contrast, an ad
from a publisher who does not pay for whitelisting will not be visible to those consumers.

For an ad to be visible to a consumer without an ad blocker, the corresponding advertiser
must obtain an ad slot with at least one publisher. For an ad to be visible to a consumer
with an ad blocker, the corresponding advertiser must obtain an ad slot with at least one
publisher and at least one of those publishers must have bought whitelisting from the ad
blocker.

The timing is as follows:

1. The ad blocker sets a uniform whitelisting fee.

2. Publishers simultaneously decide whether to accept the ad blocker’s offer.
3. Publishers simultaneously set the advertising fee.

4. Advertisers arrive in sequential order and decide on which publishers to advertise.



Advertiser A Advertiser B Advertiser A Advertiser B
Publisher 1 Publisher 2 Publisher 1 Publisher 2
[ Ad blocker ] [ Ad blocker ]
Consumers Consumers Consumers Consumers
with ad blocker w/o ad blocker with ad blocker w/o ad blocker

Figure 1: Consumer choice sets when one publisher whitelists: in the left panel, advertisers

A and B buy an ad slot each; in the right panel, advertiser A buys both ad slots

5. Advertisers simultaneously set retail prices: advertisers price discriminate between con-
sumers who use an ad blocker and those who do not (version a) or advertisers set the

same retail price for all consumers (version b).

Figure 1 illustrates the consumer choice sets in two cases in which one publisher has
bought whitelisting and the other has not. In the figure, a consumer can only buy those
products for which there is a connecting line between the advertiser and consumer. In the
figure on the left-hand side, each advertiser buys one ad slot; thus consumers without an ad
blocker can choose between the two products, whereas consumers with the ad blocker can
only buy the product from the advertiser who bought the ad slot on the whitelisted publisher.
In the figure on the right-hand side, advertiser A buys both ad slots and thus no consumer
can buy from advertiser B. In the following sections we establish conditions for such choice
sets to emerge in equilibrium.

A fraction « of consumers use the ad blocker. We consider three different models of how
consumers use the ad blocker. In the main model (“Fixed ad blocker installation”), we treat
«a as an exogenous parameter. Both, one, or none of the publishers buys whitelisting. If
both publishers do, we are back to the outcome as in the previous section. If neither does,
publishers make money only from consumers who are not using the ad blocker.

Ad blocker installation is endogenized in Section 5. In one version (“Upfront ad blocker

10



installation”), a fraction a of consumers experience an ad nuisance and install the ad blocker
if they expect fewer ads with an ad blocker. Here, consumers make the installation decision
at stage 0. In the other version (“Committed ad blocker and subsequent ad blocker installa-
tion”), a fraction « of consumers experience an ad nuisance and install the ad blocker if the

ad blocker has committed to reducing the amount of advertising.

4 Fixed ad blocker installation

4.1 Fixed ad blocker installation and retail price discrimination

A fraction « of consumers use the ad blocker. We treat a as an exogenous parameter; ad
blocker installation becomes endogenous in Section 5. Both, one, or none of the publishers
buy whitelisting. If both publishers do, we are back to the outcome as in the previous
section. If neither does, publishers make money only from consumers who are not using the
ad blocker.

The novel case arises if the ad of one advertiser (e.g., advertiser A) appears on the
whitelisted website, whereas the ad of the other advertiser (advertiser B) is shown on the
other website. In this case, advertiser A has exclusive access to the fraction « of consumers
with an ad blocker.

If advertisers can price-discriminate between those consumers who use an ad blocker and
those who do not, advertiser A makes per-consumer profit 7" from consumers with an ad
blocker; both advertisers make per-consumer profit 7¢ from consumers without an ad blocker
(by Proposition 1). Thus, advertiser A obtains profit an™ + (1 — a)7? and advertiser B

d

obtains (1 — «)7r®. This implies that advertiser A is willing to pay the increment an™ to

advertise on website 1 instead of 2. In other words, publishers set fees f; = ar™ + (1 — a)m?
and f, = (1 — a)7?. Whitelisting is worth azr™, which can be extracted by the ad blocker.
This is the fee set by the ad blocker in equilibrium if the ad blocker does not prefer to
whitelist both advertisers in which case it can charge a whitelisting fee of ar? and induce
both publishers to accept the offer. The reason is that the publisher’s gross profit would

drop from 7¢ to (1 — a)7r? if one of the publishers refused the offer. Hence, the ad blocker

could make 2a7?. The ad blocker prefers to admit only one publisher if ar™ > 2a7?, which

11



Table 2: Net surplus under price discrimination

T < 2 7 > 2xd
Ad blocker surplus 207 am™
Publisher surplus ~ 2(1 — a)7? 2(1 — a)m?
Advertiser surplus 0 (1 —a)(7™ —27%)
Consumer surplus ~ CS(p?, p?) CS(p™,o00)

is equivalent to monopoly profits being larger than industry duopoly profits. Otherwise, if
7™ < 27? for given «, the ad blocker would provide whitelisting to both publishers. Overall
we see that the ad blocker can extract all profits made from consumers who have installed
the ad blocker.

The following proposition summarizes this discussion.

Proposition 2. Consider an environment with an ad blocker and price-discriminating ad-
vertisers. If ™ < 27?, then the ad blocker provides whitelisting to both publishers at a price
an?, both publishers buy whitelisting and set fi = fo = ©%, and each advertiser buys an ad
slot.

If ¥ > 27, then the ad blocker offers whitelisting at price am™ and one publisher accepts.
The whitelisted publisher sets its fee equal to fi = an™ + (1 — o) and the non-whitelisted

publisher sets fo = (1 — a)w?. Advertiser A buys the ad slot on each publisher’s website.

Table 2 reports the resulting net surplus for ad blocker, publishers, advertisers, and
consumers. We recall that the condition 7™ > 27 holds if there is not too much product
differentiation in the Hotelling example.

If 7™ < 274, there is no difference to the model without an ad blocker except that now
each publisher pays (1 — a)7? to the ad blocker and, thus, parts of the publishers’ rents are
shifted to the ad blocker. Advertisers and consumers are not affected by the presence of the
ad blocker, and total surplus is unchanged.

Consider now the opposite case 7™ > 27¢. With the ad blocker there is exclusive whitelist-

12



ing and advertiser A obtains gross profits 7™ and the other advertiser is not active. Again,
consumers are not affected by the presence of the ad blocker, and total surplus is unchanged.
Without the ad blocker, advertiser A obtains a net profit of 7™ — 27? while with the ad
blocker it obtains 7™ — [ar™ + 2(1 — o)) = (1 — a)(7™ — 27?). Advertiser A is better off
without the ad blocker if 7™ — 27¢ > (1 — (7™ — 27?), which always holds. Each publisher
makes a net profit of (1 — a)7? with the ad blocker and thus is worse off than without the ad
blocker. Overall, the ad blocker makes a profit at the expense of publishers and advertisers;

total surplus and consumer surplus are not affected.

Corollary 1. Consider an environment with price-discriminating advertisers. When an ad
blocker enters, it extracts fraction a of the surplus from publishers and advertisers (in cases

when the latter have any surplus at all).

The result is in line with the complaints raised by publishers about the negative impact
of ad blocking on their net revenues. However, when 7™ > 27 the ad blocker’s profits
materialize not only at the expense of publishers but also of advertiser A. As developed
in Section 2, Examples 1 and 2 provide microfoundations for 7™ and 7 and thereby the
amount of rent shifting from publishers (and advertiser A when 7™ > 279) to the ad blocker.
Consumers are unaffected when abstracting from the possible impact of ad load on consumer

surplus.t!

4.2 Fixed ad blocker installation and uniform retail prices

If advertisers cannot price-discriminate between consumers with and without an ad blocker
and thus have to set uniform retail prices, a richer picture emerges. Under some conditions
consumer surplus is no longer neutral to the introduction of an ad blocker: in some instances,
consumers are better off and, under others, worse off with ad blocking. While under discrim-
inatory retail pricing publishers are unambiguously worse off after the introduction of an ad

blocker, there are now circumstances in which they are better off.

1With ad blocking, when 7™ > 27¢, the fraction « of consumers who use the ad blocker are exposed to less
advertising since ads on the non-whitelisted publisher are blocked; we discuss nuisance costs of advertising

in Section 5.

13



When only one publisher whitelists and both advertisers buy one ad slot each, prod-
uct market competition is asymmetric: the advertiser with the whitelisted publisher enjoys
a monopoly position regarding the consumers who installed the ad blocker, while there is
duopoly competition for consumers without an ad blocker. Under uniform retail pricing
these two market segments are interdependent and compared to the setting with price dis-
crimination, the advertiser with the whitelisted publisher is a less aggressive competitor in
the competitive consumer segment.'?

For the analysis we need to introduce some extra notation. We denote profits as a
function of prices by m(pa,ps) = ma(pa,ps) = 75(pB,pa). If the competitor cannot reach
consumers, an advertiser is in a monopoly position and makes a gross profit of m(p, 00) at
price p and, at the profit-maximizing price p™, we have 7(p™,00) = ™. Under symmetric
duopoly competition, provided that there is a unique price equilibrium or that we select the
symmetric equilibrium among multiple equilibria, Nash duopoly prices are p% and pj with
P = vy = p? and yield gross profits of w(p?, p?) = 7 for each advertiser.

When advertiser A is visible to all consumers and advertiser B only to consumers without
an ad blocker, the gross profit of advertiser A is an(pa, 00) + (1 — a)7(pa, pp) and advertiser
B’s gross profit is (1 — a)7(pg, pa). We assume that there is a unique price equilibrium with
prices p* for the advertiser with the whitelisted publisher and p™ for the other. Equilibrium
gross profits of advertiser A are denoted by 7% = an(p®, 00)+(1—a)mw(p*, p™) and advertiser
B’s gross profit as 7™ = (1 — a)7(p™,p*). Clearly, 7¢(p™,p*) > 7¢ and 7™ > 7(p®, 00)
for p¥ € (p¢,p™) and a € (0, 1).

We show the uniqueness of the asymmetric duopoly equilibrium in our two Hotelling

examples (see Appendix B.1 and Appendix B.2).13

12Such asymmetric competition with uniform pricing has been looked at in the context of universal service
obligations; see Anton, Vander Weide, and Vettas (2002) and Valletti, Hoernig, and Barros (2002); the latter

considers a Hotelling duopoly similar to our example.
3More generally, we note that a sufficient condition to use first-order conditions to characterize the price

equilibrium is the log-concavity of demand. The complication in our model is that the joint demand of the
advertiser with the whitelisted publisher is the sum of its demand in the monopoly and the duopoly segment.
Since log-concavity is not an additive property it is not sufficient to show that the demand in each segment

is log-concave.
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Proposition 3. Consider an environment with an ad blocker and advertisers setting uniform

prices.

o If T 4 27" < (3 — a)7?, then the ad blocker provides whitelisting to both publishers

at price @ — 7™ with both publishers buying whitelisting and setting f, = fo = m?.

o If T +27™ > (3 — a)7?, then the ad blocker whitelists a single publisher at price
7 —(1—a)m?. The whitelisted publisher sets its fee equal to ™ and the non-whitelisted

publisher sets ™.

If ™ > f1 4 fo, advertiser A buys the ad slot on each publisher’s website and otherwise each

advertiser buys one slot each.

In the proof, which is relegated to Appendix A, we show that, in equilibrium, all ad
slots will be filled and that advertiser A takes at least one of the two slots. This result
can be seen as follows. Suppose that advertiser A did not buy any slots because it deemed
them too expensive. Then advertiser B will buy only one ad slot, as it does not pay to
reach consumers without an ad blocker through both publishers. It will buy ad slot 1 if
f1 < max{n™, fo + ar™} and ad slot 2 if fo < max{(1 — )™, f1 — ar™}, there would be
asymmetric Bertrand competition between publishers for advertiser B resulting in fo = 0
and f; = an™. Clearly, at those fees, advertiser A has a strict incentive to buy at least one
ad slot. Therefore, for any fees such that advertiser A would not buy any ad slot, at least
one of the publishers has an incentive to reduce its fee. Thus, in equilibrium, advertiser A
buys at least one slot. Suppose that A takes slot 1 only. Advertiser B is willing to pay 7™
for slot 2 and publisher 2 has an incentive to sell the slot. Suppose that A takes slot 2 only.
Advertiser A is willing to pay 7" for slot 1 and publisher 1 has an incentive to sell the slot.
Hence, if advertiser A buys only one slot, advertiser B will buy the second. As a result, one
of the following situations must arise in equilibrium: advertiser A buys both slots; advertiser
A buys slot 1 and advertiser B slot 2; or advertiser A buys slot 2 and advertiser B slot 1.

If advertiser A buys both slots and both publishers whitelist, all consumers are reached
through both publishers and the advertiser could still reach all consumers if it dropped one
of the publishers. Similarly, if advertiser A buys both slots and one publisher whitelists, all

consumers without the ad blocker are reached through both publishers and the advertiser
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Table 3: Net surplus under uniform pricing

v 427" < (3 — a)7d T 427" > (3 — )7t

am < 2rd 7™ > 27d " < ¥ 4 g 7" > 4 gt
Ad blocker surplus  2(7¢ — 7)) 2(xd — gw) % — (1 — a)r? % — (1 — a)n?
Publisher surplus 2w 2w a4 (1 — a)m? a4 (1 — a)m?
Advertiser surplus 0 7™ — 27d 0 7" — (7Y 4 ")
Consumer surplus CS(p?, p?) CS(p™,00) aCS(p?, ) CS(p™, 0)

+(1 —a)CS(p”,p™)

could still reach these consumers if it dropped the non-whitelisted publishers. The only
reason advertiser A may still want to buy both slots is to foreclose advertiser B.

Whether there is whitelisting of one or both publishers depends on how product market
competition plays out among advertisers. If 7% + 27" > (3 — a)7?, then, in equilibrium,
there is whitelisting by one publisher. In such an equilibrium, publishers set fees equal to
fi =7 and fy = 7™, respectively. The product market outcome depends on whether or
not inequality 7™ > f; + fo is satisfied. If it is, advertiser A buys both slots and operates
as a monopolist in the product market (and obtains a strictly positive net surplus). If it is
not, there is some competition for users with the ad blocker and all consumers are better off
than in the reverse case.

Table 3 reports equilibrium surplus for consumers, advertisers, publishers, and the ad
blocker under all possible constellations. In the two columns on the left, both publishers
buy whitelisting, while in the two columns on the right only one publisher does. In the first
and third column, each advertiser buys one ad slot, while in the second and fourth column
advertiser A buys both ad slots. Consumer surplus (per unit mass of consumers) is a function

of the prices pa, pp set by the advertisers that reach consumers, denoted by C'S(pa, pp).

Example 1 continued. In Appendiz B.1, we fully characterize the set of pure strategy
equilibria restricting attention to parameters (v — c)/t € (3/2,7/2). When (v —¢)/t > 3/2,

we avoid the multiplicity of pure strateqy equilibria that would arise outside this parameter
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region. With (v — ¢)/t < 7/2, we avoid possible mized strateqy equilibria. Therefore, for
(v—c)/t € (3/2,7/2), we can show that there is a unique pure strateqy equilibrium for all
a€(0,1).1

In Lemma 8 in Appendiz B.1 we show that, for any given o € (0,1), asymmetric duopoly
industry profits satisfy ™ +7™ € (min{27¢, 7™}, max{27x?, 7™}). Thus, asymmetric duopoly
industry profits lie between symmetric duopoly industry profits and monopoly profits. Then,
the outcome cannot be in the third column of Table 3: if 2r% < 7% 4+ 7™ < 7™, then
T+ 2™ > 27t + o > 274 4 (1 — o) = (3 — a)wd. We also show that inequality
T+ 27 > (3 — a)m? is satisfied if and only if (v — ¢)/t > 2 (Proposition 8 in Appendiz
B.1), which is also the condition that 7™ > 2x? (Lemma 2 in Appendiz B.1). Thus, only the
second and the fourth column in Table 3 apply and we have the following result: If v > c+2t,
then the ad blocker whitelists a single publisher at price ™ — (1 — a)7?; the whitelisted
publisher sets its fee equal to @ and the non-whitelisted publisher sets ™" ; and advertiser
A buys the ad slot on each publisher’s website. If v < ¢+ 2t, then the ad blocker whitelists
both publishers at price 7 — 1™ the publishers set fees m¢; and each advertiser buys one slot
each.

To summarize, in Fxample 1, the results reported so far are qualitatively the same as in

the setting with discriminatory pricing.

Example 2 continued. With quadratic transport costs, given that one advertiser has a slot
with the whitelisted publisher and the other with the non-whitelisted publisher, we analyze
price equilibra in the parameter range < € (%, %) (see Appendix B.2).

In Proposition 10 in Appendix B.2 we show that there exists a non-empty parameter region
such that the inequality T + 27" > (3 — )7 holds and therefore the third column of Table
3 applies.

In Figure 2, we report how the parameters in the example map into the configurations in
Table 3. The upper line gives the parameter values (o, (v — ¢)/t)) such that 7™ = 7% + ™%

and the lower line gives the parameter values (v, (v —c)/t)) such that 7% + 27" = (3 — a) 7.

These lines delineate three parameter regions. In the bottom parameter region, both publishers

“Further below, we also consider a region with higher values of (v —c¢)/t in which there also exists a unique

pure strategy equilibrium but which is characterized differently.
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Figure 2: Configurations of Table 3 in the Hotelling model with quadratic transport costs

whitelist and each advertiser buys an ad slot — this corresponds to the first column of Table
3. In the top parameter region, one publisher whitelists and advertiser A buys both ad slots
— this corresponds to the fourth column of Table 3. In the intermediate region, one publisher
whitelists and sells its ad slot to advertiser A, while advertiser B buys the ad slot from the non-
whitelisted publisher — this corresponds to the third column of Table 3. In this intermediate

range, there is asymmetric competition in the product market along the equilibrium path.

While the conditions have been checked in particular functional form settings, the question
may be what is the key difference between the two examples. When only advertiser A is visible
to all consumers while advertiser B is visible to only a fraction of consumers, pricing will
be asymmetric. In Example 2 this tends to further relax price competition between the two
advertisers (in addition to the fact that an advertiser is active in a monopoly segment and
may therefore set a higher price in any case) because demand reacts less sensitively to a price
change starting from asymmetric prices than starting from symmetric prices. By contrast,

the slope of the demand curve of advertiser A is constant in Example 1.
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Exclusive whitelisting One may wonder if the ad blocker can do better if it were able
to commit to exclusive whitelisting (i.e., a commitment to sign with at most one publisher
does not help the ad blocker; if more than one asks for exclusive whitelisting, a random
draw determines which publisher is selected). However, as we argue next, it is not in the
interest of the ad blocker to do so. If one publisher is willing to accept the offer of exclusive
whitelisting the other does as well. This implies that a deviation by a publisher not to accept
will imply that the other one obtains exclusive whitelisting. The deviating publisher can then
get 7 = (1—a)7(p™, p*), which is greater than (1 —a)7r? for p* > p?. Thus, the ad blocker
would be strictly worse off if it committed to exclusive whitelisting. We can also see this by
taking a look at the payments received by the ad blocker. Under exclusive whitelisting, when
both publishers ask for exclusive whitelisting, the ad blocker can extract t* = an™ — 7™
because, when they do not accept to pay the ad blocker’s fee, the other publisher will be
whitelisted and, thus, the deviating publisher makes 7™, which constitutes the publisher’s
outside option.'®

Comparison to no ad blocking How does ad blocking affect total surplus and who pays
for the ad blocker? In our two examples of product market competition, we compare how
surpluses change with the introduction of an ad blocker.

The introduction of an ad blocker may reduce total surplus, increase it, or leave it un-
changed. For the introduction of the ad blocker to reduce total surplus, it must hold that
the ad blocker will induce an allocation in the product market such that consumers who
installed the ad blocker will only consume advertiser A’s product at price p* > p? and con-
sumers without the ad blocker face prices (p™*, p¥) instead of (p?, p?) in the absence of an ad
blocker. In other words, advertisers must be in asymmetric duopoly in the presence of the
ad blocker, whereas they would be in symmetric duopoly in the absence of the ad blocker.
For the introduction of an ad blocker to reduce total surplus former, advertisers must be
in asymmetric duopoly in the presence of the ad blocker, whereas advertiser A would be

monopolist in the product market in the absence of the ad blocker.

15Tn our model the ad blocker sets a price for whitelisting. Enriching the strategy of the ad blocker, one
could allow the ad blocker to commit to exclusive whitelisting. However, the ad blocker is better off not

committing to doing so.
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The same holds for consumer surplus since, in our base model, consumers care only about
the product market outcome. Thus, consumer surplus is unaffected by the presence of the
ad blocker as long as product market competition does not change. Otherwise, consumers
are better from the presence of the ad blocker if this leads to asymmetric duopoly instead of
monopoly, while they are worse off if this leads to asymmetric duopoly instead of symmetric
duopoly. While these are the possibilities in the general reduced-form setting, one may

wonder which of the possible surplus effects arise in our examples.

Example 1 continued. With linear transport costs, the first and the third column of Table
3 never apply. Thus, total surplus is not affected by the introduction of an ad blocker. Surplus
changes for publishers, advertisers, and consumers are qualitatively the same as in the setting
with discriminatory pricing. They depend on whether or not 7™ > 2. If 7™ < 27¢, in the
presence of an ad blocker, both publishers buy whitelisting and the ad blocker extracts surplus
from publishers only. If m™ > 27, in the presence of an ad blocker, only one publisher
buys whitelisting and, as a result, the ad blocker extracts some of the combined surplus of

publishers and advertisers. Here, advertisers are necessarily worse off.

Example 2 continued. With quadratic transport costs, the surplus results are captured in
Figure 3. As shown in Figure 2, for intermediate values of (v—c)/t, the parameter region can
be divided into two subregions, one below and the other above the dashed line, which reports
the values of (v — c)/t) such that 7™ = 2r. In the area above the dashed line, advertiser
A would be a monopolist in the absence of the ad blocker, whereas, below the dashed line,
advertisers would be in symmetric duopoly. Hence, in the upper subregion, advertiser A
would buy both ad slots leading to the monopoly outcome in the product market, while below
it both advertisers would buy one ad slot each, leading to the symmetric duopoly outcome.
Introducing the ad blocker leads to more competition in the intermediate range above the
dashed line and to less competition in the intermediate range below the dashed line. As a
result, in the upper subregion, the introduction of the ad blocker leads to an increase in total
surplus, while, in the lower subregion, this leads to a reduction (see Figure 3).

Changes in total surplus and consumer surplus go hand in hand: consumers benefit from
lower prices and more variety after the introduction of the ad blocker in the upper subregion,

while the opposite is true in the lower subregion. Thus, consumers are better off with the
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introduction of an ad blocker in the upper, but worse off in the lower subregion (see Figure

3).
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Figure 3: Total surplus (T'S), advertiser surplus (AS), and consumer surplus (C'S) effects of

the introduction of the ad blocker in the Hotelling model with quadratic transport costs

One may also wonder whether the finding that publishers are necessarily worse off under
ad blocking holds more generally. Under discriminatory pricing, the condition that publishers
are better off under price discrimination is 2(1 — a)7? > 27¢, which can never be satisfied.
Under uniform pricing, the condition for publisher surplus to be higher with the ad blocker
than without is that 7™ + (1 — a)7¢ > 27¢ which is equivalent to 7™ > (1 + a)7?.
The difference between uniform pricing and discriminatory pricing arises because the non-
whitelisted publisher benefits from the other publisher’s decision to whitelist, since its profit
is 7™ > (1 — a)m?. We show that the condition 7™ > (1 + a)7? can be satisfied and, thus,

publishers may gain from the presence of the ad blocker.

Examples 1 and 2 continued. With linear and quadratic transport costs, publisher surplus
is higher in the presence of the ad blocker if o > % and < € (2 + 21ta 1Jr—0‘) ; see Proposition

21-a’ 11—«

9 in Appendiz B.1 and Proposition 12 in Appendix B.2.
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5 Ad blocker installation

If consumers install ad blockers to reduce the amount of advertising they are exposed to,
the question arises as to which of our previous results are robust to endogenous ad blocker
installation.

Suppose that a fraction a of consumers have “high” nuisance cost p; > 0 per ad they
are exposed to and the remaining 1 — « fraction of consumers do not mind seeing ads (or
have sufficiently “low” nuisance costs y; > 0). We assume that the opportunity cost of
installing the ad blocker, F} is such that consumers with a high nuisance cost will install it
if they reduce ad exposure by at least one ad (that is, F; < py,), while consumers with a low
nuisance cost will not (Fy > ).

According to Propositions 2 and 3, the ad blocker provides whitelisting to one or to
both publishers in equilibrium. If monopoly profits are larger than duopoly industry profits,
advertiser A buys the ad slot from both publishers and thereby avoids retail price competi-
tion; under Assumption 1 this holds both under uniform and discriminatory pricing. In this
case, the ad blocker offers the advantage that consumers are exposed to advertising via one
publisher only. If both advertisers buy an ad slot and only one publisher whitelists, a trade-
off arises for consumers, as the installation of the ad blocker implies that they are exposed
to one advertiser only and thus forego the opportunity to buy from the other advertiser.
Whether this has an impact on ad blocker installation depends on whether consumers ra-
tionally anticipate that their experience in the product market depends on their installation
decision.

We consider two environments. First, we consider the consumers’ ad blocker installation
to be an inflexible decision and thus postulate that consumers move before the ad blocker sets
its fee. Second, we consider the reverse situation in which consumers install the ad blocker
after the ad blocker has committed to its price. As before, we distinguish the setting with

retail price discrimination from the one with uniform retail prices.
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5.1 Upfront ad blocker installation and retail price discrimination

Consider an extension in which consumers decide whether to install the ad blocker before
the first period of the game.

With retail price discrimination, consumers correctly foresee that both publishers will be
whitelisted if 27¢ > 7. This implies that ad blocking does not reduce ad exposure and,
therefore, no consumer will install the ad blocker. Thus, the ad blocker can only be active if
214 < 7™ in which case only one publisher will be whitelisted. Since advertiser A buys the ad
slot from each publisher, the ad with the non-whitelisted publisher does not affect consumer
choice in the product market and merely adds to the ad nuisance. For this reason, consumers
with high nuisance cost have a strict incentive to install the ad blocker. Proposition 2 can

thus be reformulated as follows:

Proposition 4. Consider an environment with endogenous ad blocker installation and price-

discriminating advertisers.

o If ™ < 27¢, then none of the consumers installs the ad blocker; both publishers set

fi = fo = m; and each advertiser buys an ad slot.

o If ™ > 27 then the consumers with high nuisance costs install the ad blocker; the
ad blocker offers whitelisting at price an™; and one publisher accepts. The whitelisted
publisher sets its fee equal to fi = ar™ + (1 — )7 and the non-whitelisted publisher

sets fo = (1 — a)m?. Advertiser A buys the ad slot on each publisher’s website.

The proposition tells us that one should observe ad blockers in environments in which

duopoly competition in the product market is intense.

5.2 Upfront ad blocker installation and uniform retail prices

We now turn to the case in which advertisers have to set uniform retail prices. Let us
first assume that consumers have limited cognition when deciding whether to install the ad
blocker in the sense that they do not internalize that this decision affects their experience in
the product market. This means that the adoption decision is purely based on the comparison

between the nuisance from advertising and the opportunity cost of ad blocker installation.
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Proposition 5. Consider an environment with endogenous ad blocker installation and ad-

vertisers setting uniform prices.

o [f ¥ + 2™ < (3 — a)m?, then none of the consumers installs the ad blocker and both

publishers set fi = fo = ©; and each advertiser buys one slot.

o If ™ +27™ > (3 — a)m?, then consumers with the high nuisance cost install the ad
blocker and the ad blocker whitelists a single publisher at price 7 — (1 — a)n?. The
whitelisted publisher sets its fee equal to ™ and the non-whitelisted publisher sets ™.
If 7™ > 27, advertiser A buys the ad slot on each publisher’s website and otherwise

each advertiser buys one slot each.

If consumers are fully rational, they take into account that ad blocker installation may
lead to a worse experience in the product market since they can only buy advertiser A’s
product. When 7% + 2™ > (3 — a)7¢ and 7™ < 279, advertiser A forecloses advertiser B
and thus the result of the proposition carries over. However, when 7% +27™ > (3 — )7 and
7™ > 21 ad blocker installation reduces a consumer’s net surplus in the product market
by |CS(p¥,o0) — CS(p™,p™)|. Suppose that there are two groups of consumers, one with
high nuisance costs of advertising and the other with low nuisance costs. If the former have
sufficiently high nuisance cost they will continue to install the ad blocker despite the loss in
consumer surplus in the product market, and our result continues to carry over.!®
More generally, there may be consumers who are mostly concerned about ad nuisance

(consumers with very high nuisance costs), while others find the product market experience

relatively more important, and there is a continuum of types that will fall into two segments.

16For simplicity, suppose that the incremental ad nuisance from two instead of one ad is uj, for the high
nuisance cost type and p; for the low nuisance cost type. Suppose, furthermore, that the low nuisance
type never installs the ad blocker. If all consumers expect that only the high type installs the ad blocker,
then the condition to support the equilibrium is pp, > CS(p¥,p™) — CS(p¥,00) > p;. Alternatively,
consumers may expect that none of the other consumers installs the ad blocker. Not installing the ad
blocker is preferred also by a consumer with high incremental nuisance costs if C'S(p?, p?) — CS(p?) > pa.
If CS(p¥,p™™) — CS(p¥,00) < un < CS(p? p?) — CS(p?) both outcomes can be supported in equi-
librium. Moreover, for u, € (min{CS(p?,p?) — CS(p?),CS(PY,p™") — CS(p¥,00)}, max{CS(p?, p?) —
CS(p),CS(p*,p™) — CS(p”,00)}), there is an equilibrium in which the high nuisance type mixes.
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The former will install the ad blocker, while the latter will not. Thus, there is an endogenously
determined fraction of consumers who will install the ad blocker; these are consumers with
relatively high incremental nuisance costs. The take-away from this discussion is that our
results carry over qualitatively when consumers are fully rational and anticipate the product

market implications of their decision on whether or not to install the ad blocker.

5.3 Committed ad blocker and retail price discrimination

We now turn to an environment in which the ad blocker commits to its fee and consumers
correctly infer the number of ads that they will be exposed to. This implies that the ad
blocker will never profitably sell whitelisting to both publishers (with probability 1), as this
would imply that no consumer installs the ad blocker. To make sure that the ad blocker does
not prefer to set a whitelisting fee that induces an equilibrium in which the two publishers
play a mixed strategy in their whitelisting decision, we assume that % is sufficiently large
in the case of 7™ < 27? (as spelled out in the proof of Proposition 6). Then, the ad blocker
will set its fee such that only one publisher will buy whitelisting; hence, in contrast to our
result under exogenous ad blocker installation, even if 7™ < 27, only one publisher will buy
whitelisting. Whitelisting gives the advertiser on the website of the whitelisted publisher a
monopoly position over high nuisance cost consumers as they are the ones who install the ad
blocker. The corresponding increase in profits of an™ can be charged as the increment in the
advertising fee by the whitelisted publisher on top of the fee charged by the non-whitelisted
publisher. Thus, whitelisting is worth a7n™ to the publisher, which is extracted by the ad

blocker. In our analysis, we set y; = 0 for simplicity.

Proposition 6. Consider an environment with endogenous ad blocker installation after the
ad blocker has committed to its whitelisting fee and price-discriminating advertisers. The ad
blocker offers whitelisting at price ar™ and one publisher accepts. The whitelisted publisher
sets its fee equal to fi = an™ + (1 — a)7? and the non-whitelisted publisher sets fo = (1 —
a)rd. If ™ > 27¢, advertiser A buys the ad slot on each publisher’s website and otherwise

advertisers buy one slot each.
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5.4 Committed ad blocker and uniform retail prices

Consider the setting in which advertisers set uniform prices in the product market. Also in
this setting and for the same reason as with discriminatory pricing, the ad blocker will never
profitably sell whitelisting to both publishers with probability 1. As in the previous section,
we restrict attention to the case in which the ad blocker does not prefer to set a whitelisting
fee that induces an equilibrium in which the two publishers play a mixed strategy in their
whitelisting decision. Assuming that 5—2 is sufficiently large (as spelled out in the proof of
Proposition 7; the exact condition is different to the one in the previous section), implies that
the ad blocker will set its fee such that only one publisher will buy whitelisting. Whitelisting
gives the advertiser on the website of the whitelisted publisher a monopoly position over
consumers with an ad blocker.

If both advertisers buy one ad slot each, under uniform pricing the gross profit of the
advertiser with the whitelisted publisher is 7%, and the gross profit of the other advertiser
is 7™ which the publishers can fully extract. If the whitelisted publisher deviated and did
not buy whitelisting, its gross profit would be (1 — a)7?. Hence, the ad blocker can extract
™ — (1 —a)r?.

If advertiser A buys both ad slots, it makes a profit of 7. If the fee charged by the non-
whitelisted publisher is above 7™ it will not bother to buy slot 2 since advertiser B will not
buy the slot at such a fee given that advertiser A bought slot 1. Correspondingly, if the fee
charged by the whitelisted publisher is above 7% it will not buy slot 1 since advertiser B will
not buy the slot at such a fee given that advertiser A bought slot 2. Thus, fees are f; = %
and fo = 7™, As above, if the whitelisted publisher deviated and did not buy whitelisting,

d

its gross profit would be (1 — a)7®. d

Hence, the ad blocker can extract 7 — (1 — «a)n®.
If advertiser A does not buy both ad slots, its profit is zero. If it buys both, its profit is
" — fi — fo=7" —a% 4+ 7™, Thus, advertiser A prefers to buy both ad slots if and only

if 7™ > ¥ 4 g,

Proposition 7. Consider an environment with endogenous ad blocker installation after the
ad blocker committed to its whitelisting fee and advertisers set uniform prices. The ad blocker

whitelists a single publisher at price 7 — (1 — a)n?. The whitelisted publisher sets its fee
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equal to ™ and the non-whitelisted publisher sets 7. If 7™ >« + 1™ advertiser A buys

the ad slot on each publisher’s website and otherwise each advertiser buys one slot each.

Comparing the surpluses under ad blocking versus no ad blocking, our insights boil down
to the following result: the ad blocker extracts some surplus either from advertisers or con-
sumers. Furthermore, publisher surplus can be higher or lower when the ad blocker is present.
The condition for the former to hold (i.e., ad blocker and publisher interests are aligned) is

™+ (1 —a)r? > 27,

6 Conclusion

While ad-blocking spares users from viewing annoying ads, it complicates publishers com-
mercializing website traffic by showing ads to users. In Germany, the publishing company
Axel Springer has tried to defend itself legally since 2014 without success. They accused Ad-
block Plus’ business model of violating the right of freedom of the press. Their lawsuit was
dismissed in 2019 by the Bundesgerichtshof, Germany’s highest court of civil and criminal
jurisdiction.

In this paper, we evaluated the equilibrium effects of ad blocking when an ad blocker can
whitelist certain publishers and take a cut in the publishers’ revenues from advertising. Our
analysis applies to product markets operating as narrow oligopolies and sheds light on the
endogenous prices in product and advertising markets. Our analysis is compatible with the
view that publishers may be harmed by ad blocking. However, publishers may not be the
only ones harmed by the ad blocker: there may also be harm to consumers or advertisers.

Our paper shows that there are no simple and unambiguous results on the surplus effects
of the introduction of an ad blocker, when product market competition is taken seriously.
Ad blocking is not simply a device to shift rents from publishers to the ad blocker.

What is more, as we show in the setting of uniform prices in the product market, publishers
are not necessarily worse off: the presence of an ad blocker may relax price competition
between advertisers under asymmetric competition. The ensuing higher advertiser revenues
(off the equilibrium path) allow publishers to charge advertisers more. The ad blocker cannot

fully extract these increased publisher revenues because the publisher that does not whitelist
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also makes higher revenues. As a result, publishers may actually be better off when the ad

blocker is present.
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Appendix

A Relegated proofs

Proof of Proposition 1. If advertiser A buys both ad slots its net profit will be 7™ — f; — f
because it will operate as a monopolist. Instead, if advertiser A does not buy both slots, then
it buys the slot at the lowest fee and advertiser B either buys the remaining slot or foregoes
the possibility to advertise. Advertiser A makes profit 7¢ — min{fi, fo} and advertiser B
makes max{0, 7% — max{fi, fo}}.

If 7™ < 27 both publishers set f; = 7¢ and each advertiser buys one slot. At a higher
fee they would not be able to fill the ad slot, and they would obtain lower revenues if they
were setting a lower fee. If, in equilibrium, at least one publisher set a fee strictly less than
7¢, it would have an incentive to increase its fee. If, in equilibrium, at least one publisher
set a fee strictly higher than 7%, the publisher with the (weakly) highest fee would not be
able fill its ad slot with probability 1; it would make higher profit by undercutting the other
publisher (and never charging above ™) if that publisher’s fee is strictly above 7¢ and by
setting the fee equal to @ otherwise.

If 7™ > 27 both publishers will also set f; = 7%; in this case, advertiser A buys both
slots. Publishers do not have an incentive to fill their slot at a lower fee. If one of the
publishers were to increase its fee above 7¢, advertiser A would decide not to buy this slot.
At this fee, advertiser B prefers not to buy this slot since it can only make pi?.

The equilibrium is unique, as we show next. If there were an equilibrium in which at
least one publisher charged strictly more than 7¢ and publisher set different fees, advertiser
A would not buy the more expensive, nor would advertiser B giving zero profit to the more
expensive publisher; if publishers charged the same fee and this fee is larger than 7 each
publisher increases its profit by undercutting (and never charging above 7™) because this
implies that the ad slot will be filled with probability 1 instead of a probability in (0,1). If
there were an equilibrium in which at least one publisher charged strictly less than 7%, the

publisher with the weakly lower fee could increase its fee and continue to sell the ad slot.

]
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Proof of Propostion 2. In any equilibrium of the game with the ad blocker and price-
discriminating advertisers at least one publisher buys whitelisting.

Consider the case in which both publishers buy whitelisting. Then, an ad slot of each
publisher guarantees access to all consumers in the market. Consequently, if both publishers
buy whitelisting the subgame that begins with publishers setting the advertising fees coincides
with the game in which no ad blocker is present (barring the whitelisting fee that must be
paid to the ad blocker). By proposition 1, publishers set fees fi = fo = 7% If 7™ < 279,
each advertiser buys an ad slot. Otherwise, advertiser A buys both. Each publisher’s profit
is 9.

Next, we determine the highest fee the ad blocker can set to induce both publishers to
buy whitelisting. Consider a publisher’s deviation to opt out of buying whitelisting when
the other publisher buys whitelisting on the equilibrium path. If one publisher is whitelisted
it can charge an™ for its ad slot on top of the fee it would set if it were not whitelisted.
Thus, the whitelisted and the non-whitelisted publishers set f; = an™ + (1 — a)7? and f, =
(1—a)7?, respectively. As a result, if the competing publisher buys whitelisting the maximal
whitelisting fee that a publisher is willing to pay for whitelisting is 7¢ — (1 — a)7¢ = an?.
The profit of the ad blocker inducing both publishers to buy whitelisting is 2ar?.

Now, consider the case in which only one publisher buys whitelisting in equilibrium. Then,
the profit of the whitelisted publisher is ar™ + (1 — a)7? and the profit of the non-whitelisted
publisher is (1 — a)7¢. The willingness to pay for whitelisting if the other publisher opts out

d

of whitelisting is an™ + (1 — a)m® — (1 — a)7? = ax™. Then, the maximal profit of the ad

blocker inducing only one publisher to buy whitelisting is an™.

In any equilibrium in which publishers randomize between buying and not buying whitelist-

d

ing, the ad blocker profits are strictly lower than max{an™,2ar?}. If t € [ar?, an™)], there

is a symmetric mixed strategy equilibrium in which firms buy whitelisting with probabil-

ity 8 = —22"=L_ The ad blocker’s profit is 422t 4+ 2(1 — B)8t = 28t = 2™ Tpe

amm—amd * arm—amd *
fee that maximizes this profit is max{an™/2, an?}. If 2% > 7™, then the maximal profit

d

is 2a?. Otherwise, if 27¢ < 7™, the maximal profit in the mixed strategy equilibrium is

m_om"/2

arm—amd

< am™. We conclude that the ad blocker chooses between setting an? and in-

aTm

ducing both publishers to buy whitelisting and setting a7™ and inducing only one publisher
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to become whitelisted.

Hence, if 7™ > 27%, then only one publisher becomes whitelisted. The whitelisted pub-
lisher sets fi = an™ + (1 — a)m? and the non-whitelisted publisher sets fo = (1 — a)7?.
Advertiser A buys both ad slots. By contrast, if 7™ < 2%, then both publishers buy
whitelisting at ar?. They set advertising fees f; = f» = 7%, and each advertiser buys an ad

slot. O

Lemma 1. Consider an environment with an ad blocker and advertisers setting uniform
retail prices. Suppose that one publisher bought whitelisting. Then, in equilibrium, advertiser

A buys at least one ad slot.

Proof. Recall that 7 = an(p*,o0) + (1 — a)mw(p¥, p™) and 7™ = (1 — )7 (p™™, p*).

Suppose that publisher 1 and publisher 2 set f; and f; respectively. By contradiction,
suppose that advertiser A does not buy any slot in equilibrium.

In such an equilibrium, we must have that advertiser A does not find it profitable to buy
any slot. If advertiser A buys only slot 1, then its profit is equal to 7 — f; if advertiser
B buys slot 2, and is equal to 7™ — f; otherwise. This implies that f; > 7 as otherwise
advertiser A would find it profitable to buy only slot 1.

Now consider advertiser A buying only slot 2. Since f; > 7" we have that advertiser B
does not buy slot 1 and advertiser A makes monopoly profit from consumers who do not use
ad blocker resulting in profits (1 — a)7™ — fo. In equilibrium advertiser A does not find it
profitable to buy only slot 2 implying that fo > (1 — a)7™.

Note that fo > (1 — a)n™ > 7™ as 7™ > 7w(p™,p”). Thus, fo > (1 — a)7™ implies that
advertiser B would not buy slot 2 in case advertiser A decides to buy slot 1 only. This implies
that advertiser A would be a monopoly if it decides to buy only slot 1. In the equilibrium,
this deviation is unprofitable implying that f; > 7.

We showed that f; > 7™ and fs > (1 — o)7™ which implies that advertiser B does not
buy any slot in the equilibrium either. This leads to non-positive profits for both publishers
that cannot be in equilibrium, a contradiction.

O

Proof of Proposition 3. We have to distinguish between two possible pure-strategy equi-
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librium outcomes of the full game: either one publisher buys whitelisting or both publishers
do so. It can not be an equilibrium that none buys whitelisting because the ad blocker would
make zero profit, which is dominated by selling whitelisting at any positive price.

Consider the subgame in which both publishers bought whitelisting. Then Proposition 1
applies and each publisher sets f; = 7.

Consider now the subgame in which one publisher bought whitelisting (without loss of
generality, publisher 1) and publishers have set fees f; and f,. Recall that first advertiser
A decides which ad slots to buy and then the remaining slots are offered to advertiser B.
By Lemma 1 advertiser A buys at least one ad slot. Therefore, three cases remain to be
considered.

First, suppose that advertiser A has bought both slots. It thus operates as a monopolist
and makes profit 7™ — f; — fo.

Second, suppose that advertiser A has bought slot 2 only. Then advertiser B either buys
slot 1 or foregoes the possibility to advertise. Advertiser A makes ™ — f, if advertiser B
buys the slot and (1—a)7™ — fy otherwise. Advertiser B buys slot 1 if and only if 7% — f; > 0.

Third, suppose that advertiser A has bought slot 1 only. If advertiser B buys slot 2,
advertiser A makes 7 — f; and otherwise 7™ — f5. Advertiser B buys slot 2 if and only if
T — f > 0.

We show that, in equilibrium of this subgame, publishers set f; = 7% and fy = 7™ and
both ad slots are taken by the advertisers. As shown above, if at fee f; < 7 advertiser
A does not buy slot 1 and buys slot 2 only, then advertiser B will buy slot 1. Thus, in
equilibrium of the subgame starting with publishers simultaneously setting fees, f; can not
be strictly lower than 7*. Correspondingly, fs can not be strictly lower than 7.

If exactly one publisher i € {1,2} sets a higher fee (i.e. either fo > 7™ or f; > «"),
advertiser B would not buy ad slot . Would advertiser A have an incentive to buy ad slot
1?7 First, if fo > 7™, buying both slots gives 7™ — f; — f5, buying slot 1 only gives 7™ — fi,
and buying slot 2 only gives 7™ — f3 < 0. Thus, advertiser A buys slot 1 only and slot 2
remains idle. Second, if f; > 7", buying both slots gives 7™ — f; — f5, buying slot 1 only
gives ™ — f; < 0, and buying slot 2 only gives (1 — a)n™ — fo. Since 7 > an™, advertiser

A will buy slot 2 only. Hence, slot ¢ will remain idle and no single publisher has an incentive
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to set a higher fee.

If both publishers set higher fees with f; < 7™ and fo < (1—a)n™, advertiser A will select
the ad slot that gives it the largest net surplus leading to asymmetric Bertrand competition
between publishers. This implies that, in the equilibrium of the subgame in which one
publisher is whitelisted, f; = 7% and f, = ™.

Given publisher fees, we next characterize advertiser decisions given f; = 7% and fo =

ﬂ.nw

. For advertiser A to buy both slots, it is necessary that at those fees 7 — f; — fo is
non-negative. Thus, we must have 7™ > 7% + 7™, If 7™ < 7% + 7™ advertiser A will buy
only one slot (it is indifferent as to which one). In this case, both advertisers are active and
both make zero net surplus.

The next step is to analyze the whitelisting decisions of publishers for given ¢. When one
publisher buys whitelisting, this publisher makes 7% — ¢, while it would make (1 — «)7? if it
were to reject the whitelisting offer. Thus, for any ¢ < t* = 7% — (1 — a)7?, each publisher
is better off accepting the whitelisting offer given that the other publisher rejects it.

When both publishers buy whitelisting, each publisher makes 7¢ — ¢, while a publisher
would make 7™ if it were to reject the whitelisting offer given the other publisher accepted
the offer. Thus, for any t < 7¢—7"", both publishers accept the whitelisting offer. First note
that 7 — (1 — a)m? > ¢ — 7™, which implies that for sufficiently high ¢ only one publisher
asks for whitelisting.

The last step is to determine the profit-maximizing whitelisting fee. If the ad blocker
chooses t to induce a pure-strategy equilibrium among publishers it either sets ¢t = 7 — (1 —
a)m? and makes profit ¢ or t = 7¢ — 7™ and makes profits 2t.

If the platform sets an intermediate whitelisting fee it induces a mixed-strategy equilib-
rium. In the unique symmetric mixed-strategy equilibrium, each publisher buys whitelisting
with probability v, where v makes each publisher indifferent between buying and not buying
whitelisting; that is, y7?¢ + (1 — v)7% —t = y7™ + (1 — 7)(1 — a)7?. This gives the explicit

solution
™ — (1 —a)rd -t
T 4 g — (2 — )7

The ad blocker’s expected profit is equal to v*2t + 2v(1 — v)t = 2vyt. Maximizing the ad

blocker’s profit for fees that give rise to a non-degenerate mixed-strategy equilibrium, we have
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to maximize #(t** —t) with respect to ¢t and obtain the profit-maximizing fee max{t* /2, 7¢ —
7"}, With a fee equal to t“*/2, the ad blocker will make expected profit 2vt"*/2 < ¢"*.
Hence, it is never optimal for the ad blocker to induce a mixed-strategy equilibrium.

It remains to compare the profits with t = ¥ — (1 — a)r? and t = 7% — 7. The ad

blocker prefers the former if and only if 7% + 27" > (3 — a)m, O

Proof of Proposition 4. Suppose that a positive fraction of consumers install the ad blocker
upfront. The subgame, which starts from the ad blocker setting the whitelisting fee, is char-
acterized by Proposition 2.

First, if #™ < 27, the ad blocker sells whitelisting to both publishers and all consumers
become exposed to both ads irrespective of whether or not they initially installed the ad
blocker. Since installing the ad blocker is costly (F; > 0) and consumers can not reduce ad
exposure with the ad blocker, no consumer installs the ad blocker in equilibrium, and the
game is played according to Proposition 1.

Second, if 7™ > 27% then the ad blocker sells whitelisting to one publisher only. If
consumers do not take into account that the ad blocker installation affects their surplus
in the product market, then the high nuisance cost consumers install the ad blocker since
pn > Fp.'7 Thus, if 7™ > 7¢, o consumers install the ad blocker, and the game is played
according to Proposition 2.

]

Proof of Proposition 5. Suppose that there is a positive fraction of consumers who in-
stalled the ad blocker. Then, Proposition 3 applies.

First, if 7% + 27™ < (3 — a)7?, the ad blocker sells whitelisting to both publishers and
each consumer sees both ads independent of whether they installed the ad blocker. Thus,
none of the consumers installs the ad blocker and Proposition 1 applies.

Second, if 7% + 27 > (3 — a)n?, then only one publisher buys whitelisting. Since
pp > Fr > i the consumers with high nuisance cost prefer to install the ad blocker.!® This

concludes the proof. O

17Tf consumers are fully rational, then the high nuisance cost consumers install the ad blocker if j >

Fr +(CS(p%,p?) — CS(p™, 00)).
181f consumers are fully rational, then they install the ad blocker if uy > F; + (CS(p¥, p™¥) — CS(p¥, 00)).
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Proof of Proposition 6. We assume that Fj/uy is sufficiently large such that

F m
—I>max{2—7r—d,0}.
Hh T

We first note that the ad blocker can make profits of an™. If the ad blocker sets t = an™,
then only one publisher buys whitelisting and all high nuisance costs consumers prefer to
install the ad blocker.

Next we explore the optimal whitelisting fee of the ad blocker. We start by showing that
the ad blocker does not set a whitelisting fee ¢ < an.

Suppose that t < an?. By contradiction, suppose that all high nuisance cost consumers
are strictly better off from installing the ad blocker. Then, by Proposition 2 both publishers
buy whitelisting and consumers see both ads. This implies that consumers prefer not to install
the ad blocker, a contradiction. Next, by contradiction, suppose that the high nuisance cost
consumers are indifferent and a fraction o/ < « of consumers install the ad blocker. If
t < o'm? then both publishers buy whitelisting and the previous argument applies. If
t > /7™, then no publisher buys whitelisting and all high nuisance cost consumers are
strictly better off installing the ad blocker. If t € (a/7?, o/7™] and only one publisher becomes
whitelisted, then all high nuisance cost consumers are strictly better off installing the ad
blocker, a contradiction. It remains to consider the publishers’ mixed strategy. If publishers
buy whitelisting with probability 3, then the expected cost of ad nuisance of the high nuisance
cost consumers if they install the ad blocker is 25/8%+28(1— 8) s = 2Bus. In addition, they

Fr

must bear the installation cost F7. Since consumers are indifferent, we have that 5 =1— TR

o/t —t
a'mtm—o/7d "

The indifference condition of the publishers implies that 5 = The resulting profit

of the ad blocker is 28t which is maximized at o/ max{n™/2,7}. If 7™ > 27¢, then the

0/7'('7"’/2

o/mtm—a/7d

resulting profit 26t < o/m™ < /7™ < an™, where the last expression is the profit
that the ad blocker can always obtain by setting ¢ = an™ and whitelisting only one publisher.
Otherwise, if 7™ < 27?, then 26t = 2 ( — 2%) t < %t < o7 < an™. We conclude that
t < ar? will not be set by the ad blocker in equilibrium.

4 an™) and all high nuisance

Next, suppose the ad blocker sets a whitelisting fee ¢t € (ar
cost consumers are strictly better off from installing the ad blocker. In the pure strategy

equilibrium in which only one publisher buys whitelisting, we have that all high nuisance
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cost consumers install the ad blocker. The resulting profit is ¢, which is less than what

the ad blocker can make if it sets ¢t = an™.

It remains to consider the mixed strategy
equilibrium. Suppose that all high nuisance cost consumers install the ad blocker. Then,
g<1— 2% < min {;Tﬁ;’ 1}. The resulting profit of the ad blocker is 23t, where § = afrﬁ—"_l;fﬂi
If 7™ > 27 then the profit is maximized at an™/2 and is equal to Sam™ < anx™. Otherwise,
if 7 < 27, then the profit 28t < 27 dom = an™. The similar argument can be made if
high nuisance cost consumers are indifferent and a fraction of o/ < « consumers install the

ad blocker. This concludes the proof. ]

Proof of Proposition 7. We assume that Fj/uy is sufficiently large such that

F w_ (1= d
—I>maux{2—7r d( 04)7r70}.
s

The ad blocker does not find it optimal to set t > 7% —(1—a)7?. Even if all high nuisance cost
consumers install the ad blocker, Proposition 3 implies that no publisher buys whitelisting
at such a high fee. Consider the case t < 7 — (1 — o). Suppose, by contradiction, that
all consumers do not install the ad blocker. Then, publishers do not buy whitelisting. This,
in turn, implies that high nuisance cost consumers can avoid two ads by installing the ad
blocker. Thus, a positive fraction of high nuisance cost consumers install the ad blocker in
equilibrium.

Since nuisance cost uy, is the same for all high nuisance cost consumers, we have that either
all high nuisance cost consumers are strictly better off from installing the ad blocker or they
are indifferent and o/ € (0, a] install the ad blocker. We analyze these two cases separately
and show that in each case the ad blocker finds it optimal to set t = 7% — (1 — a)7?.

First, suppose that t < 7% —(1—a)7¢ and all high nuisance costs consumers strictly prefer
to install the ad blocker. If t = 7 — (1 — a)7?, then only one publisher buys whitelisting,
and all high nuisance cost consumers install the ad blocker. The profit of the ad blocker is

— (1 —a)7d. Ift < ¢ — 7™ then by Proposition 3 both publishers buy whitelisting. In
turn, all high nuisance cost consumers become exposed to two ads and refuse to install the
ad blocker, a contradiction. If ¢t € (7% — 7", 7% — (1 — a)7?), then there is an equilibrium
in which only one publisher buys whitelisting that results in profits ¢ for the ad blocker.
Clearly, t < 7 — (1 — a)7? and the ad blocker can make strictly higher profits by setting
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fee 7 — (1 — a)m?. It remains to consider the publishers’ mixed strategy. If publishers buy
whitelisting with probability ~, then the expected cost of ad nuisance of the high nuisance
cost consumers if they install the ad blocker is 2ypuy,. Since all consumers are strictly better off
installing the ad blocker we have that v < 1— i—; < min {?;(l_—%i, 1 } The resulting profit

of the ad blocker is 2vt, where 7 = mo(arl ot ff pw g > (3 —a)7?, then the profit

T AW —(2—a)md

of the ad blocker is maximized at ¢ = 1 (7% — (1 — a)7%) and is equal to y(7* — (1 — a)7?) <
7 — (1 — a)m?, where the last expression is the profit that the ad blocker can always obtain
by setting 7 — (1 — a)m? and whitelisting only one publisher. If 7% + 27" < (3 —a)7?, then
the profit of the ad blocker is 2yt < 27;“1(;(17—%(# — ) = 7% — (1 — a)7?. We showed
that if all high nuisance cost consumers install the ad blocker, then the ad blocker finds it
optimal to set t = 7 — (1 — a)7¢ and whitelist only one publisher.

Second, suppose that the high nuisance costs consumers are indifferent and o/ < «
consumers install the ad blocker in equilibrium. We note that 7% and 7™ correspond
to profits of the whitelisted and the non-whitelisted publishers for o’ respectively. If ¢t >
7 — (1 — /)%, then no publisher buys whitelisting, and the high nuisance cost consumers
are strictly better off from installing the ad blocker. If ¢ < 7¢ — 7™, then both publish-
ers buy whitelisting and the high nuisance cost consumers will not install the ad blocker.
Ift € (¢ — 7™ 7% — (1 — o)7?), then if only one publisher buys whitelisting, then the
high nuisance cost consumers are strictly better off from installing the ad blocker. It re-
mains to consider the mixed strategy equilibrium. Suppose that publishers buy whitelisting
with probability 7. Since the high nuisance cost consumers are indifferent, we have that

Fr 7% —(1—a/)m? 1

vy=1- o < min {W’ } The resulting profit of the ad blocker is 2v¢, where

o —(1—a)m%—t
fy - Tl'“’+7'r”“’7(27a’)7rd .

Following the previous analysis for o we find that the profit of the ad
blocker cannot be higher than 7 — (1 — o/)7?. This expression is higher for higher o/ and is
maximal when all the high nuisance cost consumers install the ad blocker.

We conclude that in the unique equilibrium, the ad blocker sets t = 7% — (1 —a)7?, all the

high nuisance cost consumers install the ad blocker, and only one publisher buys whitelisting.

]
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B Full analysis of the two examples

In this section, we thoroughly analyze the monopoly, the equilibrium in symmetric duopoly,
as well as the pure strategy equilibrium in the asymmetric Hotelling model in which only one
firm has access to consumers who use the ad blocker — in an asymmetric duopoly, we restrict
attention to the parameter range in which there exists a unique pure strategy equilibrium.!?
Recall that the consumer’s gross valuation at the ideal location is v and the transport cost
parameter is equal to . In our first example, transport costs are linear, in our second they

are quadratic. In the duopoly settings, we refer to firms 1 and 2, which, in the main text,

are advertisers A and B respectively.

B.1 Full analysis of the Hotelling model with linear transport costs

We start our analysis with the monopoly problem.

Monopoly. Suppose that there is one firm located at 0. A consumer located at x buys a

product at price p if v — p —tx > 0. The profit of this firm setting price p is
") = - min{TL1}.

By solving for the profit-maximizing price we obtain that p™ = (v +¢)/2 if v < ¢+ 2t and

p™ = v — t otherwise. The monopoly profit is

(=0 ¢ v—c
. s e <2,

v—c—1, if%zz

Symmetric competition. Consider a standard Hotelling duopoly model with linear trans-
port cost and fully covered market. Suppose that firm 1 is located at 0 and firm 2 is located
at 1.

We start by deriving the demand function of firm 1 setting price p;. Suppose that firm

2 charges price po. A consumer located at x buys from firm 1 if and only if v — p; — tz >

9While a large IO literature has used the Hotelling model as a building block, we are not aware of such

an analysis of the asymmetric model.
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v — po — t(1 — x). This implies that all consumers located closer to firm 1 than the marginal

consumer with z = % + B2 choose between firm 1 and the outside option. If v —p; —t2 > 0

P < 7 buy from firm 1 and

then Dy = 7, otherwise if p; < v, then all consumers with z < =

v—p1

D, = . Thus, the demand function of firm 1 is given by

t
. I po—p1 v—p1
D = 0 — 1 .
1(pr.p2) max{,mln{2+ TR

We consider three possibilities: i) both firms act as local monopolists, i) firms compete
and the indifferent consumer located at & obtains positive surplus. i) firms compete and
the indifferent consumer obtains zero surplus.

First, suppose that both firms act as local monopolists and the demand of firm ¢ in a small

neighborhood of the price p® is D; = *=2. Then, the equilibrium price is p* = (¢4v)/2. The
equilibrium demand is equal to ‘7. This constitutes an equilibrium if and only if * < 1.
Second, suppose that the market is full covered in equilibrium and the marginal consumer
obtains a strictly positive surplus. The profit of firm 7 is m; = (p; — ¢) <% + de;tp’) =5 (pi —
c) (t + p? — pi). The first-order condition implies that t +p? —2p; +c = 0 and the equilibrium
price is p? = ¢ +t. The equilibrium demand is equal to 1/2. The marginal consumer obtains
strictly positive surplus if and only if v — ¢ —t —#/2 > 0, which is equivalent to 7= > %
Third, suppose that the marginal consumer located at & obtains zero surplus and the

market is fully covered in equilibrium. This implies that the prices of firms 1 and 2 are
pr=v—1tx and py=v—1t+1tz1.

The profit of firm i is (p; —¢)(v —p;)/t. Firm ¢ does not find it optimal to deviate upwards to
price p; > p; if v+ ¢ — 2p, < 0. This condition is satisfied if v + ¢ — 2p; < 0 or, equivalently,
pi < 43¢ for i € {1,2}. Therefore, both firms cannot profitably deviate upwards if and only
if

This interval is non-empty if === > 1.

Next, consider a downward deviation to price p; < p;. The resulting profit of firm i is
(pi — ¢)(t+pj — p;)/2t, where j # i. Firm i does not find it optimal to deviate downwards if
t+c+p; —2p; >0, i # j. This condition is satisfied if ¢t + ¢ + p; — 2p; > 0. By plugging in
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the equilibrium prices, we find that this condition is satisfied for

lv—c R lv—c
— <z<1-—-
t - = 3 t

w

. . . . — 3
This interval is non-empty if =<5

We conclude that for =< € [1, %} there are multiple equilibria characterized by the

location of the marginal consumer. In particular,

Equilibrium prices are given by p; = v — tZ and py = v — t + tZ. The corresponding profits

m:t(v;c_i)j and Wgzt(vgc—(]_—fﬁ)) (1—2).

We focus on the symmetric equilibrium in which z = %, noting that this selects the equilib-

are

rium with maximal industry profits.

To sum up, we obtain that

Y
(v4tc) ,if =2 <1,
d _ t - 3
T s (v—c—3%), if e e [1,3],
t v—c 3
21 72

We are ready to state the lemma that compares the monopoly and the duopoly profits in the
Hotelling model.

Lemma 2. In the Hotelling model with linear transport cost ™ > 21¢ if and only if =L > 2.

Proof. First, note that “== < 1 we have that 7™ = 7¢ implying that the industry duopoly
profit is higher than the monopoly profit — that is 7™ < 27
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Figure 4: Parameter regions in the Hotelling model with linear transport costs.

Second, suppose that ¢ € [1,%]. Then, there is a multiplicity of equilibria under
duopoly. The maximal industry profit is attained when firms coordinate on the symmetric
equilibrium, i.e., z = % We show that the monopoly profit is higher than the duopoly profit
in the symmetric equilibrium and therefore it is higher for all other possible equilibria. The

difference in profits (divided by t) is
7rm—27rd_1 v—c 2_v—c+1_ 1_lv—c 2_1
t 4 t 2 2t 2
<

21_1<0
2 4 7

Third, if ©2¢ € (2,2], then 7™ —27% = —% < 0. It remains to explore the case of “>¢ > 2.

1—

DN =

implying that 7™ < 27

In this case we always have that the monopoly profit, v — t — ¢, is greater than the total

duopoly profit that is equal to t. This conludes the proof.

Asymmetric competition. Suppose that a fraction a of consumers buy either from firm
1 or take the outside option. This is the situation in which the fraction « of consumers is

informed about firm 1 but not firm 2, whereas the remaining fraction is informed about both
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firms.2° We characterize all pure strategy equilibria for =t > %

We suppose that firms play a pure-strategy equilibrium and afterwards verify the condi-
tions under which this holds. Denote p* and p™" as the equilibrium prices of firm 1 and firm
2, respectively.

The demand function for product 1 when firm 1 sets price p; and firm 2 p™ is given by

— 1 nw o
Dl(pbp"w):amax{o,min{v tplal}}+(1—04)maX{O,min{§+p N v tpl’l}}'

The demand of firm 2 setting price py playing against firm 1 setting price p* is given by

1 w— —
Ds(pa,p®) = (1—a)max{0,min{§+p thg’v tPQ,l}}.

Note that, in any equilibrium, firm 2 sells to a positive measure of consumers in the
competitive segment. If this were not the case, then the effective price paid by a consumer
located at 1, p* + t, would have to be weakly lower than the lowest price firm 2 can charge,
which is equal to ¢. Clearly, for any ¢t > 0 there is no such a price p* that would result in
positive profits for firm 1. This implies that firm 2 always sells in the competitive segment.

Therefore, it is sufficient to consider four different possibilities: ¢) firm 1 does not sell in
the competitive segment; i) firm 1 sells in the competitive segment, it is fully covered, and
the marginal consumer obtains a positive surplus; 4i) firm 1 sells in the competitive segment,
it is fully covered, and the marginal consumer obtains zero surplus and iv) firm 1 sells in the

competitive segment and this segment is not fully covered.

i) Firm 1 sells in the competitive segment; the competitive segment is not
fully covered. In this case firms act as local monopolies. The profit of firm 1 setting price
p1 at which there are still some consumers in the competitive market who prefer to take the
outside option equals 7 (p1,p™) = (p1 — ¢)(v — p1)/t. The optimal price is p* = (v + ¢)/2.
The profit of firm 2 setting price ps is (1 — a)(pas — ¢)(v — p2)/t which is also maximized

20Geveral articles on informative advertising and differentiated products starting with Grossman and
Shapiro (1984) and including Soberman (2004), Christou and Vettas (2008), and Amaldoss and He (2010)
focused on symmetric settings. The asymmetric Hotelling model with a monopoly and a competitive segment

has been analyzed by Valletti, Hoernig, and Barros (2002) under several parameter restrictions.
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at price p™ = (v 4 ¢)/2. The necessary condition for this to be in equilibrium is that the
demand of firm 1 and the demand of firm 2 in the competing segment do not overlap — that

is, %5;¢ < 1 — ¢ implying “¢ < 1. Note that no firm finds it optimal to deviate and lower

its price as it would not do so even if there was no competitor present in the competing

segments.

To sum up, if *7¢ < 1 there is an equilibrium in which firms act as local monopolists

setting the monopoly prices

pr=r=—5""
The respective profits are
(v —c)? (v—c)?
w = — d nw = 1 — _—
T ym and 7 (1—-a) m

#1) Firm 1 does not sell in the competitive segment. If firm 1 does not sell in the
competitive segment, then firm 2 must fully serve it in equilibrium. We consider the two, in
principle, possible outcomes: either the monopoly segment of firm 1 is fully covered or it is
not.

By contradiction, suppose the latter, namely that firm 1 does not serve all consumers
in the monopoly segment. This can only occur if == < 2 as otherwise firm 1 would find
it optimal to deviate and serve the entire monopoly segment. But if ¢ < 2, then firm 2
serving all consumers in the competitive segment would find it profitable to lower its price,
a contradiction. This implies that if firm 1 does not sell in the competitive segment, then it
must serve all consumers in its monopoly segment.

Suppose now that firm 1 serves all consumers in its monopoly segment. If this scenario
occurs in equilibrium, then the consumer located at 1 in the monopoly segment cannot enjoy
a positive surplus as firm 1 could increase its price and make higher profits. This pins down
the equilibrium price of firm 1, p* = v—t. In order to solve for p™* we note that the consumer
located at zero has to be indifferent between firm 1 and firm 2 — that is, v —t — p™ = v —p“.
By plugging in p* and solving for p™* we find that the possible equilibrium is represented by
the following prices

p’=v—1t and p"" =wv—2t.

43



If this constitutes an equilibrium, then neither firm finds it profitable to deviate. We first
establish the conditions under which firm 2 does not have incentives to deviate to a higher
price. The profit of firm 2 deviating to py > p™ is ma(pg, p™) = %(1 —a)(p2—c)(t+p* —pa).

The derivative of this profit function is
c+t+p¥ —2py<c+it+p”—2p""=—-v+c+4t <0,

if and only if ¢ > 4. Under this condition the profit function decreases for all p, > p"* and
firm 2 does not deviate to a higher price.

Next, we explore firm 1’s incentive to deviate. Condition *7¢ > 4 implies that firm 1
does not deviate to higher prices (see the monopoly problem in the symmetric case). Thus,
it remains to establish conditions under which firm 1 does not deviate to lower prices. If firm
1 sets a lower price, p; < v — t, then it would serve some consumers from the competitive
markets resulting in total profits

1+a+1—04
2 2t

m(p1,p™) = (p1 — ) ( (p™ — pl)) :

The derivative of this profit (multiplied by 2t/(1 — «)) is

1 1
c+ﬂt+pnw—2p1>c—l—ﬁt+p”w—2v—|—2t
1 -« 11—«
1
=c+ +at—020,
-«

e <L ?L_g This condition ensures that firm 1 does not deviate to lower prices.

t —

if and only if

, 752] there exists an equilibrium in

To sum up, we conclude that for a > % and “° € [4
which firms set prices

p’ =v—1t and p"* =wv—2t,

all consumers in the monopoly segment buy from firm 1, all consumers in the competitive

market buy from firm 2. The respective profits are given by

™ =alv—c—t) and ™ =(1—«a)(v—c—2t).

#13) Firm 1 sells in the competitive, fully covered segment and the marginal
consumer obtains a positive surplus. Suppose that all 1 —« consumers in the compet-

itive segment buy from either of the firms, the marginal consumer is in the interior (i.e. each
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firm has a positive market share) and enjoys a positive surplus. The profit of firm 1 setting

price p; is given by

1 (™) = (p1 — ©) (amin{v_tpl,l} +(1—a) (%H#)) |

We consider two cases taking into account whether the monopoly segment of firm 1 is fully

covered or not.

Case 1.1: Monopoly segment of firm 1 is fully covered. The consumer located
at 1 in the monopoly segment obtains a positive surplus. If this case can occur in
equilibrium, then we have that v —p*“ —t > 0. The profit of firm 1 setting a price p; at which
all @ consumers in the monopoly segment continue to buy and the marginal consumer in the

competitive segment is given by

w l+a 1-a, .,
M) = (= 0) (5 + 5 ).

The first-order condition at p; = p¥ is

1+a+1—a(nw ) -«
2 2t P

implying that

w 1 Lo 1+ at
=—|c :
= \"mP "1
Since v — p¥ — t > 0, the profit of firm 2 does not have kinks (if a consumer does not buy
from firm 2 she always buys from firm 1 rather than taking the outside option). Therefore,

the profit of firm 2 can be written as

(P, p") = (1 = a)(p2 = ¢) (% . p“’Q—tpz) |

Solving the first-order condition, we find that p™* = %(c +t + p¥). Plugging this back into

the expression for p*, we find that

Pr=CT30—a) Pr=emsa—a)

The marginal consumer in the competitive segment is in the interior if p* — p™* < t. This

is the case whenever a < %
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The prices constitute an equilibrium if 7) the monopoly segment of firm 1 is fully covered
(this, in turn, would imply that the marginal consumer in the competitive market enjoys a
positive surplus and firm 2 does not have incentives to deviate) and 4i) firm 1 does not want

to set a higher price such that some consumers from the monopoly segment do not buy.?!

2(3—a)
3(1-a)

The first condition is satisfied if v — p¥ —t = v — ¢ — t > 0, or equivalently,

2(3—a)
1—

v—C
= 7 30—o

. It remains to explore the second condition.
Consider firm 1 deviating to a price p; € (v —t,p™ +t). Note that p; < p™ + t ensures

that the marginal consumer in the competitive segment is in the interior. One can show

that v —t < p"™ + ¢ if and only if “¢ < 3(‘21’_72‘). By taking into account the first condition

2(3—a)

we obtain that 3o

<< 3%1_Z§) which is non-empty for a < g We show that such a

deviation is unprofitable. The profit of firm 1 is given by

m1(p1,p"") = (p1 — ¢) < ot ot ! 2t

2o+ (1—a)t 1—-a ,, 1+«
+ - p1-

By taking the derivative of this profit function (multiplied by 2¢) and plugging in p™" we find
2av+ (1 —a)t+ (1 —a)p™ + (1 + a)e — 2(1 + a)py
<200+ (1—-—a)t+(1—-a)p"™+(1+a)c—2(1+a)v+2(1+a)t
3
~ (1 —a)t+20+Tat+2(1+a)t—2v.

2(3—a)
3(1—a)

For all v satisfying the first condition (i.e. v — ¢ — t > 0) we have that the derivative

can be evaluated from above by

(l—a)t+20+3_T&t+2(1+a)t—20—;E?:Zit
3—« 4
=B+a)t+ 3 <1—1_a)t
B B-a)B3+a), 20(3+a)
=B+a)t— 30— a) ——3(1_a)t<0,

implying that the profit of firm 1 strictly decreases for all prices in (v — ¢, p™ +t). Thus, a
deviation to such a p; is never optimal.
Next, consider a deviation of firm 1 to a price p; > max{p™ +¢,v —t}. For these prices,

the demand of firm 1 in the competitive segment drops down to zero and the profit is equal

21Obviously, firm 1 does not find it profitable to deviate to too low prices to serve the entire competitive

segment.
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2(3—a)
3(1—a)

to i (p1, p™) = a(p1 — ¢)(v — p1)/t. Note that == > =2+ 72—~ > 2+ 3 =2, Thus,

3(1—a)

the analysis of the monopoly problem suggests that the profit of firm 1 decreases in p; and

is maximal at p; = max{p™ + t,v — t}. First, suppose that 58:3 < =< 3%1_3) (which

holds true for a < %) and, therefore, v —t < p™ +t. In this case, we have shown that the
equilibrium profit is higher than the profit at p; = p™ +t. We conclude that a deviation to
a price p; > p™ +t is unprofitable. Second, consider the case in which = > 3521:73) which
ensures that v—t > p™” +t. The maximal profit from such a deviation is equal to a(v—t—c).

The equilibrium profit of firm 1 is weakly larger than the profit from this deviation if and

only if fgafz)t > a(v — t — ¢). By rearranging we obtain
_ 2
Vo (3+a) ‘
t 18a(1 — «)
One can show that the function
3+ a)? 9 - T«
gla) =1+ Braf _

18a(l —a) 3(1—a)

strictly decreases on « € (0,3/5) and is equal to 0 at o« = 2. This implies that for all a« < 3/5

we have 3(‘21’_73) <EE<L A 1;‘2’;{10‘_)1) and a deviation to price v — t is unprofitable.
. 3 2(3—c) v—c (3+a)? i
To sum up, we conclude that if o < £ and ey < 7 < 1+ T8a(l—a)’ there is an
equilibrium in which firms set prices
3+« 33—«
W =c+ ———t and " =c+ ——1,
P 31— a) b 31— a)

all consumers in the monopoly segment buy from firm 1 and the market in the competitive
segment is fully covered. Moreover, the marginal consumer in the competitive segment enjoys
a positive surplus. The most remotely located consumer in the monopoly segment also enjoys

a positive surplus. The respective profits are

w

3 2 _ 2
= —( +a) t and 7" = —(3 o) t.

18(1 — «) 18(1 — «)

Case 1.2: Monopoly segment of firm 1 is fully covered. The consumer located
at 1 in the monopoly segment obtains zero surplus. Consider the possibility that a

consumer located at 1 in the monopoly segment is indifferent between buying from firm 1

and taking the outside option. This implies that firm 1 sets a price p* = v — t. From the
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analysis of the previous case, the best response of firm 2 is to set price p™ = %(c +t+p¥),

implying that
p’ =v—1t and p" = U;—C.

To ensure that firm 1 sells in the competitive segment, we must have that the location of the

w

marginal consumer in the competitive segment is in the interior, [p* — p™*| < ¢, implying

that 5 < 4. Note that under this condition firm 2 does not find it profitable to deviate.
It remains to check firm 1’s incentives to deviate. If firm 1 sets a price p; > p* and the
marginal consumer in the competitive segment is still in the interior, then its profit is given

by

mi(p1,p™) = (p1 — ¢) (av _tpl +(1—a) (1 + &))

y ) 2ozv+(1—oz)t+1—oznw 1+«
=P1—c o o D1

The derivative of this profit (multiplied by 2¢/(1 + «)) is

+2av+1—at+1—anw o, < +2av+1—at+1—anw o
c - c -
l+a 1+« 1+ap h I+a 1+« 1+ap P

3+«
- °T% w_c—2)<
A—ayv e 2 =0,

if and only if *7¢ > 2. The analysis of the monopoly problem implies that under this condition
firm 1 does find it profitable to deviate to an even higher price at which it would not sell in
the competitive segment.

If firm 1 deviates to a price p; < p%, then it does not increase sales in the monopoly

segment and its profit function is given by

1+a+1—a
2 2t

m(p1,p™") = (p1 — ) ( (™ — pl)) :

The derivative of this profit function (multiplied by 2¢/(1 — «)) is

1+« 1+«
c+——t+p"™ —2py >c+ ——t+p" —2p¥
l -« 11—«
3 2(3 — )
=2 pv—c-—222_"") <o
2(“ ¢ 3(1—a)>_ ’
2(3—a)

if and only if *¢ < i This condition ensures that firm 1 does not deviate to lower

31—«

prices.
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To sum up, we conclude that, for a < g and “—= € [2, %] as well as for a > % and

Y=< € [2,4], there exists an equilibrium in which firms set prices

U+ cC
2 )

pY=v—t and p" =

all consumers in the monopoly segment buy from firm 1 and the market in the competitive
segment is fully covered. The marginal consumer in the competitive segment enjoys a positive
surplus. The most remotely located consumer in the monopoly segment obtains zero surplus.

The respective profits are

V—C

Ww:(v—c—t)<1—(1—oz) = ) and % = (1 —a)

(v=c

8t

Case 2: Monopoly segment of firm 1 is not fully covered. If this case, we must
have that the most remotely located consumer in the monopoly segment does not buy from
firm 1 — that is, v — p* — t < 0. The profit of firm 1 setting price p; at which the monopoly
segment of firm 1 is not fully covered and the marginal consumer in the competitive segment

is in the interior is

™) = 1= 0

2ozv—|—(1—oz)t+1—oznw 1+«
2t ot ¥ or !

By taking the first-order condition and solving for the profit-maximizing price of firm 1 we

find that

w 1 l—a ,, 200+ (1—a)t
5 c+ + .

P =3 1+al 1+a
The problem of firm 2 is exactly the same as in the previous case implying that p™* =
%(c +t+ p"). Solving this system of equations with respect to p* and p™”, we find that

3+a 3(1—a) da v and nw_?)(l—l—oc)c 3+a N 20 ;
P T S e T3 5 T3 +5a

wo__

T 3150 3450 3+5a

We characterize conditions on the parameters such that at this price the monopoly segment
is not fully covered, the marginal consumer’s location in the competitive segment is in the
interior.
The monopoly segment is not fully covered if and only if v —p* —¢ < 0, which is equivalent
to
3+a 3+« 23+ «) v—c

— t<0 <=

v c < 2.
3+ da 3+ da 3+ da t
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Next, we check that the marginal consumer in the competitive segment is in the interior.
This occurs if and only if [p¥ — p"*| < t. Since the monopoly segment is not fully covered

we have that

4o 2w 2x
= t— (v—rc) =
3+ ba 3+ b 3+ ba

nw w

p —D

2t—(v—2c)>0

%
3+5a

and, moreover, p™ — p¥ < t < t, implying that the marginal consumer is indeed in the
interior.

The surplus of the marginal consumer is positive if

1 nw __ wW t nw w
U_ﬂu¢(_+&_;ﬂ)zv___z_i&

2 2t 2 2
3+ 2« 9+3at =0 v—c>9+3a
= v—cC— = )
3+ ba 6 + 4o t 6 + 4o

9+3a ) ]

Both conditions imply that if this equilibrium exists, then it must be that == € (6 e

To show that p* and p™" constitute an equilibrium, it remains to be shows that i) firm
1 does not have an incentive to set a lower price to fully serve either of the segments and i)
firm 2 does not have an incentive to increase its price such that some consumers from the

competitive segment do not buy.

We start by exploring condition i) accounting for *=¢ € (giig, 2). Suppose that firm 1
deviates from p* and lowers its price to p; € (p"™* — t,v — t]. In this case, it corners the
monopoly segment but the competitive segment remains covered with both firms obtaining

positive market shares. The profit from such a deviation is given by

l+a 1—«
+

mlp ™) = (- ) (545

)

By taking the derivative (multiplied by 2¢/(1 — «)) we have that

1+ 1+
et g o > et Y 9y 4 2
11—« 11—«
1+«

:_<U—p"w——t>+(2t—(v—c)).

11—«
Note that the second term is positive since < < 2. The first term v —p™* — }f—gt is bounded

from above by v — p* — t, which is negative as the most remotely located consumer is not

served. Thus, we showed that the profit function of firm 1 is increasing on (p™“,v — t].
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Moreover, at price p™, firm 1 fully serves both segments and setting a price lower than it

cannot be optimal. Therefore, we established that any deviation to a price lower than v — ¢

is unprofitable, which implies that firm 1 does not have an incentive to deviate from p™.
Next, we show that 4i) is satisfied and firm 2 does not find it profitable to set a price

v—p»
t

w

po > 2v — t — p» implying that consumers with locations + e, when ¢ > 0 is small,

do not buy from either firm — that is, v — py — ¢ (1 — #) < 0. In this case, the profit of

firm 2 strictly decreases if py > %3 where the latter expression represents the price a local

monopolist would set. Note that

v+c v—c
i >v—t—pY+ 5

t P4 p¥ v—c—t
> - = — > 0.
(U 2 2 )+ 2

P2 —

The first term in brackets represents the surplus of the marginal consumer in the equilibrium

and is always positive. The second term is also positive since == > giiz > 1. Hence, the

w

profit function of firm 2 decreases for p, higher than 2v — ¢t — p* implying that firm 2’s

deviation to such a p, is unprofitable.

9+3a

To sum up, we have established that for “== € (6 et

2) there is an equilibrium in which
firms set prices

w  3ta 3(1—a)t+ 4o v and _3(1+a)c 3+a N 20 .
P T S e T3 50 T 3+5a

= c+
3+ S« 3+ da 3+ S«
the monopoly segment is not fully covered; the competitive segment is fully covered where

the marginal consumer enjoys a positive surplus. The corresponding equilibrium profits are

1 4 3(1-a))\’ 1- 2 3 ?
T = ra a (v—c)+—( a)t and 7" = a a (v—rc)+ +at :
2t \3+ b« 3+ S 2t \ 3+ 5 3+ da

We have explored all the cases in which the marginal consumer in the competitive segment
exists, is located in the interior, and enjoys a positive surplus. We come to the next possible

equilibrium structure.

tv) Firm 1 sells in the competitive fully covered segment and the marginal
consumer obtains zero surplus. Note that if this type of equilibrium occurs, then firm
1 serves exactly the same fraction of consumers in both segment implying that the monopoly

segment cannot be fully covered.
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Define the location of marginal consumer in the competitive market as & € (0,1). This

consumer is indifferent between both firms and the outside option. This implies that

w

pY =v—tr and P =0v—t+1tz1.

We characterize all possible Z that can constitute an equilibrium. First, firms do not have
incentives to increase their prices if and only if max {0, 11— ”2—_;} <z < min {”2—_;, 1}. This
condition is satisfied for some Z € (0, 1) if and only if *7 > 1. Second, consider a deviation

of firm 2 to a price p, < p™”. The profit of firm 2 is

Ta(p2, p") = (1 — a)(p2 — ¢) <% N sz—tm) |

This profit function increases for prices p, < p* if and only if its derivative at py is positive.

The derivative of the profit function of firm 2 (multiplied by 2t) is

c+t+pY —2ps >c+t+p¥ —2p""

=c+t+ov—tx—20+2t -2tz

:3t(1—:&—”;(3> >0,

€. Next, we establish the conditions on Z to ensure that firm 1 does

if and only if z < 1—%”t

not deviate to lower prices. The profit of firm 1 deviating to p; < p* is given by
2v+(1—-a)t 1—-a ,, 1+«
+ - P

m(p1p™) = (P~ ) ( 2t ot ¥ 2t

The derivative of this profit function (multiplied by 2¢/(1 — «)) is

. 200 +1—at+1—anw 2 > ¢t 200 +1—0475_|_1—04nw o

c ) — c v —

1+ 1+« 1+ap P1 1+« 1+ 1—|—ap P
2a 11—« 11—« l—« l—o . .

=c+ v+ t tx — 2v + 2tz

t _
14+« 1+oz+1+ozv 1+oz+1+oz

3 1 —
B +at(3§— +av C)ZO,

14« 3+a t

: 2 1+av—c
if and only if & > =2 45<.

Thus, Z € (0,1) can be supported in equilibrium if and only if

;

max{(),l—%}gigmin{%—*tc,l},
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Suppose that “¢ > 2, then the first condition is always satisfied. Note that there exists
satisfying condition 2 and condition 3 if

(1+a 1)1}—0_64-404@—0

3) t  9+3a t

< 1.
3+oz+3

It is straightforward to see that this condition is never satisfied for *7< > 2.
Next, suppose that *=* € [1,2]. Then, condition 1 simplifies to 1 — ¢ <z < ==, We
consider two cases of whether *=¢ € [1;6/5] or = € (6/5; 2] separately. First, suppose that

—< € [1;6/5]. Note that in this case 1 — %% > 11— % X g = %g > %% Moreover, since

st < 4 for all a € [0, 1] we have that there exists a non-empty interval of & satisfying all of
the conditions. Note that 1 — 3%-¢ > (<) 2= if and only if ¢ < (>)22. Therefore, we

can conclude that Z that satisfies all the conditions

b [l b dee] if e e [1,

7 5+3a
te gl gt e (550 5]

Next, consider the case in which *>¢ € (6/5;2]. By following the above argumentation we

14+ 6 _ 1. 6 1v— .
can show that =< >1- . Moreover, 570555 > 3 x g =1—-5x32>1—35% This
implies that z sat1sfy1ng all the conditions belongs to [H—Z”%C, 1— %”%C] This interval is

6 9+3o¢}

non-empty if #¢ < (5, Sia -

1 943

To sum up, we conclude that for *—= € [ » 6rdo

] there are multiple equilibria characterized
by the location of the marginal consumer z € (0,1). The possible equilibrium locations of

the marginal consumer are summarized as follows

(

be [ dme e i e e [1, 2]

t 5+3a
A, l+av—c lv—c L v—c 6+2a 6
be gt et it e (585 8)
5, l+av—c _ lwv—c f v—c 6 9+3a
be[gran -], if 5 e (5,50

\
The equilibrium prices are given by

pY=v—txr and P =v—t+1z,

the monopoly segment is not fully covered, the competitive segment is fully covered and the

marginal consumer obtains zero surplus. The corresponding profits are
W—t(“;(j—ﬁ:% and 7" = (1 — a)t (”;C—u—a@)) (1— ).
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lv=¢ implying that 7% increases in & and 7™

Note that Z is always weakly lower than 5%

decreases in  for all  that might constitute an equilibrium.

We are ready to explore the condition of Proposition 3 in the Hotelling

The key results.
37
27 5)'

model with linear transport cost in the parameter range “+* € (

Lemma 3. Consider the Hotelling model with linear transport costs and a positive fraction
3 Z) Then, the following inequality holds

of consumers using the ad blocker for *=¢ € (5, 5)-

min{7™, 27} < 7% + 7™ < max{nx™, 27},

Proof. We show that 27¢ < 7¢ 4 7™ < 7™ for e [2, %) and 7 < ¢ 4+ 7™ < 27
2). We proceed by verifying these inequalities for all parameter regions with

— 3
for +5¢ € (5,

different profit characterizations separately.
). In this interval, the monopoly and duopoly profits are

e [2]

First, we consider “
t

given respectively by 7™ = v — ¢ — t and 7 = 3
For a < 9/17 and *7* € (ggf:z;, %), the monopolistic market is fully covered and both
firms serve some consumers in the competitive market. Resulting profits are 7% = 1(83(+1—O:§)t

and " = l(g’(_lc_vi)t. The sum of profits is equal

18 + 202

w nw __

T 4T —m

Note that the sum of profits can be bounded from below by 27 and from above by 7™ as

1 2(3 —
8+ 6a t:( (3 a>—1>t<v—c—t:7rm.

18
ol =t < — <7<
18(1 — a) 18(1 — ) 3(1—a)

The

(v—c)®
8t

v—c . 2(3—0&), é
If == € [2, min { 3=a)’ 3
in the monopoly segment but also a positive fraction in the competitive segment.
(v—c—t)(1-(1—-0a)%) and 7™ = (1 — )

H, firm 1 sets the monopoly price and serves all consumers

equilibrium profits are given by 7
To show that the sum of profits is less than the monopoly profit, we note that

vV—C V—C
)20’

1 -«
m_w _ nw . —1—
™ - 1 (v c)( ; 57

™

o4



as *7¢ > 2. Similarly, to show that the sum of profits is greater than the duopoly profits 2nd,

we note that

_ 1 — _
7Tw+ﬂ_nw_2ﬂ_d:(vtc_2)t+ 8OZ<U_C)<2_UtC)

_ v—c_2 1_1—av—c > 0.
t 8 t

Second, we show that 7™ < 7% + 7™ < 27 for e e (%, 2). In this parameter range,

some consumers in the monopoly segment do not buy, the competitive segment is fully covered

where the marginal consumer enjoys a positive surplus. The firms’ profits are given by 7™ =

2 2
_(v—c)Q’ 7Td = %7 — lta < da (’U _ C) + 3(1—a)t> , and 7% = -« ( 2a (’U . C) + 3+a)t) .

4t 2t 3+5a 3+5a 2t 3+5a 3+5a

We show that the sum of profits is greater than 7":

Ww+ﬂnw:1+oz( Ao +3(1-@( t ))%-@2

2 3+ b 3+5a \v-—c t

+1—04 20 +3+04 t (v —c)?
2 3+5a 3+5a \v—c t

l+a( 4a 31—a)1\’ 1-a/ 20« 3+a 1\%) (v—2c)?
> + =) + + =
2 3+5a  3+5a 2 2 3+5a  3+da2 t

Finally, we show that that the sum of profits is less than 27%:

1 da v — 1-a)\®,  1- 20 v — ?
0 +a( a v—c 3 a)) - a( a v—c 3—|—a)t

3+5a t +3+5a

2 34+5a t 3+ da 2
l+a (3+5a\° 1-—a/(3+5a)\’ ;
< t t=1t=2n"
=7 (3+5a) L (3+5a> T
This concludes the proof. n

Proposition 8. Consider the Hotelling model with linear transport cost and a positive frac-
tion of consumers using the ad blocker for 7= € (%, %) Then, the inequality ©™ + 27™ >

(3 — a)m? is satisfied if and only if v > ¢ + 2t.

Proof. We prove this lemma by considering all parameter regions corresponding to different
equilibrium structures separately.
First, we show that this inequality holds for *=¢ € [2,7/2). By Lemma 3, the industry

t

profit of the asymmetric duopoly is greater than the industry profit of the symmetric duopoly
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— that is, 7% 4+ 7™ > 27¢. Thus, if ¢ € [2,7/2), condition 7™ > (1 — a)r? is sufficient for
inequality 7™ + 27" > (3 — a)7? to hold true. We show that 7™ > (1 — a)7n? is satisfied

for =< € [2,7/2). Recall that the symmetric duopoly profits is given by 7% = L.
283—a), 7
3(1—a)’ 2

Consider the case in which < € [2,min{ }] In this case, all consumers in
the monopoly segment buy from firm 1 and the market in the competitive segment is fully

covered. The respective profit of firm 2 is

N gtc) — (-0 (”;tc) %z (1-@% — (1 - ).

It remains to consider the case in which a < % and

;g:zg < 2=¢ < I In this case, all

consumers in the monopoly segment buy from firm 1 and the market in the competitive

segment is fully covered. The profit of firm 2 is

w_ B-aP (1%  (1-aP _ b .
™ 151 = a) 2(1_a)t>2<1_a)t—(1—04)——(1—04)7r.

To conclude, we have established that for *=¢ € [2,7/2) we have that 7™ > (1 — a)n? is

satisfied and therefore, 7™ + 27" > (3 — o) holds true.
We turn to the case for which *=* € (3/2,2). By Lemma 3, the industry profit of the
asymmetric duopoly is strictly lower than 27¢. Thus, condition 7 < (1 — a)7? implies that

7™+ 27" < (3 — a)w?. We show that this condition is satisfied for *>¢ € (3/2,2). Note

that in this parameter region 7% = % The profit of the non-whitelisted firm is lower than

(1 — a)7r? since

N 200 v—c¢ 3+« 2 11—« 2« 3+« 2
T = + t < 2+ t

2 \3+5a t @ 3+5a 2 \3+5a  “" 3%5a
t
=(1- a)§ = (1 —a)r?.
This concludes the proof. O

Next, we show that publisher surplus can be higher with the presence of the ad blocker.

Proposition 9. Consider the Hotelling model with linear transport cost and a positive frac-
tion of consumers using the ad blocker for a > % and *7¢ € (2—{—%}1“—3,?:—3). Then,

™ > (14 a)r? .
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Proof. Note that for a > % we have that 2+ %}J_“—g > 4. Previously, we showed that for == €

(4, }J_F—Z‘) firm 1 serves all consumers who use the ad blocker and firm 2 serves all consumers

who do not use the ad blocker. The profit of firm 2 is given by 7™ = (1 — a))(v — ¢ — 2t) and

= % Therefore,

t 21 —«

- 11
W"w—(1+a)7rd:(1—oz)t(v S . +O‘)>0.

This concludes the proof. O
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B.2 Full analysis of the Hotelling model with quadratic transport

costs

In this Appendix, we analyze the Hotelling setting with quadratic transport costs. The
transport cost parameter is denoted by ¢ as in the setting with linear transport costs, but

now transport costs are t times the quadratic distance between consumer and a firm.

Monopoly. Suppose that there is one firm located at 0. A consumer located at = buys the

product at price p if v — p — t2? > 0. The profit of this firm setting price p is

ﬂ(p):(p—c)min{\/?,l}.

Solving for the profit-maximizing price, we find that p™ = %v + %c for == < 3 and p™ =v—1

for === > 3. The respective profits are

2 (U—C)S f v—cC
w3V T3

v—t—c if 75> 3.

Symmetric competition. Consider the Hotelling duopoly with quadratic transport costs.

Suppose that firm 1 is located at 0 and firm 2 is located at 1. The demand of firm 1 is given

by
1 — _
D1(p1,292)Imax{o,min{i_,_p?%pl’ v tp171}}.

We consider three possibilities: i) both firms act as local monopolists, i) firms compete

and the indifferent consumer located at & obtains positive surplus. i) firms compete and
the indifferent consumer obtains zero surplus.

First, in a highly differentiated market, both firms act as monopolists. This holds if the
consumer located at = = 1/2 does not buy, i.e., v — (1/2)* — 2/3v — 1/3c < 0, which is the
case for ¢ < 3/4. The demand of firm 4 in a small neighborhood of the equilibrium prices
is D; = \/@ . The equilibrium price is p¢ = %U + %c and the equilibrium demand of each
firm is D;(p%, p?) = /%5

Second, suppose that the market is fully covered and the marginal consumer obtains a

strictly positive surplus. Then, firms compete and maximize m; = (p; — C)(% + PP In
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equilibrium, both firms set p? = ¢ + ¢ and make profits of % This constitutes an equilibrium
if and only if the indifferent consumer at x = 1/2 obtains a positive surplus. This is the case
if v—(1/2)% —(c+1t) >0, ie, ¢ >5/4.

Third, for 3/4 < *=¢ < 5/4, there are multiple equilibria characterized by the location
of the marginal consumer. In the symmetric equilibrium, the marginal consumer located at
x = 1/2 is indifferent between either of the firms and the outside option. This implies that
firms set p = v — (1/4)t.

To sum up, we obtain that

(
2 1 f v—cC 3
s+ gc, it E <y,

L v—C 5
C+t, lfT>Z

\

The equilibrium duopoly profit is

(

In the following lemma, we compare the monopoly profit with the total duopoly profit.

Lemma 4. In the Hotelling model with quadratic transport cost 7™ > 2x¢ if and only if

e ()

Proof. We compare 7™ and 27¢ in the four parameter regions one after the other. First, if

< % we have that 7 = 7 implying that 7™ < 27¢. Second, if e [%, %] we have that

t_

1 — ¢ The difference in profits divided by

the industry duopoly profit is given by 27¢ = v —

t 3 t 3t t 4
v—c (2 [(v—2c) 1 v—c({2 /1 3 1
- : T SVexS-1) 42
7 <3 3t >+4 7 <3 371 >+
20—c¢ 1 1




Thus, we have that 27¢ > 7™ for e [%, %}
Third, consider the interval == € (é 3]. In this interval, the industry duopoly profit

equals t. Thus, the difference in profits divided by ¢ is given by

7Tm—27Td_ 4 (v—rc\® 1
t V2t \ ot ‘

Note that 279 > 7™ for =< € (2, (2)"/3) and 7™ > 27 for =< € [(2)"/3,3].

Fourth, we consider the parameter region in which *7¢ > 3. In this case, the monopolist
serves all consumers and makes profits v —t — ¢. Since v > ¢ + 3t, these profits are higher
than the industry duopoly profits, t. This concludes the proof.

O

Asymmetric competition. In the asymmetric case, a fraction « of consumers knows only
. . o1 . — 3
about the existence of firm 1. We characterize pure strategy equilibria for == € (5, 4).
Denote p* and p™ as the equilibrium prices of firm 1 and firm 2 respectively. We start

by deriving the demand function for firm 1 setting price p; when firm 2 price is p™; that is,

Di(p1,p™) = amaX{O,min{\/%,l}}
1 nw __ .
+(1—a)max{0,min{§+p of p17“v tpl,l}}.

The demand of firm 2 setting price py playing against firm 1 setting price p* is given by

1 pY—p2 Ju—po
D ) = (1 — 0 — 1 .
2(172717 ) ( Ck)max{ ,HllH{Q + 2t ) t )

It is straightforward to see that firm 2 serves a positive measure of consumers in the

competitive segment. Therefore, it is sufficient to consider four different possibilities: ¢) firm
1 does not sell in the competitive segment; 4i) firm 1 sells in the competitive segment, it is
fully covered, and the marginal consumer obtains a positive surplus; i) firm 1 sells in the
competitive segment, it is fully covered, and the marginal consumer obtains zero surplus and

iv) firm 1 sells in the competitive segment and this segment is not fully covered.
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i) Firm 1 sells in the competitive segment; the competitive segment is not
fully covered. In this case firms act as local monopolies. The profit of firm 1 setting price
p1is m1(p1, p™) = (p1 —¢) \/m The optimal price is p¥ = %v + %c. The profit of firm
2 setting price py is (1 — a)(p2 —¢) \/m The optimal price of firm 2 is p™* = %v + %c.
Next, we check that the demand of firm 1 and the demand of firm 2 in the competing segment
do not overlap — that is, \/% <1-— \/% implying = < %. Clearly, firms do not have
profitable deviations.

To sum up, if 7= < % there is an equilibrium in which firms act as local monopolists

setting the monopoly prices

= =—-v+ =c
p p 3 3
The respective profits are
9 _ )3 9 _ )3
T = (Chulo and ™ =-(1—«) u
3 3t 3 3t

#2) Firm 1 does not sell in the competitive segment. Next, consider the case in
which firm 1 does not sell in the competitive segment. Then firm 2 must fully serve it in
equilibrium.

We show that the monopoly segment of firm 1 is fully covered. Suppose for a contradiction
that that firm 1 does not serve all consumers in the monopoly segment. This implies that
£=¢ < 3 as otherwise firm 1 would deviate to a lower price and serve the entire monopoly
segment. But if == < 3, then firm 2 serving all consumers in the competitive segment would
find it profitable to lower its price, a contradiction. This implies that if firm 1 does not sell
in the competitive segment, then it must serve all consumers in its monopoly segment.

Next, we solve for the optimal prices. The fact that the demand of firm 1 consists of the
entire monopoly segment, we have that p* — v —¢t. The maximal price that firm 2 can set to
serve all consumers from the competitive segment solves v —t —p™* = v —p». By plugging in
p* and solving for p™ we find that the possible equilibrium is represented by the following
prices

p’=v—t and p"" =wv—2t.
It remains to check that then neither firm finds it profitable to deviate. We first establish

the conditions under which firm 2 does not have incentives to deviate to a higher price. The
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profit of firm 2 deviating to p» > p™ is ma(pa, p™) = 5:(1 — @)(p2 — ¢)(t + p* — p2). The

derivative of this profit function is
cHt+pY —2p <cH+t+p’—2p" =—v+c+4t <0,

if and only if == > 4. Under this condition, the profit function decreases for all p, > p™
and firm 2 does not deviate to a higher price.

Next, we explore firm 1’s incentive to deviate. Condition *¢ > 4 implies that firm 1
does not deviate to higher prices (see the monopoly problem in the symmetric case). Thus,
it remains to establish conditions under which firm 1 does not deviate to lower prices. If firm
1 sets a lower price, p; < v — t, then it would serve some consumers from the competitive

markets resulting in total profits

R G N
= (p—¢) <1+a + 1_a(p"w—p1)> .

2 2t
The derivative of this profit (multiplied by 2¢/(1 — «)) is

1 1
c+ﬂt+pnw—2p1>c—l—ﬁt+p”w—2v—|—2t
11—« 11—«

+1—|—oz
=c
1

t—uv >0,
—

if and only if =< }f—g This condition ensures that firm 1 does not deviate to lower prices.

14a

, l_a} there exists an equilibrium in

To sum up, we conclude that for a > % and “= € [4
which firms set prices

p’=v—1t and p"* =wv—2t,

all consumers in the monopoly segment buy from firm 1, all consumers in the competitive

market buy from firm 2. The respective profits are given by

™ =alv—c—t) and 7 =(1—a)(v—c—2t).

#11) Firm 1 sells in the competitive, fully covered segment and the marginal

consumer obtains a positive surplus. Next, we consider the case, in which firm 1 sells
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in the competitive segment, this segment is fully covered, and the marginal consumer obtains

a positive surplus. The profit of firm 1 setting price p; is given by

1 (™) = (p1 — ©) <amm{\/“_71,1} (- a) (% +1%;pl)> |

We separately analyze the case in which the monopoly segment of firm 1 is fully covered

and the one in which it is not.

Casel. The monopoly segment of firm 1 is fully covered. We start by analyzing
the case in which all consumers from the monopoly segment are served by firm 1. We
distinguish two subcases depending on whether or not the consumer located at x = 1 obtains
a positive surplus.

Case 1.1: The consumer located at 1 in the monopoly segment obtains a
positive surplus. If the consumer located at x = 1 obtains positive surplus we have that
v—p¥ —t > 0. Suppose that firm 1 sets a price p; and continues to serve all consumers from
the monopoly segment, keeping the marginal consumer’s location in the competitive segment

in the interior. Then, firm 1’s profit given p, = p™* is

nw

=(p—©) (1;& + 12_75a(p"w—p1)>-

Firm 2’s profit given p; = p¥ is

w

T (p®, p2) = (1 — @) (pa — ¢) (% WP 2_tp2) |

Note that these profit functions coincide with the profit functions (for this case) under linear

transport costs. Thus, the equilibrium candidate is exactly the same; that is,

3+« 33—«

Y—ct———t and P =c+ —t.
PrEet gyt P =ty

The marginal consumer’s location has to be in the interior implying that p* — p™ < t or

equivalently, o < g The monopolistic market is fully covered if and only if v — p¥ —t =

2(3—a)
3(1—a)

2(3—a)

00" It remains to consider firm 1 deviating to

V—C—

t > 0, or equivalently, == >

a price p; > max{v — ¢, p"™" + t}.
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First, suppose that v —t < p™ + t. It can be shown that v — ¢ < p™ 4 t if and

9—Ta
3(1—a) "

only if £ < Combining this with the condition that ensures the full coverage of

the monopoly segment in equilibrium, we obtain that “+< is in the interval ( - Zg ;Z;Z%),

which is non-empty for a < % Firm 1’s profit for p; € (v — ¢, p™ + 1) is

™ (p1, p™) = (p1 = ¢) (O‘W+ (1=a) (% i Z%;pl)) |

Taking the derivative of this profit function, we obtain that

v — 1 —c
a4/ p1 225?/17 c—l—t+p”w—2p1).

Since the profits from operating in the monopoly and in the competitive segment are both

strictly concave in p;, we have that the derivative of 7 (py, p™") strictly decreases and can be

bounded from above by ﬁm (v —t,p™); that is,

;ta(c+3t+p’“” — )

l1—«

2t

1
;(c+3t—v)+

1
2t(c—|—3t—v)

")

(v—p
Multiplying by 2 and plugging in p™* we have

3_v;c_(yﬂ@<vzc_3ztiw)_12—@_(2_®U—c

12 — « 2(3 — )
5 ~C-agg—y

It is easy to check that 2(2 — a)(3 — a) > (12 — a)(1 — «) for any « € (0,1) implying that

the derivative of firm 1 at price v — ¢ is negative. Therefore, a deviation to any price in
(v—t,p™ +1t) is not profitable.

Next, suppose that firm 1 deviates to p; > p™ +t. Then, it does not sell to consumers in
the competitive segment. The resulting profit is given by a(p; — ¢)/(v — py)/t. If =< > 3,
then the monopoly profit decreases for all p; > v —t which makes the deviation unproﬁtable.
Suppose instead that ¢ < 3. We show that p™ < p"* +¢. Note that 7= <3 < :3__& Then,

multiplying by 2¢, we have that 2v — 2¢ < 2%t + t. By adding c to both parts of this
3 3 3 3(1—a)

inequality we obtain that p™ < p™ +t. Thus, the profit function strictly decreases at prices
weakly higher than p™ 4 ¢, and firm 1 does not find it profitable to deviate to p; > p™ +t.
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Second, suppose that v —¢ > p"* +¢. Then, ¢ > % > 3. As follows from the

analysis of the monopoly problem, firm 1’s maximal profit from such a deviation is attained

at py = v —t and is equal to a(v — ¢ — t). The equilibrium profit of firm 1 is weakly larger

(3+a)?
18(1—a)

than the profit from this deviation if and only if t > a(v —t —c). By rearranging, we
obtain
2 _ _
m 3+ ) ZU CZ 9 7oz.
18a(1 — «) t 3(1 —«)

One can show that the function

B B+a)?2  9-Ta
O T G e Yo gy

strictly decreases on a € (0,3/5) and is equal to 0 at @ = 2. This implies that for all @ < 3/5

(34a)?
18a(1—a)
3

To sum up, we conclude that if @ < ¢ and gg?:zg <A<+ TRa(1—

we have that for all 3?1:73) < <1+

and a deviation to price v — t is unprofitable.

(3+O‘)Z), there is an

equilibrium in which firms set prices

3+ « 33—«

oo 2TY yoand p =y 2%y
PrEet gyt e r S ety gt

all consumers in the monopoly segment buy from firm 1, and the market in the competitive
segment is fully covered. Moreover, the marginal consumer in the competitive segment enjoys
a positive surplus, as does the consumer located at x = 1 in the monopoly segment. The

respective profits are

w  (3Fa)

nw __ (3-0&)2
= 18(1—04)t and 7

= m .
Case 1.2: The consumer located at 1 in the monopoly segment obtains zero
surplus. Suppose that all consumers from the monopoly segment buy from firm 1 and the
consumer located at x = 1 obtains zero surplus. This pins down the price that firm 1 sets:
p* = v — t. From the analysis of the previous case we have that p™ = 2(p*” + ¢+ t) = “£<.
To ensure that firm 1 sells in the competitive segment, we must have that the location

w

of the marginal consumer in this segment is in the interior, |[p* — p™| < t, implying that
=< < 4. Note that, under this condition, firm 2 does not find it profitable to deviate.
We study the incentives of firm 1 to deviate. If firm 1 deviates to p; < p*, then it makes

profits
l1+a 1-a

mlpns™) = - (52 L0 ).

2t
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The analysis of this deviation coincides with the one in the case of linear transport costs,

leading to the same condition. Thus, firm 1 does not have an incentive to deviate if and only

. v—cC 2(37&)
if 55 < 3(1—a)

Next, suppose that firm 1 deviates upwards to a price p; > p“. Then, firm 1’s profit is

m(onp™) = (1~ <a\/? +-a) (5 +%)) .

Taking the derivative, we obtain

v — P 1 p—c 1—«
- — t+p"" —2py).
S Vil vy el IR vl Gt A 20
i

Since the profit function is a concave in py, its derivative decreases and is larger at p* = v —t

given by

than at any other p; > p“. Therefore, this derivative (multiplied by 2) can be bounded from
above by

v—c 1l—«

/l)_
; ; (v—p

v—c¢c l—av—c 3—av—c
— =3 - <0
t 2 t 2 t =

")

-3

if and only if 7= > 3%. By contrast, if ©< < %, firm 1 has an incentive to slightly increase

its price from p¥ = v —t.

6 2(3—q)
3—a’ 3(1-w)

To sum up, we conclude that for o < % and “° € [ } as well as for a > % and

e [i 4} there exists an equilibrium in which firms set prices

3—a?

U+ cC
2 )

p¥ =v—t and p"" =

all consumers in the monopoly segment buy from firm 1; the market in the competitive
segment is fully covered; the marginal consumer in the competitive segment enjoys a positive
surplus; and the consumer located at x = 1 in the monopoly segment obtains zero surplus.

The respective profits are

v—=C

Ww:(v—c—t)<1—(1—a) - ) and 7 = (1 — )

(v—0)?*

8t

Case 2. The monopoly segment of firm 1 is not fully covered. In this case the

consumer located at x = 1 in the monopoly segment does not buy from firm 1; that is,
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v—p¥ —t < 0. Since the marginal consumer in the competitive segment is in the interior and
enjoys a positive surplus, we have that the problem of firm 2 is the same as in the previous
case implying that 2p™ = c+t + p».

Firm 1’s profit is

m1(p1, p™) = (p1 — ¢) (a voh +(1—a) (1_{_?%2;]?1)) .

w

The first-order condition evaluated at p; = p* is
a2v4+c—3pY 11—«
— t+p" —2p") =0.
2t v—pW¥ + 2t (C + +p P )
t

By plugging in p™ = %(pw + ¢+ t) and multiplying it by %t we obtain

20+ ic—p¥ 1
(- a0 — e+ 1) = 0,
v—p

t

v—p»
t

v—cC

Define 7 = *=€ and p = p“’t—c. Since 0 <

< 1 we have that 7 —p € (0, 1) or equivalently

¢
p € (1 — 1,7). The equation determining p* can be rewritten as

2v—c pY—c
sv—¢c 1 — wo__

v—c _ p¥—c 2 t
t

= a(gf—@) N

Define a function

o(1,p.a) = @T—p) - 1;Oé(p— VT —p.

Solution of ¢(7, p, ) = 0. We show that there exists a unique p = p that solves ¢ (7, p, a) = 0

for any positive 7. The partial derivative of ¢(7,p, &) with respect to p is given by

dp 1 -« p—1 B l—a2r—3p+1
op O 2 (VT b 2«/—T—p>_ T o=

First, suppose that 7 > g If a solution exists, then we must have that p € (17 %7’) Note that

for all prices in (1, %7’) we have that %7’ —-p+ % > (0 and therefore g—ﬁ < 0. Moreover, we have

that ¢(7,1, ) > 0 and ¢(7,2/37,«) < 0. Therefore, by the intermediate value theorem, there

exists a unique p € (1,2/37) that solves ¢(7,p, ) = 0. Second, suppose that 7 < % Then,
2 2

if a solution exists, then it must belong to (57', min{l,T}). For any p € (57', min{l,T})
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we have that %7’ + % — p > 0, and therefore g—‘;’ < 0. Moreover, ¢(7,2/37,a) > 0 and
¢(r,min{l,7},a) < 0. By the intermediate value theorem, we have that there exists a
unique p € ( 7, min{1, 7'}) that solves ¢(7,p,a) = 0.

Necessary conditions for the existence of equilibrium. We derive the conditions
under which the monopoly segment is not fully covered. The monopoly segment is not fully
covered if and only if p* > v —t <= p > 7 — 1. Since function ¢(7, p, «) strictly decreases

in p, we have that p > 7 — 1 if and only if

¢(Ta7—_1’a)>0 <~ a<1—1>_1_a(7_2) — 7 <

3 2 3—a’

Next, we show that the marginal consumer in the competitive market is in the interior.
We employ the restriction 7 < %. The marginal consumer in the competitive market is in
the interior if and only if [p™ — p*| = 3|c+t — p*| < t, which is equivalent to |p—1] < 2.
Note that if 7 > 3/2, then this condition is satisfied as [p— 1| < 27 —1 < 2z~ -1 < 1. If
T < 5, then p € (0,1) and therefore |p — 1| < 2 is satisfied.

The surplus of the marginal consumer in the competitive segment is positive if and only
if

1 nw _ o w\ 2 W
v—pw—t(§+%> >0 < Y tp >

W w

L p™—p 3—p
e = —-p>—.
5T T o i

Next, we show that there exists a function 7(a) € (7, g), where 7; solves \/7/3 — (9 —

27)/12=10 (and approximately equals to 1.013), such that —p> L for 1 € (7(a), )
and /7 —p < 22 for 7 € [2,7(a)]. Define a function
3—p

f(r,p) = \/TTP—T

Note that when 7 = 7 < %, then the corresponding price p > %ﬂ. Since f(71,p)
strictly decreases in p, then f(71,p) < f(71,2/371) = \/231 — 920 = (0. When7 =2 <3
the corresponding price p < min{l,7} = 1. Since f(5/4,p) strictly decreases in p, then
f(5/4,p) > f(5/4,1) = 0.

The total derivative of f(7,p) with respect to 7 is

df(r,p) 1 (1_@)+1dp.
dr 2T —p 4ddr

dr
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By applying the implicit function theorem to ¢(7, p, o), we obtain

2 l—a p—1 l—a2r—3p+1)\ dp
a o —.
2 2/T —p dr

3 2 or—p
We explore % for 7 € ( ) Since p < 1, the term in the bracket on the right-hand side is

33
472

positive. The term on the left-hand side is also positive. This implies that % > (0. Note that

since 7 — p > 0, we have that

dﬁ< 2 +1—04 1—p / _I_l—a 1—p <1
— —x Q@ .
dr 3 2 2y1t—0p 2 2yt—0p

Given that % € (0,1) we have that % >0on 7€ (3,2). We established that function

f(7,p) strictly increases on 7 € (7_'1, %), is negative at 7 = 7| and is positive at 7 = %. Thus,

) such that /7 —p > 22 if and only if

5
4

there exists a uniquely defined 7 = 7(a) € (7,
7 > 7().?2 We obtain that the surplus of the marginal consumer in the competitive segment
is positive if and only if 7 > 7(«).

Necessary conditions for the existence of equilibrium are also sufficient. We
show that the considered type of equilibrium exists for 7 € (7"(04), %) To show this, we
check that neither of the firms has profitable deviations. In particular, firm 1 does not have
an incentive to set a lower price to fully serve either of the segments, and firm 2 does not have
an incentive to increase its price such that some consumers from the competitive segment do
not buy at all.

We start by analyzing firm 1’s deviation incentives. Suppose that firm 1 deviates to a
price p; < v—t and serves all consumers in the monopoly segment. First, consider a deviation
to a price in [p"™* —¢, v —t]. In this case, firm 1 serves all consumers in the monopoly segment

and the marginal consumer in the competitive segment is still in the interior. The profit from

such a deviation is

w l+a 1-a, .,
mload™) = (1= o) (5 + 5 ).

Taking the derivative (multiplied by 2¢/(1—c)) and using the fact that p™ > 1(c+t+v—t) =

22Note that when « tends to 1 we have that j goes to 2/37 and therefore 7(«) converges to the solution of
V/7/3 —=(9—27)/12 = 0, which is equal to 7y ~ 1.013. When o — 0 we have that p tends to min{r,1} and

therefore T converges to %.
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ve (since p* > v —t), we have that

1 1
e Y _op > e — e gy 4o
l -« -«
l+a, v+c 3/(23—a) wv—c
> t —20+2t=— = t>0
R 2(3(1—a) { ) ’
where the last inequality is due to “—= < 3_% < ;E?:zg for any o € (0,1). Therefore, firm 1

does not have incentives to lower its price to p! << v —t. Second, if firm 1 deviates to a
price p; < p™ —t, it does not serve more consumers, which cannot be profitable.

2
Next, consider firm 2 setting p, > v—t (1 — M#) . At this price, consumers located at

2
P~ +¢, when € > 0 is small, do not buy from either firm - that is, v —p, —t <1 - ”_tpw> <

0. Firm 2 acts as a local monopolist. Recall that since * < % < 3, the monopolist would

set p™ = %U + %c. Note that

2
2 1 _ _ v—p¥ _2,_1
ps—2v—1c v t(l \/ 3V — 3C

>
t t
1
=7 — (1= —p)?
57~ ( T—D)
2
—9 T—ﬁ—g—f—ﬁ—l.

The derivative of 2\/7 — p — %T + p — 1 with respect to pis 1 — ﬁ < 0, since 7 —p < 1.

Thus, this function strictly decreases in p. First, suppose that 7 € [ %) Then, p > 1 and

3
29
we can evaluate 24/7 —p — %T + p — 1 from below by 2v/7 —1 — %T The latter expression

strictly increases in 7 for 7 < % and is positive, since 2v/7 — 1 — %T > 2 % —-1-1>0.

Second, suppose that 7 € (7"(04), %) Then, p > %T and we can evaluate 24/7 — p — 2?7 +p—1
from below by 2,/7 —1 > 0 since 7 > 7(a) > 3.
Hence, we showed that p, > p™. This implies that the profit function of firm 2 is decreas-

2
ing for all py > v —t (1 — V#) , implying that such a deviation cannot be profitable.

_6
? 3—a

V/71/3 — (9 — 27)/12 = 0, there is an equilibrium in which firms set prices

To sum up, we established that for *=¢ € (7"(0[) ), where 7(«a) € (7_'1, é) and 7, solves

4

v—c p¥ —c
t 7t

1
p" that solves ¢ ( ,a) =0 and p"™ = §(c+ t+pY),

the monopoly segment is not fully covered, the competitive segment is fully covered, and the

marginal consumer in this segment enjoys a positive surplus. The corresponding equilibrium
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profits are

v—p¥ 11—«

T = (p¥ —c¢) (a + (3t +c¢ —p“’)) and 7 = (1— a)w.

8t

t 4t

iv) Firm 1 sells in the competitive fully covered segment and the marginal
consumer obtains zero surplus. In this type of equilibrium, the indifferent consumer
between firm 1 and firm 2 obtains a zero surplus. Therefore, firm 1 serves the same fraction
of consumers in both segments and the monopoly segment is not fully covered.

We define the marginal consumer in the competitive market as & € (0,1). Since the

marginal consumer obtains a zero surplus, the equilibrium prices are determined by
p’ =v—ti* and p"™ =v —t(1 — )%

Define p = p(z) = # and 7 = *2¢. Then, we have that & = /7 — p.

We characterize all possible & that can constitute an equilibrium. First, we characterize
the conditions under which firms do not have incentives to increase prices. If *7¢ > 3, then
the monopolist would serve all consumers, and therefore, firms do not have incentives to
raise their prices. Otherwise, if *7¢ < 3, then the monopoly price is given by p™ = %v + %c.
The firms do not have incentives to set higher prices if and only if p* > p™ and p™ > p™.
By plugging in the respective expression for prices we obtain 1 — /*z¢ < & < (/¢ or
equivalently, 1 — \/g <z< \/g . The set of & that satisfy this condition is not empty if and
only if 7 > %.

Next, consider a deviation of firm 2 to ps < p™. The resulting duopoly profit of firm 2 is

ma(p2, p*) = (1 — ) (p2 — ¢) G " Pw2—tp2> '

The derivative of the profit function with respect to ps (multiplied by 2) is

1 1 p'u)_c 1 pw_pnw
- t4+pY —2py) > = t+p¥ —2p"W) = —1 — 4 =4+ =—
t(c—l— +p D2) t(c—l— +p ") — + (2+ 57 >

—4(1-2)—1—p>0,

if and only if z < 3%3. This implies that p < 3. It is straightforward to show that the set of

T satisfying this inequality is not empty if and only if 7 < 3. If 7 > 3, then for any p < 3
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we have that T = /7 —p > /3 —p > /3 —p X \/? = % and firm 2 finds it optimal to
deviate to a price that is slightly lower than p™”. This implies that the considered type of
equilibrium can occur only for 7 < 3. In what follows, we restrict attention to the parameter
region for which 7 € [%, 3).

We continue by establishing the condition under which firm 1 does not find it profitable

to deviate to lower prices. Firm 1’s profit from deviating downwards p; < p* such that firm

2 remains active is given by

m(p1,p™) = (p1 — ) <QW+ (1-a) (% + %)) .

The first-order condition of the profit with respect to p; and multiplied by 2t is

/v— 1 —c
20 pl Qt D1 C+t+pnw _ 2p1)

a2 c—3p
t

C+t+pnw_2pw)

2 v—c w
s2v—c¢c __ 1 nw __ W w o

=33t —t 4t (1-0a)(2 _+p b\ p —c
v—p" 2 2t t

— (1= a)(p—22).

:3a
T—D

By multiplying the last expression by %\/T — p, we obtain that firm 1 does not find it prof-

itable to deviate to a lower price if and only if

~

2 — 27
a<§T—ﬁ)—(1—a)p 3 ’ T—p>0.

Thus, £ = /7 —p € (0,1) can be supported in equilibrium if and only if 7 € [%, 3) and

G (%7’—]5) —(1 —a)i%\/r—ﬁ > 0.
In the analysis of the case in which the monopoly segment is not fully covered, the competitive

segment is fully covered and the marginal consumer obtains a positive surplus, we defined

7 = 7(a) that solves f(7,p) = /7 —p — 52, where p solves ¢(7,p,a) = « (37 —p) —
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L2(p —1)y/7T—p = 0. Recall that the function 7(a) belongs to (7i,2), where 71 solves
V71/3 = (9 —2m)/12 = 0. We show that the set of & satisfying all three conditions is not
empty if and only if 7 € [2,7(a)].

First, we show that this is a necessary condition. Suppose there is an z satisfying all
the inequalities. Then, the first inequality z = /7 — p < \/g implies that p > %T. For any
p > %7’ the third inequality is satisfied if p < 2z. Then, by the second inequality we have
that p < 2z < 3%73 < p<1. Thus, p€ [%T, min{1,7}| and this interval is non-empty for
T < %

By the second inequality we have that 0 > 75_32“% > b 7(3;15 )/2 _ b1 Thus, we obtain

2
ors)=a(3r-5) - 1526~ 0V
2@(27—]5) —(1_05)]5_32:% \/T_ﬁ20:¢(T7ﬁ7a)7

3

which implies that p < p, where p is determined by ¢(7,p,a) = 0 (recall that function ¢

strictly decreases in p). Since f(7,p) = /T —p — % strictly decreases in p for 7 < %, we

have that the second inequality implies that 0 > f(7,p) > f(7,p). Recall that f(r,p) < 0 if
and only if 7 < 7(a). We proved that if & satisfies all three inequalities, then T € [2,7(a)].
Second, we show that for any 7 € [%, f(a)] there is an 7 satisfying all three inequalities.

We analyze the cases in which 7 € [%,ﬂ} and 7 € (71, 7(«)] separately. Suppose that

T € [%,ﬂ} and consider = \/§ < 1. The first inequality is obviously satisfied. The

corresponding price is equal to p = %7’ = 272 Since 2% — p = 22 (1 — 2) > 0 we have that
the third inequality is satisfied as well. Since 7 < 71, the second inequality is also satisfied as

3—p T_3-3T_ [n_9-2n

4 V3 4 — V3 12

It remains to analyze the case in which 7 € (71, 7(«)]. Consider & = /7 — p, where p solves

f(7,p) = 0. Note that since f(7,p) <0,

T 3_27' 7_'1 9—27_'1
2 = /= — 3 — — =
Fr20/3) \/; 1 V3 12 0,

and the fact that function f(7,p) strictly decreases in p, we have that p € (%7', ]ﬂ. The

second condition is satisfied by the definition of p that solves & — 3%6 = f(r,p) = 0. The
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third condition is also satisfied as
2 R p— 2% _ 2 R l—a,, -
a(ET—p>—(1—a) 3 T—p:a(gT—p)— 5 (p—D/T—p

= (b(T?ﬁ?&) Z ¢(T7ﬁ7a) = 07

where we used p < p and the fact that ¢(7,p, «) strictly decreases in p. It remains to check
the first condition. By rearranging f(7,p) and by using p < p < 1, we evaluate 7 as follows,

~

T=p+1(3—-p)? = %(9+10p+p?) > &(1+p)®. Consequently, the first condition is

S_A

where the last inequality stems from p > 57’.

satisfied as

Therefore, we showed that the set of & satisfying all three conditions is not empty if and
only if 7 € [3,7(a)].

To sum up, we conclude that for = € [%,7"(04)}, where 7(a) € (7"1, %) and 7; solves

V71/3 — (9 —27)/12 = 0, there are multiple equilibria characterized by the location of the
marginal consumer. The monopoly segment is not fully covered, the competitive segment is

fully covered, and the marginal consumer obtains a zero surplus.

The key results. We are now in the position to evaluate the conditions of Proposition

3 in the Hotelling model with quadratic transport costs in the parameter range < € (%, %)

Note that the critical value (%)1/ % is approximately 1.89.

First, in Proposition 10, we show that there exists a function 7(a) € <%, (217)1/3) such
that 7 + 27™ > (3 — a)m? is satisfied if and only if *>¢ > #(a). Second, in Proposition 11

we show that there exists a function 7(«) € ((%)1/3 , %) such that 7% + 7™ > 7™ if and
only if *=¢ > 7(a). Since 7(a) < 7(a) for any o € (0, 1), we have that the region in which

T 427" > (3 — a)7? and 7 < % + ™ is non-empty (see Figure 2).

Proposition 10. Consider the Hotelling model with quadratic transport costs and a positive
: : : v—C 3 7
Jraction « of consumers using the ad blocker in the parameter range “=* € (5, 5). Then,

the inequality ™ + 2™ > (3 — a)w? is satisfied for *7¢ > 7(«), where 7(c) together with
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pE (1, %7’) solves the following system of equations

apyT —p+15206p+ 1) - 5 =0,

a((r—p)—31-a)p—1)yT—p=0,

N

For all a € (0,1), the function 7(«) satisfies 7(a) € (%, (%7)1/3> and limg,_1 7(o0) = ( 7)1/3.

|

Proof. We define
v—c
t

T =

First, suppose that 7 € [%, %) We show that in this parameter region 7™ > 27¢ and

T 4+ 27" > (3 — o). Since & > 2 > (%)1/3 we have that 7™ > 27,
2

}) The equilibrium profits of the firms are given
by

Suppose that 7 € [g, min{
T 72
T =(r—1) (1 —(1— a)1> t and 7" = (1— oz)gt.
Thus, we obtain that

7rw+27r”w—(3—a)7rd:(7—1)(1—(1—a)£>t+(1—a)7——2t—3_&

1 2
1—
:(1+TO‘> (1 —2)t > 0.

t

Otherwise, if a < 1% and 7 € [gg’:zg, %), then equilibrium profits of the firms are
3+ a)? (3 — a)?
v= 20T ¢ and = ot
181—a) ™7 TI81-a)

Therefore,

(3 + a)? B—a)* 33—«

w QW _ o d t— ¢
L 18(1—a) ' 9(1-a) 2
ab — a)
—t .
3(1 —a) =0

This implies that 7% + 27" > (3 — a)7¢ for 7 € [%, %)

3 6
27 3—«

Second, suppose that 7 € ( ) Then, the price of firm 1 that has monopoly access

to consumers using the ad blocker solves

I (el ety =0
v—p
t
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Define p = 7%3 € (1, %7’) Then, the equation determining p*“ can be rewritten as
Zv—c _ pioc l—a /(p¥Y —c
ad T P 1)=o0
v—c _ p*¥—c 2 t

t t
2 1-
<:>a(§7'—ﬁ)— 20‘(;3—1)\/7—15:0.

3 _6
27 3—a

Note that p that solves this equation strictly increases in 7 on ( ), as we show next. By

applying the implicit function theorem to the previous equation, we obtain

2 l—-a p—1 ( 1—a27—3}5+1)dﬁ
o

39T T2 o= > or—p )adr

Since p < %T, the term in the bracket on the right-hand side is positive. The term on the

left-hand side is

2 l—a p—1 2 z
_a_

3 2 2/r—p 3

This implies that % > 0.

We are now ready to determine the sign of 7% +27™ — (3 —a)m?. In the parameter range

under consideration, the firms’ equilibrium profits can be rewritten as

]__
e =i (avimie -0
1_
= %+ 1),

We define the function

g(1,p,a) = (7% 4+ 2™ — (3 — a)7?) /¢t

l—«

s - _ l—a,_ y d—«
—i (o 260+ e 1 - 2

11—« 3—«o
504+ 1) —
(5P +1) 5

= ap\/T—p

Clearly, 7 + 27™ > (3 — a)7? if and only if g(7, p,a) > 0.
We show that there exists a continuous function 7(«) that solves g(7(«), p, @) = 0. First,

note that limw%ﬁ = 1. Thus, g(7,p, @) tends to

g(3/2,1,a):a\/1/_2—|—3(12_a) —S;QZQ(M—1)<O.
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Second, we show that ¢g(7,p,a) > 0 at T = (217)1/3. Note that

- oo — l—-a, __ 33—«
9(7,p,a) = ap\/T — D+ (5p+1) — 5

w(ﬁ_ 1) —a.

=ap\/T—p+
By multiplying this by /7 — p we have that

o757 5= ap(r—5)+ 1) p-ayFp

4

= ap(7 — )+5—O‘<2f—ﬁ> —a\/7—p.

2 \3

This expression strictly decreases in p on [1,27/3]. The first term strictly decreases in p as

7 < 2 and p > 1. The sign of the derivative of the sum of the second and the third terms is

determined by —5 + 2= < —5+ \/_ = —5+ 27 < 0. Thus,

2
T—3T

W

9(7_—,]3;05)\/ 7_-_]3> 9(7_—727_-/3704)~/ T
1_(2_ /1_

=a/ =T | =T\/zsT—1] =0,
3 (3 3

implying that g(7,p, ) > 0at 7 = (%)1/ We also note that (27) 3 52— for all a € (0,1).
Third, we show that g(p, 7, ) strictly increases in 7 on (% 3L) Taking the total deriva-

tive of g with respect to 7, we obtain

dg = p 5 dp ap
- JSr—p— — &% (1 — B S
dr (O‘( TP 2\/7—]5)—’_4( a)> ir Tavr=p
2 = ~ ~
:(%37 p+§1_a>)@+i
T

since % > (. Thus, we have shown that, for all a € (0,1), the function g(7, p, ) is negative
at T &~ 2, positive at 7 = (%7)1/ ° and strictly increasing on (3,3%-). Therefore, there

exists a uniquely defined function 7(-) with values 7(«) that solves ¢g(7(«a),p,«) = 0 with
#a)e (3.(3)").
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Finally, we look at the limiting property of 7(«) when « goes to 1. Note that when «

tends to 1 we have that p — %7’. By taking the limit of g(7,p, ) when « goes to 1 and

T = 7(a) we obtain

2 1
lim g(7(a), p, ) = lim g(7(«),2/37 (), @) = lim =7(a)y/ =7(a) =1 =0
a—1 a—1 a—13 3
This implies that limy4 7(a) = (%)1/3. O

Proposition 11. Consider the Hotelling model with quadratic transport costs and a positive

Jraction o of consumers using the ad blocker in the parameter range *7< € (%, %) Then, the

inequality ™ + 7™ > 7™ is satisfied for *=¢ > 7(a), where T() together with p € (1,27)

solves the following system of equations

3

apy/T =D+ 5P +8p+ 1) - §/F =0,
a(37-p) — 31— )~ VT -5 =0,

For all a € (0,1), the function 7(«) satisfies T(a) € (%)1/3,%) and lim, 0 7(a) =

()"

Proof. First, suppose that 7 = *° € (%, %) In this case, the monopoly profit is given

by (r — 1)t for 7 > 3 and 2¢1/73/3 for 7 < 3. This implies that in the considered region we
have that 7™ > (7 — 1)t.

The equilibrium profits of the firms are given by

7= (r—1) (1 (1- a)i)t and 7 = (1 — a)%Qt.

Therefore,

4™ —am <Y+ — (7= 1)t

1 —
__ 4“T(T—1—r/2)t<o,

since 7 > 6/(3 — ) > 2. We conclude that 7™ > 7% + 7™ for 7 € (52, 7).

Second, suppose that 7 € (%, 3_%) Then, p = pwt—c € (1, %7’) solves

ora)=a(3r-5) - 56— DVT=5=0, (1)
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3 _6

and p strictly increases in 7 on (5, E) Note that p is a function of 7 and «; i.e., p = p(7, @).

In the parameter range under consideration, the firms’ equilibrium profits can be rewritten

as

- 11—«

wwzﬁQxT—p " @—@)a

We define the function

h(r,p,a) = (7% + 7™ —7™)/t
3

1 -« 1 -« 2 T
ZP(OZ\/TTP+T(3—Z?))+T(P+1)2—§ 3

2 3
(—p* +8p+1) — 21/~

= apyT B+ VS

where (%, %) and p € (1,2/37). Clearly, 7% + «#™ > 7™ if and only if (7, p, «) > 0, where

11—«
8

p solves (1).

Next, we show that there exists a continuous function 7(a) € ((%)1/3 , %) that solves
h(7(a),p,) = 0. Moreover, in the parameter region under consideration, we show that
h(7,p,a) > 0 if and only if 7 > 7(a). To establish this result, we prove that h(7, p, ) strictly

1/3

decreases in 7 on (%, 3—%); h(7,p,a) > 0, where T = (%) ;and h(6/(3 — a),p,a) < 0.

Function h(7,p,«) is positive at 7 = (%)1/3. First, we show that h(7,p,a) > 0. By
multiplying h(7,p, «) by /7 — p and using the fact that %w / ? = 1, we obtain that
~2 ~
. — P -p"+8+1 —— —
T, p,a)\/T—p=ap(T—p)+ (1 — &)T\/T —p— TP
o p—1)(7T—p) —— —
= ap(r—p)+ (1 - T 2
- _ 2 N\NT7T—p ~
:ap(f—p)+a(§7"—p) Tp—om/?—p
N N 17 2 - ~
> ap(T —p) + 1—; (gf—p) —a\/T =D,
T—p o T=27/3 _ T—4/3 _ 17

where the last inequality stems from —*% > —~= > —/= = 5. Note that the function

p(T — p) decreases in p for p > 1 > 7/2. The derivative of 117—26“ (%f —p) — ay/T — p with

respect to p is
17c « 17c o’

(6%
- < - — Y (17 447) <.
12 a/r=p 12+2 Fa (17 +47)

3




This implies that the function
B 17 (2 _ -
ozp(T—p)JrE (gT—p) —a\T—p

strictly decreases in p. Therefore, since p < 7 we have that

L — o 1700 (2 —
h(T,p,a)\/T—p>ap(T—p)+g<§T—p>—a\/T—p
>2 *(r 27)+17a 2 2 [ 2
3047'7' 37’ 12 37’ 37’ A/ T 37’
1 (2 /1.
=\ ;T | 5T/ 57T—1] =0
3 (3 3

Hence, we establish that h(7,p, ) > 0.

Function h(7,p, o) is negative at 7 = z°~. Second, we show that 2(6/(3 —«),p, a) <

0. The function h(7,p, o) can be rewritten as

l—a, . _ 2 |73
h(r.poa) = apy/7T =+ —— (P + 85+ 1) - 5/ 5

. = 2 [T (-1 —p) 2 |7?
:Oz(? T—p—g ?)4_(1_04)(%4_1_5 3)

The first term is negative since py/7 — p strictly increases in p on (1, %7’) and therefore

p\/T — D is strictly lower than %T,/T — %7‘ = %\/%. We show that the second term is

negative as well.

In what follows, it is useful to state an auxiliary result and show that p < 1 4+ « for

T = % and any « € (0,1). Note that ¢(7,p, «) strictly decreases in p on (1, %7’) and, by

the definition of p, we have that ¢(7,p,a) = 0. We show that function ¢(7, p, ) is negative
at 7 = % and p = 1+ «a. By plugging 7 = % and p =1+ « into ¢(7,p, ), we find that

gb(6/(3—a),1+a,a)=a( ! —1—a)—a(1_o‘)\/36 “1-a

33—« 2 -«
_ ol —a)? B-)2+(1—-a))
S 3-a (1_\/ 4(1 — «a)? ><O’

23 —a)+ (B3 —a)(1l—a)®—4(1 —a)?

since

>2(1—a)— (1+a)(l—a)?

=(1—a)(1+a?) >0.
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Therefore, using that ¢ is strictly decreases in p and ¢(6/(3 — a),1 + a,a) < 0, we obtain

thatﬁ<1+afor7':%.

We are ready to show that the second term of h(6/(3—a), p, «) is negative for all € (0, 1).
Note that (p — 1)(7 — p) strictly increases in p on (1,2). Thus, since p < 1+ a < 2 we have

that
3 3
P —-1)(T—-p) 2 \*_a6-a) 2\
—+1-2 < ——7F4+1-2 =
8 " 3—a s 5-a) V@
Function ¢(«) is strictly concave on (0,1) as ¢ = —1 — %(3 — )77 < 0 and attains its

maximum at o* that solves ¢'(a*) = 0 which is equivalent to

1 , 2 \:
Z(3—a*)?—2 —0.
6(3 a’) <3—a*> 0

Note that ¢(0.3) ~ —0.02 < 0, which implies that a* < 0.3. Function ¢ evaluated at «

satisfies
dla) <y(af) = M +1-— é(?, —a)?

1
= ﬂ(—'m*"’ + 42a* — 12)

1
< ﬁ(—7 x 0.3% +42 x 0.3 — 12) ~ —0.01 < 0,

where the strict inequality comes from the fact that —7a? + 42a — 12 strictly increases in «
on [0,1] and a* < 0.3. This implies that the second term of h(6/(3 —a), p, @) is negative and
therefore h(6/(3 — ), p, ) < 0.

Function h(7,p, a) strictly decreases in 7. It remains to show that function

h(T,ﬁ,a):oz(ﬁ 7—5—2(%)§> +(1-a) <W+1—2<§)3>,

N J/ N J/
Vv TV

=h1 =hsg

strictly decreases in 7 on (%, %) We show that the first and the second terms are decreasing

functions in 7 separately.

T—p/2

In what follows, it is useful to establish that % < %2(7—;5)'

By the implicit function

theorem, we have that

p (2 l1-a p—1 1—a2r—3p+1
%‘<§“‘ 2 zm)/(“ 2 zm)
2
<3

l—a p—1

2
20 2T —p 3
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First, we show that the first term of h that we denote by h; decreases in 7. The derivative

of hy (divided by «) with respect to 7 is
dh1_27—3ﬁdﬁ+ D \/?
dr 2T —pdr 27 —p 3
<§27(;—f_’/;)and§<§7><%<1,we

By multiplying % by /7 — p and using the fact that %

obtain that
dhy - 2 N\NT7—p/2 D T N
ar V7 p<(3T p) 20 —p T2 V3P
2 N\ 7—p/2 T _
S ) R T B AP
(-2t ysen

Define the function
2 —n/2
) 4 p/ + 1- %(T - p)v

((r,p) = (57 ) 2=
) and p € (1,2/37). Note that we established that %\/T —p < ((7,p). We

where (%, %
show that ((7,p) strictly decreases in 7 for all p € (1,2/37). The derivative of ((7,p) with

respect to 7 is given by
d(r,p) _ 30 =p/2) (2 p 3r-p/2)
dr 2t —p) (3 p) At =p2 2500 -p)
_sr=p/ (1 1) 2 p
27T =D <\/T—p \/§> (3 p) =

\/7/3 and that the first term is negative. Thus, we

where p < %7‘ implies that /7 —p
showed that ((7,p) strictly decreases in 7 for all p € (1,2/37). Since 7 > %p we have that,

for p = p,
dh, — . 3.

VT =P <((1p) < <§p,p> =
Thus, dhy/dr is negative and we obtain that hi (T, p, ) strictly decreases in 7 on (g, 3%)

Second, we explore the second term of h(7, p, ). The derivative of hy (divided by 1 — «)

with respect to 7 is
dhy 7\ dp T2 P 3 1 2 \/T
= — =y /=<=(1-=]—4/=x=<=—14/= :
( ) \/g<3( i) " Vax3=3 \z<"

o2 1%
dr 4 ) dr
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The first inequality holds because % < % and p < %T < 2 implying that 1 — § > 0. For the
second inequality, we use 1 —{;f <land 7> % We conclude that hs (7, p, ) strictly decreases
in 7 on (%, %)

To sum up, we have shown that function h(7,p, ), where p solves « (%7’ — p) — 1_Ta(15 —
1)v/T — p = 0, strictly decreases in 7 on (%, %); is positive at 7 = (%)1/3 and is negative

at 7 = %. Thus, there exists a uniquely defined 7(«) that belongs to <(¥)1/3 , %) and
solves " 4+ "™ — ™ = (.

27

It remains to be shown that 7(«) tends to 7 = (I)l/3 when o goes to 0. Note that p

tends to 1 when a@ — 0. By taking the limit of h(7, p, &) when a goes to 0 and 7 = 7(«), we

obtain s
ey . T(@))?
lim A(7(a),p,a) =lim | 1 —2 [ —= = 0.
a—0 a—0 3
This implies that 7(«) tends to (%)1/3 when o — 0. O

Next, we show that publisher surplus can be higher with the presence of the ad blocker.

Proposition 12. Consider the Hotelling model with quadratic transport cost and a positive

fraction of consumers using the ad blocker for a > % and ¢ € (2 + %}f—g, if—g) Then,

™ > (1 +a)7? .

Proof. Note that for a > g we have that 2 + %if—z > 4. Recall that for 2= € (4, if—g) the
profits under symmetric and asymmetric competition coincide with the model with linear

transport cost. Therefore, Proposition 9 can be applied. This concludes the proof. O]
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