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WORST-CASE EQUILIBRIA IN FIRST-PRICE AUCTIONS

VITALI GRETSCHKO AND HELENE MASS

ABSTRACT. The usual analysis of bidding in first-price auctions assumes that bidders
know the distribution of valuations. We analyze first-price auctions in which bidders do
not know the precise distribution of their competitors’ valuations, but only the mean of
the distribution. We propose a novel equilibrium solution concept based on worst-case
reasoning. We find an essentially unique and efficient worst-case equilibrium of the first-
price auction, which has appealing properties from both the bidders’ and the seller’s point
of view.

JEL classification: D44, D81, D82

Keywords: Auctions, worst-case equilibria, uncertainty

1. INTRODUCTION

Consider a bidder preparing a bid for a first-price auction. If her valuation for the
auctioned object is private and independently distributed from the valuation of the op-
ponents, the only relevant information for an optimal bid is the bid distribution of her
competitors. Ideally, the bidder has access to data from prior auctions to estimate the
bid distribution. However, many important auction environments are either one-shot or
infrequent. For example, auctions in mergers and acquisitions are usually one-shot. Spec-
trum auctions and auctions for sports rights take place infrequently in a changing market
environment. Moreover, data on prior auctions is not always revealed by the sellers.

Without data, an alternative way for a bidder to prepare for the auction is to build a
model. Within the model, she optimizes her bid against the bid distribution generated
by her competitors’ bidding strategies and the distribution of their valuations. Typical
analyses of first-price auctions assume that the distributions of valuations are common

knowledge. Bidding strategies can then be derived by assuming that all bidders choose
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WORST-CASE EQUILIBRIA IN FIRST-PRICE AUCTIONS 2

optimal bids given the valuation distributions and the other bidders’ strategies, that is,
assuming that the competitors play a (Bayes—) Nash equilibrium.

In this paper we analyze first-price auctions without a commonly known distribution
of valuations. Bidders consider all distributions of their competitors’ valuations with the
same mean and lower and upper bound on the support, as feasible. A bidder preparing
for such an auction faces two sources of uncertainty: the distribution of valuations and
the bidding strategies. Thus, the bidder cannot directly apply Nash equilibrium reason-
ing, since this merely resolves the uncertainty about bidding strategies given a unique
distribution of valuations.

We assume that the bidder resolves the two uncertainties jointly, by building a mental
model. Specifically, she first resolves the uncertainty about the valuation distribution
by choosing a feasible belief about it. To resolve the uncertainty about bidding strate-
gies, she additionally chooses a symmetric bidding strategy for her competitors. Then,
given the belief and the assumed bidding strategy, she can calculate a (hypothetical) bid
distribution for her competitors and choose a payoff-maximizing bid. We assume that
the choice of bidding strategy in the mental model is not arbitrary: we require that if
everyone were to share the beliefs of the bidder whose mental model we are considering,
the bidding strategy would form a symmetric Nash equilibrium.

Given that the set of feasible distributions is large, so is the set of feasible mental
models. To choose between mental models, a bidder prepares for the worst case: she
considers the mental model that gives her the worst possible payoff, provided that she
chooses the optimal bid in that mental model.

We take an equilibrium perspective on worst-case mental models. That is, we require
that if all bidders choose worst-case mental models and bids within their models, the
bidders best-reply to their competitors. We call the resulting equilibrium, worst-case
equilibrium.

Our main finding is a characterization of a worst-case equilibrium in the first-price
auction. In particular, we show that a worst-case equilibrium exists. The payoff of a
bidder is minimal in a mental model, in which her competitors bid as high as possible. In
this case, it is a best-reply of this bidder to also bid as high as possible. Bidders, therefore,
share the same beliefs about the strategies of their competitors in the worst-case. Overall,
existence is then a consequence of the structure of best replies in a first-price auction.

Bidders with valuations below the mean of the distribution bid their valuation, while
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bidders with valuations above the mean bid below their valuation and outbid any bidder
with a lower valuation. Thus, the worst-case equilibrium is efficient.

The worst-case equilibrium described above has several appealing properties. First, it
is unique for bidders with valuations above the mean. That is, in any other worst-case
equilibrium, those bidders must have the same beliefs and strategies. As bidders with
valuations below the mean always earn zero payoff in any worst-case equilibrium, we say
that the worst-case equilibrium is essentially unique, i.e., it is payoff unique. Second,
if a bidder bids according to the worst-case equilibrium strategy, she will outbid all
bidders with lower valuations, irrespective of the mental models they choose. Third, the
bid distributions generated from the strategies in the worst-case equilibrium coupled with
any true distribution of valuations first-order stochastically dominate the bid distributions
generated in the same way from any other mental model with an efficient equilibrium.
Fourth, from the seller’s point of view, the worst-case equilibrium maximizes revenue over
all mental models. Moreover, seller revenue in the worst-case equilibrium of the first-
price auction is higher than revenue in a second-price auction for any true distribution of

valuations.

1.1. Related literature. There are several approaches to analyzing the behavior of a
bidder whose information about the distribution of her competitors’ valuations is con-
sistent with multiple priors. One way is to model the situation as a game of incomplete
information with a non-common prior endowing the bidders with subjective beliefs from
the set of feasible distributions. A justification for such an approach is that bidders learn
equilibrium play from frequent interaction and from their observation of the empirical
bid distributions. Thus, Nash equilibrium with a correct common prior emerges as a
steady state. Fudenberg and Levine (1993) conceptualize such learning by introducing
a self-confirming equilibrium (SCE), in which a bidder’s strategy is a best response to
her beliefs about her competitors, and beliefs are consistent with observed bids. Indeed,
Esponda (2008) shows that if, in a private-value first-price auction, the seller reveals the
two largest bids, then all SCE are Nash equilibria. However, if only the highest bid is
revealed, the set of SCE is larger than the set of Nash equilibria. Similarly, Dekel et al.
(2004) show that without a common prior, not all SCE are Nash equilibria. Moreover,
learning takes time; thus, SCE is not a good approximation for infrequent or one-shot

auctions.
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Another strand of the literature assumes that bidders are ambiguity-averse and have
maximin preferences. They evaluate each bid with respect to their competitors’ strategies
and the valuation distribution that gives them the worst payoff given their bid (Bose et al.,
2006; Bodoh-Creed, 2012; Di Tillio et al., 2016; Lang and Wambach, 2013; Lo, 1998).
For example, Auster and Kellner (2020) analyze the Dutch auction with ambiguity and
ambiguity-averse bidders. They use maximin preferences to evaluate bidding strategies.
To account for the dynamic setting, they assume prior-by-prior updating of the beliefs,
which may lead to dynamic inconsistencies. Thus, ambiguity aversion solves the problem
of a multiplicity of priors by focusing on the maximin, giving rise to sharp predictions
about bidding behavior. By contrast, in this paper we consider Bayesian bidders who
maximize expected utility within their mental models. Thus, our contribution is to
provide a useful solution for first-price auctions under ambiguity without dropping the
assumption of expected utility maximization.

Knightian preferences, as introduced by Bewley (2002), have recently been used in the
analysis of auctions (Chiesa et al., 2015). In particular, Kogyigit et al. (2020) introduce
the concept of a Knightian Nash equilibrium. A profile of strategies constitutes a Knigh-
tian Nash equilibrium if, given the bidding strategies of her competitors, the equilibrium
bid of a bidder yields a higher payoff than any other bid coupled with any of the fea-
sible beliefs about her competitors’ valuation distributions. Knightian Nash equilibria
are not necessarily unique. Kogyigit et al. (2020) sidestep this issue by analyzing the
equilibrium that gives the lowest seller revenue. Thus, their analysis can be viewed as a
robustness analysis for different mechanisms. By contrast, we take the viewpoint of the
bidders rather than that of the seller. Our worst-case concept yields an essentially unique
equilibrium.

All the papers described above consider uncertainty only with respect to valuations,
not with respect to strategies. Three papers also consider first-price auctions with strate-
gic uncertainty: Kasberger and Schlag (2020), Kasberger (2020), and Mass (2020). They
derive strategies that minimize the maximal loss for any admissible strategy of the com-
petitors. However, unlike in our work, the resulting strategies do not form an equilibrium.

Bergemann et al. (2017) analyze the first-price auction when the seller is uncertain
about the distribution of the bidders’ valuations. Bidders have a common prior and
know the information structure. Bergemann et al. (2017) derive bounds on the seller

revenue under any information structure among the bidders. In Bergemann et al. (2019)
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the authors extend their results to all standard auctions. In contrast to their work, we
do not assume that the bidders have a common prior or analyze the seller’s problem.

A recent literature focuses on the problem of a mechanism designer who does not have
precise beliefs about the participants in the mechanism. The papers in this literature
either assume that the participants in the mechanism have a common prior (Azar et al.,
2012; Bergemann et al., 2017), analyze mechanisms with a single participant (Bergemann
and Schlag, 2008, 2011; Carrasco et al., 2018; Carroll, 2015; Pmar and Kizilkale, 2017),
or focus on dominant-strategy incentive-compatible mechanisms (Allouah and Besbes,
2020). All of them sidestep the issue of how participants behave if they face uncertainty
about their competitors. By contrast, we focus on bidder behavior under uncertainty
and provide a solution concept for such situations. However, we do not consider optimal
mechanism design; rather we focus on the first-price auction.

The idea that bidders form a valuation-dependent belief and best-reply to their com-
petitors’ strategies given this belief within a mental model is related to the work of
Gagnon-Bartsch et al. (2021), who consider bidders with beliefs biased toward their own
valuations. This assumption captures the idea that bidders overestimate how similar their
tastes are to others’. In Gagnon-Bartsch et al. (2021), each bidder forms a mental model
by assigning her own biased belief to all of her competitors, who she assumes play a Nash
equilibrium in this hypothetical game of incomplete information. Unlike in our work, the
bidders’ beliefs about their competitors’ strategies are not generically correct. However,
the authors find, as we do, that the first-price auction generates a higher revenue than

the second-price auction.

2. MODEL

2.1. Environment. There are n risk-neutral and ex-ante symmetric bidders compet-
ing in a first-price sealed-bid auction for one indivisible object. Before the auction
starts, each bidder i € {1,...,n} = [ privately observes her valuation 6, € © =
{0=04,0%...,0m 1 1=0m}, with 0¥ > 6" for k > [. For any vector (vy,...,v,) we
denote by v_; the vector (vi,...,v;_1,0i11,...,v,). The valuations are independently
distributed with a common distribution. We call this distribution the true distribution
of valuations; we assume that it is unknown to the bidders. However, it is common

knowledge that the mean of this distribution is u. Hence, every bidder knows that the
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probability mass function of a bidder’s valuations is an element of

]—"u—{f:@—>[0,1] yif(ek)—mm ie’ff(e’f)—u}.

k=1 k=1
In other words, F,, is the set of all probability mass functions over the set © with mean
1. We focus on the symmetric case. That is, from the point of view of a bidder, all her
competitors have the same distribution.

The assumption that the mean characterizes the set of feasible distributions is fre-
quently used to analyze mechanisms under uncertainty about the distribution of valu-
ations (distributional uncertainty). (For example, see Carrasco et al. (2018), Wolitzky
(2016), Azar and Micali (2013), or Pmar and Kizilkale (2017).) There are several ways
in which this assumption is interpreted in the literature. First, bidders may have only
a limited amount of data for a non-parametric estimation of the true distribution. Sec-
ond, bidders may acquire information about their own valuations before the auction and
may be uncertain about each other’s information acquisition technologies. Third, the
restriction of the set of possible distributions may be viewed as what makes the prob-
lem interesting. Fourth, bidders may learn that their competitors’ valuations lie in some
neighborhood, but may not be able to quantify the error.

In a first-price auction, the bidders submit bids b € R*; the bidder with the highest
bid wins the object and pays her bid. Ties are broken in favor of bidders with higher
valuations (efficient tie-breaking). Thus, the payoff of bidder i with valuation 6; and bid

b;, given that the other bids are b_; and valuations are 6_;, is denoted by

Gi —b; if b; > max bj,
J#
HZ- —b; if b; = max bj and 01 > max{ej | bj = bl},
J#i J#1
u (927 9_2‘, bi, b_z) =<0 if b; = max bj and 01 < max{ej | bj = bl},
J#i J#1
0 if b; < maxb;,
\ J#i

where 6; denotes the valuation of bidder j with bid b; for j € {1,...,n} and p = #{j |
0, =0, Nbj =b;}.

We assume an efficient tie-breaking rule, since this simplifies notation. With a random
tie-breaking rule, all results are similar; the main difference is that we need to assume a

discrete bid grid (which may be arbitrarily fine) in order to ensure equilibrium existence.
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With such a bid grid, the equilibrium strategies and beliefs under a random tie-breaking
rule differ from those under an efficient tie-breaking rule by at most one step in the bid
grid.

A symmetric (mized) strategy B maps each bidder’s valuations to a distribution of bids:

5:0 = ART

0" — B (0) = Gy,

where AR™ is the set of all cumulative distribution functions on R*. G}, denotes the
cumulative distribution function of bids from a bidder with valuation §*. That is, G} (s)
is the probability that a bidder with valuation 6% bids s or lower.

A pure strategy for a bidder with valuation 6 is a mapping

B:0 =R

0" — B (6")

from the set of valuations to the set of bids. A pure strategy can be interpreted as a
distribution of bids that puts probability weight 1 on a single bid. These definitions
involve an abuse of notation, since in the case of a pure strategy, (0’“) denotes an
element in R*, while in the case of a (mixed) strategy, (9'“) denotes an element in
ART. However, in the following, it will always be clear whether 3 is a pure or a mixed
strategy. In addition, we use the notation G} instead of S(6%) in the case of mixed

strategies.

2.2. Worst-case mental models. To choose a bid, a bidder builds a mental model of
the situation. A mental model is a vehicle for a bidder to form a belief about the bid
distribution of her competitors and choose an optimal bid. For her mental model, bidder
i with valuation 6* chooses a feasible belief f* € F, about her competitors’ valuations.
To reason about her competitors’ behavior, she assumes that they employ a symmetric
bidding strategy 3. Given the belief f* and the assumed bidding strategy /3, bidder i can
calculate a (hypothetical) bid distribution for her competitors and thereby determine the
expected payoff of each bid she may place.

Denote by l;f the random variable representing the bid of bidder j # ¢ given . That
is, Prob(b] < s) =S, f*(¢')Gi(s). Denote by 6_; the random vector of the valuations
of bidders other than bidder i. The expected payoff of bidder i with valuation 6%, belief
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f*, and bid b, given that her competitors employ the symmetric bidding strategy 3, is
then given by

U (0% 15,0 8) =B o |u(0%,05,0,0%,)]
The bidder can now choose a bid b to maximize U ((9’“, fF.u, ﬁ)

In a mental model, the bidder does not choose an arbitrary symmetric § for her com-
petitors. The chosen bidding strategy [ reflects that for all possible valuations the com-
petitors also best-reply to 3 and a feasible belief. Thus, a bidder with valuation #* not
only chooses a feasible belief f* about the valuations of her competitors but also assigns
a belief to every valuation. If these beliefs are the same across bidders, S constitutes

a symmetric Nash equilibrium. Formally, a bidder building a mental model considers a

mapping

©:0 = F,

6 — f!

assigning to each valuation 6! a feasible belief ¢(6') = f!, describing the symmetric and
valuation-dependent belief of all bidders. Denote by G, = (I,R", ¢, u) the resulting
game of incomplete information. Note that the beliefs are the same across bidders but
not necessarily the same across valuations. That is, bidder ¢ and bidder 5 with valuation
0% will have the same belief, but bidder 7 will not necessarily have the same belief with
valuation 6% as with valuation #'. The assumption that every bidder maximizes her utility

given these beliefs yields that 3 is a symmetric Nash equilibrium in G,.

Definition 1. A bidding strategy [ constitutes a symmetric Nash equilibrium in undom-
inated strategies of G, if for every k € {1,...,m}, and for every bid b € supp (5(9’“)), it
holds that

b € argmax U (Hk,go(ek),l;, 5) . and b < 6",

beR+
We call B an efficient equilibrium if for all 0%, 6' € © with 0% > ', for all b €
supp (ﬁ(@k)), and for all ¥ € supp (ﬁ (9’)) it holds that b > V. Together with the
efficient tie-breaking rule, an efficient equilibrium implies that the bidder with the highest

valuation will win the object in equilibrium.

Any bid strictly above the own valuation induces a payoff of at most zero and is
therefore weakly dominated by bidding the valuation. Allowing for dominated bids may

lead to implausible equilibria. For example, a bidder with a valuation strictly below u
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can believe that all other bidders have a strictly higher valuation. In this case, there
exist equilibria, in which such a bidder wins with probability 0 when placing a bid above
her valuation. To simplify exposition, in what follows we write “Nash equilibrium” as
shorthand for “Nash equilibrium in undominated strategies”.

We define a mental model as a (hypothetical) game of incomplete information with

beliefs ¢ and a Nash equilibrium S of this game.

Definition 2. A pair (G, 8) is a mental model if B is a Nash equilibrium of G,. If B is
an efficient equilibrium, we speak of a mental model with an efficient equilibrium.

Denote by U* (G, B) the equilibrium expected payoff of a bidder with valuation 0% in
(Ge, B); hat is, U (G, B) = U (6, (6%), 8(6), B).

Given that the set of feasible beliefs F), is large, so is the set of feasible mental models.
To choose between mental models, the bidder prepares for the worst case. That is, she
is pessimistic and constructs a mental model that gives her the worst possible expected

payoff given her valuation and provided that she best-replies in her mental model.

Definition 3. A mental model (Gyw, "), is a worst-case mental model for a bidder with
valuation 0% for k € {1,...,m} if

u* ((gcpwv 6w)k) = min U* (G, B)

(Gp,B) is a mental model

that s, if the mental model minimizes the bidder’s expected payoff among all mental

models.

Worst-case mental models are not necessarily unique, as a bidder with a valuation 6%
may achieve her worst payoff in different mental models. Moreover, the worst case is
defined with respect to the bidder’s valuation. Thus, bidders with different valuations

may, in principle, arrive at different worst-case mental models.

2.3. Worst-case equilibria. Up to this point we have takenn the perspective of a single
bidder building a mental model of the situation, conditional on her valuation, making
certain assumptions about her competitors. In particular, she assumes beliefs for her
competitors, that they choose a symmetric bidding strategy, and that this bidding strat-
egy forms a Nash equilibrium given the beliefs. The bidder is pessimistic and constructs
a worst-case mental model.

Next, we take an equilibrium perspective on worst-case mental models. That is, we

require that if all bidders choose worst-case mental models and bids within their models,
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the bidders best-reply to their competitors. As bidding strategies within mental models
constitute a Nash equilibrium, this can be achieved by requiring that all bidders choose

the same worst-case mental model.

Definition 4. A mental model (G,+, ") is a symmetric worst-case equilibrium if it is
the worst-case mental model for all 0% € ©. That is, it minimizes the expected payoff over
all mental models (G, B) for all valuations:

(gw B ) min u* (ngﬁ)-

(Gp.B) is a mental model

Worst-case equilibrium captures the idea that all bidders assume that they prepare for
the auction in the same way, that is, by considering worst-case mental models given their
valuations. The worst-case equilibrium is not self-defeating: if bidders were informed
about all of their competitors’ beliefs and bidding strategies, they would not change their
bids.

Definition 4 differs from Definition 3 in that the equilibrium worst-case mental model
does not depend on the bidders’ valuations. Bidders with all valuations choose the same
worst-case mental model. Therefore, as bidding strategies within a mental model form a
Nash equilibrium, all bidders best-reply to their competitors’ bidding strategies.

It is not straightforward that a worst-case equilibrium exists, since bidders with dif-
ferent valuations could obtain their worst payoff in different mental models. A more
permissive equilibrium definition would merely require that each bidder best-replies to
the bidding strategies of her competitors given her beliefs in some worst-case mental
model. Such a definition would allow bidders with different valuations to choose differ-
ent worst-case mental models as long as each bidder best-replies to her beliefs and the
strategies of the other bidders. However, as we will show below, a worst-case equilibrium
in the sense of Definition 4 always exists, and therefore it is not limiting to require all
bidders to choose the same worst-case mental model.

We illustrate the concept by means of a simple example.

% 1} and a set of feasible
108 fo=1(0,5,5)}. This
a bi

dder with valuation 0

Example 1. Consider two bidders with valuations © = {0,
probability mass functions containing two functions {f, = (%
set-up leads to 2° = 8 different mental models. However, as
always bids 0 in any mental model, only 4 of the models lead to different behaviors and
thus different payoffs. Consider first the mental model in which ¢(0) = f,, ¢(3) = fa, and

(1) = f,, which results in a standard symmetric first-price auction with a common belief
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fa- The unique symmetric Nash equilibrium bidding function has the following properties.

A bidder with valuation 0 bids 0, a bidder with valuation % mizes her bids on [0, %], and

a bidder with valuation 1 mizes her bids on [%, %] The expected payoffs of the bidders are

0 for a bidder with valuation 0, % for a bidder with valuation %, and i for a bidder with

valuation 1.

The beliefs and the payoffs in the three other relevant mental models are

SD:(fd?fb?fa), UOIO, U%:O, Ulz%’
\ 1

SO:(fd?fb?fb), UOZO, U§:07 Ul:Z’
0= (Farfurfi), U =0, Ub = —, U =1

asJas Jb)s s 16’ 3

For a bidder with valuation 0, each of these mental models is a worst-case mental model.
For a bidder with valuation 5, the models with ¢ = (fa, fo. fa) and © = (fa, fo, [5) are
worst-case mental models. For a bidder with valuation 1, the model with o = (fu, fo, fa) s

a worst-case mental model. Thus, the worst-case equilibrium in the example is the mental

model with o = (fa, fo, fa)-

For our general set-up, we show below that a worst-case equilibrium exists (Proposi-
tion 1). It is efficient and unique for bidders with valuations above the mean (Proposi-
tion 2). Moreover, the worst-case equilibrium has some appealing properties compared
with other mental models a bidder might consider. If a bidder bids according to the
worst-case equilibrium bidding strategy, she will outbid all bidders with lower valuations,
irrespective of the mental models they choose (Proposition 3). The bid distributions
generated from the strategies in the worst-case equilibrium and some true valuation dis-
tribution first-order stochastically dominate the bid distributions generated in the same
way from any other mental model with an efficient equilibrium (Proposition 4). From the
point of view of the seller, the worst-case equilibrium maximizes revenue over all mental
models. Moreover, seller revenue in the worst-case equilibrium of the first-price auction
is higher than revenue in a second-price auction for any true distribution of valuations

(Proposition 5).

3. WORST-CASE EQUILIBRIUM OF THE FIRST-PRICE AUCTION

In this section, we characterize the beliefs and strategies in a worst-case equilibrium and

show that it is essentially unique. We denote by by, Z_)Z] the support of the bid distribution
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of a bidder with valuation 6* in the worst-case strategy 3*. We denote the worst-case
belief of a bidder with valuation 6% by ¢* (0%) = f& = (f**(6"),..., f&*(6™)). More
generally, for any belief ¢ we use the notation ¢ (Hk) = fk = (fk 0Y),..., f* (Qm)) with
f¥(#") denoting the probability that a bidder with valuation 6% assigns to one of the
other n — 1 bidders having a valuation 6'.

We start with a heuristic construction of the equilibrium to explain the underlying
intuition. We proceed in two steps, considering (i) bidders with valuations below p and
(i) bidders with valuations above p. To organize the argument and highlight the main
insights we will present “observations” without formal proof. At the end of the section
we will summarize the results in our main proposition, Proposition 1. The formal proof
of the proposition can be found in the appendix.

(i) Bidders with valuations below . If a bidder’s valuation is below the mean, it is feasible
for her to believe that she has the lowest valuation. In any equilibrium with such a belief,
the bidder places a bid equal to her valuation. In this case, she earns a payoff of zero
in equilibrium. Therefore, the belief that one has the lowest valuation must lead to the
worst case. To calculate a feasible belief for bidders with valuations 8% < y, consider 67,
the lowest valuation strictly greater than p. The belief that puts strictly positive weight
only on 0¥ and #* induces a best reply of j3 (9’“) = #* in every mental model, i.e., for

0¥ < p it holds that b, = by = 6*. The probability weight is determined by the equations
fk,* (ek) + fk:,* (ez) — 17

The unique solution is given by

0% — i

fk,* (ek) — - 9k7

Observation 1. Whenever 0% < u, the worst-case bidding strategy is 3* (Hk) = 0F. Let
0% denote the lowest valuation strictly larger than u. A worst-case belief is

fk,* (ek) _ 0* — 2

ez_gk:’

p— 0"
Qz_ek’

o (07) = o (0" =0 for alll # k, z.

(i) Bidders with valuations above p. Now consider the belief and bidding strategy of a
bidder with valuation 6% > p. It is infeasible for such a bidder to believe that she has
the lowest valuation. Thus, she earns a positive payoff in any mental model. We will

show below that bidders whose valuation #* is above u play a mixed strategy without
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atoms on the interval [bz,l_);;] according to a continuous bid distribution Gj. Given the
bidding strategy, there are two levers to minimize a bidder’s payoff: reducing the winning
probability and increasing the best reply to her competitors’ equilibrium bid.

To minimize the winning probability, it is optimal to maximize the probability weight
on 0% while respecting that the expected value of the valuations is p. To see that this
minimizes the equilibrium payoff of a bidder with valuation 6%, observe that in a mixed-
strategy equilibrium, she is indifferent between all bids in her bidding interval. In par-

ticular, her equilibrium payoff is
(fk:,* 0" + -+ s (9k—1))n—1 (9kz _ 1_71:_1> ‘

This expression is minimized given p if the probability weight on #* is maximized in
her belief. Putting probability weight on types higher than % would require an increase
in probability weight on types below #* in order to preserve the mean. However, if
we simply maximized the probability weight on 6%, we would distribute the probability
weight between valuations #* and 0. This would cause a bidder with valuation 6% to
bid zero. Thus, to increase the best reply, the worst-case belief should put just enough
probability weight on valuations strictly below #*. This is achieved by making a bidder
with valuation 0% exactly indifferent between her equilibrium bids and the bids of the
bidders with valuations lower than 6. This observation leads to the following system of

equations.

Observation 2. The conditions
k k
SO =1 and Y fF(0) 6 =p
=1 =1
and the equations
k—1 n—1 ~
w (Xrm) (i)
=1

h n—1
(ka(6”>> (6”“—1_)2) forallhe{l,... k—2}
=1

constitute a system of linear equations. The worst-case belief (fk* 0Y), ..., fr~ (6””)) S

the unique nonnegative solution to this system.
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It remains to characterize the bidding functions and their support. The upper endpoint

of the bidding interval of a bidder with valuation #* is obtained from the equation
(fk* (91) RS fk* (‘gk_l))n—l (9’“ . 5;’271) — ok _ E;

Recall that bidders with valuations below g bid their valuation. Thus, we can calculate
the endpoints of the intervals inductively, starting with bidders with valuation 0. In
particular, the system of equations in (1) depends only on the bid intervals of bidders
with lower valuations. Thus, there is no circularity between beliefs and bid distribution
in the derivation. The bid distribution G7j is defined to be such that every bidder with
valuation 6" is indifferent between every bid in her bidding interval given her belief and

the other bidders’ strategies; i.e. for every s € [b,_,,b,] it holds that

(£ (01) 4 2 (0F71) + £5 (0%) G (o))" (0F =) =
(F55 (0") + -+ f2 (0 )" (05 = b;_,) -

Rearranging yields our last observation.

Observation 3. For every s € [b,_,,b,], Gi(s) is given by

1

(Fo5 (1) + ...+ o (041)) ((ek = 5,*;_1)"1‘1 — (0% — s) n—l)
£ (6) (8% — 5) 7 |

(2)  Gils) =

That s, the bid distribution and l_)z make a bidder with valuation 6% indifferent between

all bids in [0}, by).
We are now in a position to state our main proposition.

Proposition 1. The mental model (G,~, 5*) constitutes a symmetric worst-case equilib-

rium of the first-price auction. It holds that

o 3 (0%) = 0% whenever 6 < i, and
o 3% (6%) = Gy whenever 6% > p.

That 1is, all bidders with valuations below p bid their valuation, and all bidders with
valuations above p play a mized strategy on the interval [QZ,I_)Z] with by, = 5:71, according
to a continuous bid distribution Gj, given by equation (2). In particular, the worst-case

equilibrium is efficient.
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Let 0% > i be the lowest valuation strictly larger than . A worst-case belief of a bidder
with valuation 0% < p is given by

0% —
ez_ek’

p— 6"
ez_ek’

(%) = R (07) = fE(0") =0 for all 1 # k, 2,
while that of a bidder with valuation 0% > i is given by

(0" >0 foralll <k, f5*(6") =0 for all l > k,
with fk* (91) for 1 < k being the unique solution to the system of equations (1).

All proofs can be found in the appendix. We illustrate the worst-case equilibrium with

two bidders for © = {0,0.25,0.5,0.75,1} and p = 0.5 in Table 1.

Valuation fo*  fods fos fors i Bid
0 £ 0 0 2 0 0
0.25 o 4+ 0 5 0 :
0.5 o 0 1 0 0 :
0.75 2 L 2 X 0 Gop=(12—24s)(20s — 15)"" on [3, 2]
1 = 2 B 8 2 G = (162—2645)(89s — 89)~! on [27, 2]

TABLE 1. Worst-case equilibrium with two bidders for © =
{0,0.25,0.5,0.75,1} and pu = 0.5.

4. PROPERTIES OF THE WORST-CASE EQUILIBRIUM

In this section, we derive several properties of the worst-case equilibrium. We argue
why these properties are appealing and reinforce the worst-case equilibrium as a solution
concept. A solution concept is most useful if it selects a unique equilibrium. Thus, we

start by showing that the worst-case equilibrium is unique in the following sense.
Proposition 2. For any mental model (G, 3) such that for all1 <k <m

(3) U*(Gp, 8) = U* (e, B7)

it holds that ((9’“) = [ ((9’“) and ¢ ((9’“) = * ((9’“) for all % > p.

The worst-case equilibrium yields unique bidding strategies and unique beliefs for all
bidders with valuations above the mean. For bidders with valuations strictly below the

mean, there are several beliefs and strategies that induce the worst-case payoff of zero.
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In particular, if such a bidder believes that the lowest possible valuation in her mental
model is strictly larger than her own valuation, many different bidding strategies can
constitute an equilibrium. One can get rid of this multiplicity by assuming that a bidder
needs to place a positive probability on her own valuation in her mental model. In this
case, in every worst-case equilibrium a bidder with a valuation below the mean believes
that her competitors with the same valuation bid their valuation; otherwise she would
not obtain the worst-case payoff of zero.

In what follows, we first compare the mental models that arise as part of the worst-case
equilibrium to all other potential mental models. We then restrict attention to mental
models with efficient Nash equilibria. We close the section by considering properties of

the worst-case equilibrium from the point of view of the seller.

4.1. Comparison to all potential mental models. If the bidder is uncertain whether
she has constructed the correct mental model, she may want to make sure that she will
at least win the object whenever all her competitors’ valuations are lower than hers. This
is an appealing property. Ex post, a bidder may be remorseful after losing to a bidder
with a lower valuation, as she could have imitated that bidder’s strategy ex ante and won
the auction. Losing to bidders with a higher valuation is different, because the imitation
of their strategies is not always feasible. The following proposition establishes that if a
bidder follows the bidding strategy from the worst-case equilibrium, she will win against
all competitors with lower valuations, even if her competitors follow bidding strategies

from other mental models.

Proposition 3. For any mental model (G, B), it holds for all 6%,0' € © with 6% > ¢',
for all b € supp (ﬁ* (9’“)), and for all b’ € supp (ﬁ (91)) that

b>b.

That is, if each of the competitors bids according to the bidding strategy in some mental
model, a bidder who follows the strategy from the worst-case equilibrium always outbids

all bidders with lower valuations.

To establish the result, we demonstrate that the upper bound of the support of the
bidding strategy for each valuation is weakly higher in the worst-case equilibrium than
any other mental model. We arrive at the result because the worst-case equilibrium

is efficient and the upper bound of the bid support of a bidder with valuation 67! is
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equal to the lower bound of the bid support of a bidder with valuation 6*. Moreover,
this shows that the worst-case equilibrium is, in a sense, the unique mental model that

satisfies Proposition 3.

4.2. Comparison to mental models with efficient equilibria. In this section, we
compare the worst-case equilibrium to other mental models with efficient equilibria. Re-
stricting our attention to efficient equilibria allows us to derive sharper results about the
worst-case equilibrium. The focus on efficient equilibria is similar in spirit to the earlier
restriction to symmetric Nash equilibria: to narrow down the possibilities when building
a mental model, a bidder may reasonably conjecture that her competitors will choose
from efficient equilibria.

We focus on the empirical bid distributions that arise from equilibrium bidding strate-
gies in the mental models and the true valuation distribution. As we show in the follow-
ing proposition, the worst-case equilibrium generates a bid distribution that (first-order
stochastically) dominates any bid distribution generated by any efficient equilibrium bid-

ding function and any true valuation distribution.

Proposition 4. For every mental model (G, B) with an efficient equilibrium and every

f=(f(0Y),....f (™) € F,, denote by
(4) Bl(s) = f(0") Gi(s) + ...+ f (0™) G(s)

the empirical bid distribution generated if bidders bid according to B and the true valuation
distribution is f, where Gy, is the bid distribution of a bidder with valuation 6% for all

1 <k <m. It holds that B]Be* first-order stochastically dominates B?.

We show that the bid distribution of every valuation in the worst-case equilibrium
bidding strategy (* hazard-rate dominates the bid distribution in the bidding strategy
g of any other mental model. First-order stochastic dominance follows directly for the
respective empirical bid distributions evaluated at the same true valuation distribution.

There are mental models that lead to inefficient equilibria of the first-price auction. If
we allow for inefficient equilibria, there is no result similar to Proposition 4. In particular,
there exist inefficient equilibria and true valuation distributions such that the worst-case

equilibrium bid distribution does not dominate the empirical bid distribution in those
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equilibria. However, for any inefficient equilibrium, there exists a true valuation distribu-
tion such that the worst-case equilibrium bid distribution dominates the bid distribution

in that equilibrium.

4.3. Properties from the seller’s point of view. Now, taking the viewpoint of the
seller, we compare the revenue from the worst-case equilibrium with the revenue of a
first-price auction in any other mental model, as well as with the expected revenue of the
second-price auction. Revenue is a function of the true valuation distribution and the
bidding strategies of the bidders. That is, for a true valuation distribution f and bid-
ding strategies [, define n independent random variables By, ..., B, with B; distributed
according to B? . Denote by By the first order statistic of By,...,B,. The revenue
in a first-price auction is given by E[B(;)]. In a second-price auction, we focus on the
dominant-strategy equilibrium, in which bidders bid their valuations. In this case, the
revenue is the second order statistic of the valuations implied by the true valuation dis-

tribution f.

Proposition 5. Let (G, 5) be a mental model with an efficient equilibrium. The revenue

in the worst-case equilibrium of the first-price auction is higher than

(1) the revenue generated in (G, B) in a first-price auction and

(i) the efficient equilibrium of the second-price auction.

The revenue comparison is a direct consequence of Proposition 4: if the bid distribu-
tion of the worst-case equilibrium dominates the bid distribution that arises from any
mental model with an efficient equilibrium, the worst-case equilibrium also generates
higher revenue than any other profile of mental models with an efficient equilibrium. The
comparison with the second-price auction works in a similar fashion. In a second-price
auction, it is a weakly dominant strategy to bid one’s valuation. Thus, the revenue of the
second-price auction is independent of the bidders’ beliefs but is determined by the true
distribution of valuations. However, if every bidder in the first-price auction has the true
distribution as her belief, the resulting mental model is revenue-equivalent to the efficient
equilibrium of the second-price auction. Again by way of Proposition 4, this equilibrium

must yield a lower revenue than the worst-case equilibrium.

5. CONCLUSION

We analyze first-price auctions with bidders whose information about their competitors

is consistent with all distributions having the same mean. To deal with such uncertainty,
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we introduce the notion of a worst-case equilibrium, which is based on the idea that
bidders build mental models of the situation and are pessimistic. If all bidders reason in
the same way, they evaluate the situation with the same mental model.

Our results can be extended to the case in which the bidders’ information is consistent
with all distributions satisfying E(h(f)) = u as long as h is a strictly increasing function.
In particular, the results can be extended to the case where the bidders’ information is
consistent with some moment of the distribution other than the mean. In such a case,
there is a threshold, depending on h and pu, such that bidders with valuations below this
threshold bid their valuation. The proofs for this case follow the same steps as the proofs
of our original results, from which they can easily be adapted.

The notion of a worst-case equilibrium can be adapted to any game of incomplete
information. We chose the first-price auction because it is arguably a leading example of
a game of incomplete information, appearing widely in the literature and textbooks. An
interesting question for further research is which games of incomplete information admit

a worst-case equilibrium.
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6. PROOF OF PROPOSITION 1

The proof proceeds through four lemmas. Lemma 1 shows that the system of linear
equations defining the worst-case beliefs has a unique solution. Lemma 2 establishes that
the proposed strategies form a Nash equilibrium. Lemma 3 introduces a useful technical
tool for the proof that the proposed equilibrium is worst-case. Lemma 4 establishes that

the proposed equilibrium is worst-case.

Lemma 1. For every 0% > p, the system of linear equations defined by (1) and

k k
D) =1 and (06 =
I=1 I=1

has a unique solution. In the unique solution, all coordinates are strictly positive.

Proof. We show for every 0¥ > 1 that the matrix corresponding to the system of equations
has rank k, by applying Gaussian elimination and obtaining a row echelon form. The

conditions in (1) can also be summarized as

(fk,*(91)+”.+ ke Qh <” 1/9k_bh "=/ gk _bh+1) Ji ) "{/0'6—5’,;“:0

for all h € {1,...,k —2}. In order to obtain an upper triangular matrix, we eliminate
the variables f5* (6%),..., f** (6*). We eliminate the variable f** (6*) by multiplying

the equation

k
ka,* (Ql) -1
=1
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by —#* and adding it to
k

ka,* (0[) el =1
1=1
Multiplying the resulting equation by —1 gives

k—1

ka* (Ql) (Qk . el) — gk — 1,

=1
which eliminates the variable f** (§*). Moreover, the coefficients (§* — 6') are strictly

positive. Next, we use the transformed conditions given by

(F57(07) -4 27(0") (”i/@k—bh Yo bh+1) RO "R 0 = by =0

forall b € {1,...,k — 2} to eliminate the variables f** (6%),..., f** (6*71). We show by
induction that in every elimination step all coefficients are strictly positive. In particular,
this implies that none of the coefficients is equal to zero. We therefore obtain an upper
triangular matrix after applying Gaussian elimination. We start the induction by showing
that in the equation that is obtained after eliminating f** (9’“’1), all coefficients are
strictly positive. The variable f** ((9’“_1) is eliminated by multiplying the condition
given by

(fk,* (91) bt fk,*wkq)) < n71/9k _ 5272 _ gk _ 521> — fhx (91%1) nfl/(gk — [_9271 =0

by the factor
9k _ Qk—l

n—1 lek _ l_)z_l
and adding it to the equation

k—1

ka,* (91) (ek _ 91) Sy

=1

This gives the equation

k—2 k-2 (0 —0"1) ( "0 =By, — "0k — 1_72_1)
Z fk,* (0l> <0k _ 0l)+z f‘k,* (el) _ gk_M7
=1 =1 "0k —b,

where all coefficients are strictly positive. Now, turning our attention to the induction

step, we assume that the variables f** (Gk_l) o fR ((9’”“1) have been eliminated and
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that in the resulting equation
h

chfk,* (91) _

1=1
all coefficients ¢ and ¢; for 1 <[ < h are strictly positive. Now we have to eliminate the

variable f**(9") using the condition

(F5 (0") + -+ f22 (0" ) (”\l/ek—bhl "i/@’f—") FR0") O =Ty =0,

We multiply this equation by the factor
Ch
"\/0F — b,

and add it to the equation

h

(5) Z lek’* (91) =c

=1

This gives the equation

. he1 cn ( Ok =B, — "N/ Ok — E;)
(6) Y@ e+ (o) -
=1 =1 "\ OF — b;

in which all coefficients are strictly positive. We conclude that the system of k linear

267

equations with £ variables given by

k

ka,* (91) —1,

=1

h nl
(ka,* (91)> (9’“_52) forall h e {1,...,k —2}

=1

can be rearranged into a system of linear equations such that the resulting matrix has
rank k, and therefore this system of equations has a unique solution.

We use an inductive argument to show that all coordinates in the unique solution

are strictly positive. Since, in the linear equation obtained after performing Gaussian
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elimination, all coefficients are strictly positive, it holds that f** (1) is strictly positive.
Assume it has been shown that f** (6'),..., f&* (§"~!) are strictly positive. It follows

from (5) that
h—1

™ (0") =c= > aft (0.

1=1
Since we have already established that ¢, is strictly positive, we need to show that

h—1
c— Z aft (Ql) > 0.
=1
It follows from (6) that

h—1

h—1
c— chfk,* (91) _ ka,* (91) a
=1

=1
h—1 ch ( "1/ 0k — 52_1 — niyl/ ok — EZ) h—1
+ Z fk;,* (0l> — o chfk,* <9l)
= ok

=1

ch ( Y L R VAL BZ)
fk,* (el)

n=1/nk 7*

>

-1

> 0,
l

where the last inequality follows from the induction hypothesis. We conclude that all

coordinates in the unique solution are strictly positive. U

Lemma 2. The bidding strategy [5*, as specified in Proposition 1, constitutes a Nash

equilibrium of the first-price auction given by G- .

Proof. We have to check for every valuation #* € © that there does not exist a bid
b ¢ supp (G}) that induces a higher expected payoff for a bidder with valuation 6% than
the equilibrium payoff. Fix a valuation §*. If ¥ < u, bidding above the equilibrium bid,
0% is not feasible since it implies bidding above the own valuation. Bidding below 6*
does not constitute a profitable deviation since in the belief of a bidder with valuation
0%, the lowest bid placed by her competitors with positive probability is 6. If 6% > u, we
will consider three different sets of possible bids outside the support of Gj.

First, we consider all bids above the upper bound of the support of Gj. Let b > EZ.
Since fF* (91) =0 for all [ > k, it holds that

U (0%, 0 (0%),0,8%) = 6" —b < 6" — b, = U" (G-, 5").
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Thus, bids above the upper bound of the support of G can be excluded as deviating
bids.

Second, we consider all bids of the form 5; for I € {1,...,k}. By construction of the
worst-case equilibrium, £* makes a bidder indifferent between all these bids and the bids
in the support of G}, as can be seen in (1). Thus, none of the bids of the form b, induces
a higher expected payoff than the equilibrium payoff. Third, we can exclude bids b with
0t =B (671) < b < B*(0") =0 for 0 < 6 < p, since there is no probability mass
between 8*(6'~1) and 8* (¢').

Finally, we consider bids b € (l;;_l,l_);k> for | < k and 6" > p, i.e., bids that are in the
bidding interval of a bidder with a strictly lower valuation but are not endpoints. We will
proceed in two steps. First, we show that the payoff from bidding b € <5;_1,5;> has a
unique critical point. It then follows that the payoff from bidding b is either less than (or
equal to) the payoff from bidding b, ,, for all b € (7)771,57» or greater than (or equal to)
the payoff from bidding b,_,, for all b € (5;71,1_)7) . This is a direct consequence of the fact
that the payoff from bidding l_);;l is the same as the payoff from bidding l_); and the payoff
function has a unique critical point. Second, we show for a particular b € (57_1,5;> that
the payoff from bidding b is less than or equal to the payoff from bidding 57_1 or 57.

We start by showing that the payoff from bidding some b € (5:_1,l_7;<> has a unique
critical point. The payoff for a bidder with valuation % from bidding b € (l_);_l,l_);k> is

(7) (F55 (01 oo 27 (071 S (6) G (0)" (6" = b))

The payoft as a function of b is continuous on [57_1,5;} and differentiable on <l_77_1,5;>.
Thus, it attains a maximum and minimum in [57_1,5;] As, by construction of the
equilibrium beliefs, the payoffs at 57_1 and at 1_77 are the same, the derivative of the payoff
necessarily is zero at each critical point. Denote by ¢/ the density of GGf. We analyze the

solution of

(8) (= 1) (M (01) oot f55 (0) 4 15 (01) G (0)" 75 (01) 97 (0) (0F — b)
— (5 (O 4 SO (0 G () =0,

This is equivalent to

(£ 0 o4 75 (07) + 1 (6) G ()"

o D )+ o @)+ o ) G 0" o (@) g7 ()

=0,
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and therefore to

T GO R i G R < 1 O
(9) " =0 (n — 1) f&*(61) g7 (b) (n—1)g; (b)

Thus, the left-hand side of (8) has the same number of zeros as the left-hand side of (9).

We now show that the left-hand side of (9) has a unique zero. To do so, we take the
derivative of the left-hand side of (9) with respect to b and show that it does not change

signs. Using

(2 () + ...+ fo(611)) ((el ) (- b)"l)
fie (00 (00 = )7

(10) G (b) =

and

(7 (0 . (0 ) (9= )™
Il (64 (0F — b)%(n 0 :

(11) g:(b) =

we get the following expression for the left-hand side of (9):

fk,* (91) o+ flc,* (0[—1) fl,* (9[) (91 _ b)# (n _ 1)

ek —b- k,* 1 —
(=D ey ooy (-5 )
(fl,* (01) +...+ fl,*((gl—1)) ((91 . 57_1>m B (Gl B b)nil)
_ 1+ (@) (8" = b)™T (n — 1) |
(09 (0 =) (n - 1)
(7 @) o @) (8- B)
PSR ) o PO Gl il

(0= B0) T ) () R (01 (¢ =5)""
This gives a derivative of
no (0 - b)ﬁ (F5 () + ot fo (07 () n (0 b)ﬁ
B (A R R e Ve () B (R Y ki

n (Ql _ b)ﬁ ( (fk,* (01) 4+ fk,* (9171)) fl,* (el) _ (fl’* (91) 4+ fl,*(elfl)) fk,* (91))
" (0 =) T (e (0 () e (0
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Since ' —b > 0 for all b € <I_)7_1,5;), the derivative does not change signs. Thus, the
payoff from bidding b € <l_);<_1,5;) has a unique critical point. It remains to show that

this critical point is a minimum.

Choose b € <l_)771,5;) such that

(12 O /T SV S g

Suppose for the sake of contradiction that the critical point is a maximum. In this case

it holds that
(13)  (f** (") + ...+ f5 (81 + o () Gy (b)) (6" — )
> (R (0") o (0 R (0) (05
and
(14) (/5 (8Y) + ..+ o (87Y) + 5 (81) Gy ()" (6% — b)
> (75 (0 o () (0 ).

Both inequalities (13) and (14) hold with equality if k = [.
Rearranging (13) gives

(P9 07) o F9 (01) 2 (0) G ) N0 b
> (75 (0) o (0 1 () -

@wawyh“+ﬂﬁw*»("v%?‘—“v%—@)
n\l/ﬂ k,x el Gl ”7</m
kx(91) "ok — b — fE (0D Gy (b) "VEOF — b
(15) o e @) 4.1 o gy > ) = I8 G Y |
VOF—b— "ok T

Rearranging (14) in the same way gives

k(1) Gy (b) "VOF =D

o5 - V=D

(16) PN fk,* (91) 4o+ fk,* (9[—1) S
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Again, both inequalities (15) and (16) hold with equality if k& = [.
If we show that
fF*(6") Gy (b) "VOF —b . SR (00 ") 0% — By — fR(0Y) Gy (b) "VOF =
o — b — =D Y- ok — 5

for k > [, we get a contradiction to inequalities (13) and (14).

(17)

Using (12) and rearranging, we get

(18) 2G, (b) "V OF —b < "0k — b,

Using (18) with equality for k = [, rearranging for G (b), substituting in (17) for k& > [,

and rearranging yields

0 —p) _(*0)

<

(0 — ) (Ql _ 5;‘) ’

ek<57—b>>el(5j—b>.

The last inequality is obviously true as % > #'. Thus, the assumption that the critical

which is equivalent to

point of the payoff function is a maximum leads to a contradiction. Summing up, for a

bidder with valuation 6* it is not a profitable deviation to choose b € (57_1,5;>. 4
To establish that the proposed equilibrium is worst-case, we use the following lemma.

Lemma 3. Let f € F,, and let f be a function f: © — [0,1] such that i f(@l) =1.
Let (81,...,0m) be a vector of real numbers such that f (01) =f (01) +0; forall1 <1 <m
and it holds for at least one 1 < 1 < m that §; # 0. Assume that for all 1 <1 < m it
holds that 3, _, 6, < 0. Then S5 0'f (0') > p, ice., f & F,,.

Proof. Let f, f, and (01,...,0m) be as in Lemma 3. Tt holds that
m m m—1 l m
A GEIGIEDNEED A (Z(Sh> +om (Z(sl> >0,
=1 I=1 =1 h=1 =1
Since > ", f(@l) =1 and f(@l) = [ (0") + 6, it follows that >.™ &, = 0. Therefore,

L0 (0Y) > p O

Intuitively, the statement is based on the fact that if the conditions of the lemma are
fulfilled, the distribution f first-order stochastically dominates the distribution f, and

therefore they cannot have the same mean.
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Lemma 4. For every mental model (G,,3) of the first-price auction, it holds for all
ke{l,...,m} that

(19> Uk (gem ﬁ) > Uk (gw*7ﬁ*)

and by, < br..

Proof. As preparation for the proof of this lemma, we will show the following claim. We

will then use the claim in an inductive argument.

Claim 1. Let (G, 3) be a mental model such that

(a) U (G, B) < U™ (G, B7)
for some k with 0% > u, and

(b) b < 57

forall1 <1 < k—1, where by = sup{b | b € supp (G;)}. For 1 <1 < m, define & by
f* (91) = fhx (91) +6;. Then 8, =0 for all1 <1 <m. That is, f* (Hl) = fhx (91) for all

1<i<m.

Proof. Let (G,, ) be a mental model that fulfills the conditions (a) and (b). Recall that
the infimum of the support of (9"‘) is denoted by b,. The expected payoft of a bidder
with valuation 6% in the mental model (G,, ) is the expected payoff of bidding b, which
is given by

(20) (Z aaxer (bk)) (0" — b;)

(some of the expressions of the form G (b,) may be zero). Note that there may be an
atom in the bid distribution G; at b,. If f*(6') = 0, this does not matter for the expression
n (20). If f5(6") > 0, a bidder with valuation §* would not tie with positive probability
at b,. In this case, the probability that a bidder with valuation 6* wins against a bidder
with valuation @' is given by the limit b — b, from above and is equal to G; (by,).

Recall that in the worst-case equilibrium (G, 5*), the lower endpoint of the bidding
interval of a bidder with valuation 6% coincides with the upper endpoint of the bidding

interval of a bidder with valuation 8*~!, denoted by l;,:_l. Thus, the expected payoff of a



WORST-CASE EQUILIBRIA IN FIRST-PRICE AUCTIONS 30

bidder with valuation 6* in the worst-case equilibrium (G, 3*) is given by

(kz 7 (95)>n1 (= 5is).

=1
Let (61,...,0,) be such that f* (01) = fhx (9’) + 6 for 1 <1 <m.

Since /8 in (G, B) is an equilibrium bidding function, it must hold that the expected
payoff in (20) is at least as high as the expected payoff of deviating to a bid outside the
support of the bidder’s bidding strategy. In particular, it must hold that deviating to
bidding zero does not induce a higher payoff. Thus,

<§mj (0 Gi (l_m)n_ (0F — b)) > (f* (6Y)" " 6",

It follows that

(5 (6") +61)" 7 6" = (7 (6))" 7 6* < (i T () Gi (bk)>n (6" = by)

k—1 n—1
- (Z e (el)) (i) = (7 )9
=1
where the second inequality follows from the fact that

U*(G,,B) < U* (G, %), and the second equality follows from (1). We conclude that
01 < 0. We now extend the argument and show for all 1 < h < k — 1 that Z?zl 0, <0.
Let 1 <h<k-—1andlet

b; := max b.
I<h

Since we assume an efficient tie-breaking rule and k£ > h, it follows that a bidder with
valuation 6% wins against all valuations less than or equal to 8" if she deviates to b;. It

follows that the expected utility from deviating equals
h m n—1
(s 3 r0am) o,
=1 I=h+1

where G, (Et) denotes the probability that a bidder with valuation 6% wins against a
bidder with valuation 6' at b, (which may be different from G;, (Et) if there is an atom in

the bid distribution for valuation 6" and [ > h).
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Since deviating to bid b, cannot yield a higher payoff for a bidder with valuation 6%, it
holds that
(21)
n—1 L " n—1
(Z 74 (6) G 1) ) (6 ~b) > (Z GRS ST @) (¢ 5.
=1 I=h+1

from which it follows that

<Zf’“* (6") + 6 + Z 150" Gy (bt)>n (6F —b,)

l=h+1

- (z HOES WG @)) (¢ ~3)

k-1

< <li (0 Gy @k))n_l (0" —b,)" < (Z A (9’)>n1 (¢~ i)

=1

- (Z 7 (M)nl (0 8),

=1

where the first inequality follows from (21) and the second inequality follows from condi-
tion (a). Since h < k—1and 1 <t < h <k — 1, it follows by assumption that b < 5:.
Hence, it must hold that

h m t

ST 0+ D ) G) <D (6

=1 l=h+1 =1

@Zél ka* el Z fk el Gl(bt)_

I=t+1 I=h+1

Since
h m

ST+ Y (0 G () =0,

I=t+1 I=h+1

h
Zél <0.
=1

We have shown for all 1 < h < k — 1 that 27:1 0; < 0. Let h > k. By the construction
of (f**(8Y),..., f**(#™)), it holds that f** (#') =0 for all I > k. Hence, § > 0 for
all k+1 <1 < m, and therefore > ", & > 0. Since > ", & = 0, it follows that
Z?Zl 9; < 0. Thus, there does not exist any 1 < h < m such that 27:1 0; > 0. It follows

it follows that
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from Lemma 3 that & = 0 for all 1 < | < m, as otherwise the belief (f*(6),..., f* (6™))
would violate the mean constraint Zle fr(6") 6 = p. O

Having proved the claim, we proceed with the proof of the statement in (19). Let
(Gy, B) be a mental model. We will show the statement by proving the following two

statements simultaneously by induction:

(i) For every k € {1,...,m}, it holds that
Uk (ch*v 6*) S Uk (gtpa ﬁ) :

(ii) For every k € {1,...,m}, it holds that by, < bx.

Recall that we only consider equilibria in which bidders never bid above their own
valuation, and hence a bidder with valuation zero bids zero (Definition 1). Thus, both

statements are trivially true for & = 1, since 6! = 0 and therefore
0=UGy, ") <U" (G, 8) =0

and 0 = by < b, = 0. Assume that both statements have been shown for k — 1; we have
to prove both statements for k. We begin with statement (i). If ¥ < p, the statement is
trivially true, because then a bidder with valuation #* obtains the lowest possible payoff
of zero in the worst-case equilibrium. Statement (ii) is also true, since a bidder with
valuation #* with #¥ < p bids her valuation in the worst-case equilibrium, and this is the
highest possible undominated bid. Assume that 6 > ;1 and statement (i) is true for all
<k

Let (61,...,8,,) be such that f* (Ql) = fhx (01) + 9, for 1 <1 < m. In this case, the
conditions (a) and (b) of Claim 1 are fulfilled, and it holds that ¢, = 0 for all 1 <[ < m.
Thus, given the belief f* a bidder with valuation 6* believes that she has the highest
valuation. By the induction hypothesis, b; < 5;_1 for [ < k. Thus, if a bidder with
valuation 6% bids 5,:_1 instead of b, she wins against all lower valuations. Therefore, she

obtains at least a payoff of

(22) (fk,* (61> 4ot fk,* (ekfl)) (ek . 5271).

Her payoff from bidding her equilibrium bid b, must be at least as high. By the construc-
tion of the worst-case equilibrium, it holds that b, , = b;. Thus, the expression (22) is
equal to the payoff of a bidder with valuation #* in the worst-case equilibrium. Thus,

statement (i) is true for k. Hence, we have shown the induction step for statement (i).
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It is left to show the induction step for statement (ii). It holds that

n—1

(Zf’“ ) Gl (by) )n_l (05 — b,) = (ka (") Gy (bk)) (0% — By)

and

(Z 1 (el))nl (0= Bis) = (Z £ (el))nl (6°=5:) = 0"~ B,

=1 =1

where, as above, G (Ek) denotes the probability with which a bidder with valuation %
wins against a bidder with valuation @' at by.

Since we have shown that

m n—1 b1 I
=1 —
it follows that

0" — b, < (i i care: (Bk)> . (0% —by) .

Since
m

ka (91) G (be) <1,

=1

we conclude that by < Dr.

7. PROOF OF PROPOSITION 2

We prove that whenever

(23) U* (Gye, 57) = U (G, B)

for all k € {1,...,m}, it follows that Gy(b) = G;(b) and f*¥ = f** for all k € {1,...,m}
with 6% > p.
Let (G, B) be a mental model such that

Uk (G¢*7B*) = Uk (ggm ﬁ)

for all k € {1,...,m}. First, we show that f* = f** for all k € {1,...,m} with 6% > p.
Let k € {1,...,m} with 0% > 1. We have shown that b < bl for all 1 <1 < m. Thus,
conditions (a) and (b) of Claim 1 are fulfilled and it holds that f* = f**.

Second, we show for all k € {1,...,m} with 6% > u that b, > l_),:, in order to conclude
that l;,: = b. Assume that b, < l;,: for some k € {1,...,m} with ¥ > p. Since, in the
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equilibrium (G, 8*), a bidder with valuation 6* wins with probability one if bidding 52
and a bidder with valuation % obtains the same utility as in the mental model (G,, 3),
it must hold that a bidder with valuation #* does not win with probability one if bidding
by, in the mental model (G, B). Since there is no probability weight on valuations above
k, there must exist a valuation 6 with ¢ < k and by, < b;. If there would be an atom at
by, in the bid distribution of a type 8 < 6%, it would be possible that b, = b,. However,
since f¥ = f** in the belief of type #*, there is positive probability weight on every type
6" < 0%. Thus a bidder with valuation #* would slightly overbid this atom.

Let U (9’“, © (9"‘) , b, ﬁ) denote the expected utility of a bidder with valuation #* in the
equilibrium (G, #) if she bids b (where b may be a deviating bid). We use the notation
U (6’“, o* (6”“) ,b, 6*) analogously for the equilibrium (G, 5*).

By assumption,
U (6%, 0 (6) B B) = UM (G, ) = U (G, 8) = U (6,7 (6%) 5. 5°)

Note that if by, is the supremum but not the maximum of the support of the bid distribu-
tion for valuation 6%, the expected utility at b, may not be the equilibrium utility if there
is an atom at by in the bid distribution of some other bidder with valuation #. If I > k,
an atom does not influence the expected utility for valuations #*, since a bidder with
valuation A% assigns zero probability to type 6. The case [ < k has been excluded above.
Bidding above bi. is not a dominated bid since by, < b, < ¢ < 6*. By the construction of

the worst-case equilibrium, it holds that
U (656" (07) .5, 8°) = U (6%, (6%) .07, 5")
Combined, this gives
U (0%, (0%) B, B) = U (0%, (67) .5, 8°)

Since b, < 1_92k for all 1 <[ < m, a bidder with valuation #* would win not only against
all bidders with lower valuations when deviating to Z_): , but also against all othe bidders
with valuation 6%, since by < b, < E:. This implies that bidding E: in the mental model
(G, B) induces a higher winning probability than in the worst-case equilibrium. Since

f* = f&* it also induces a higher expected payoff. It follows that

U (6%, (6%) B, B) > U <9k,90,5:,ﬁ> S U (9’“,@* (%) ,52‘,6*) ,
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which leads to a contradiction. The first inequality holds since the expected payoff in
equilibrium cannot be lower than the expected payoff from deviating to 5: . We conclude
that by, = by.

Third, we show that for all k € {1,...,m} with 8% > 4, it holds that G, (5;_1) = 0;
i.e., in the mental model (G, 3), in the bid distribution of a bidder with valuation 6" there
does not exist a positive mass of bids which lies below b, ;. Assume that Gj, (5271) >
0 for some k € {1,...,m} with #* > pu. If a bidder with valuation #* bids b, , in
the equilibrium (G,, ), she wins against all bidders with valuations lower than 6% with

probability one. Thus, her winning probability is given by
PO 4o PO+ 1 (0) G (Bia)
and since we have established that f%* = f* for all k with 6% > p, this is equal to
FE(8) e S (05) 15 (69) G (B

We conclude that U* (G, 8) > U* (G,~, %), which leads to a contradiction.

Fourth, we show that b, < b; for all k € {1,...,m} with 6* > p. Assume that
b, > b; for some k € {1,...,m} with 0¥ > . It follows that b, > bf = b,_, = bp_1.
Valuations below 8% cannot bid above b,,_,, and valuations above 6% bid between b, , and
by, with probability zero, since we have established that G, (I_)k) = @ (7)2) =0 forl > k.
Thus, there is a gap in the bid distribution between l_),:fl and b, given the strategy .
This cannot occur in equilibrium since for a sufficiently small ¢, a bidder with valuation
0% could deviate from b, + € to a bid b with 52_1 < b < b, and strictly increase her
expected payoff since for any ¢ > 0 one can find € > 0 such that the winning probability
decreases by less than ¢ when deviating. It follows that the assumption b, > b; leads to
a contradiction.

Finally we show that Gi(b) = G;(b) for all k € {1,...,m} with ¥ > pu. Observe
that G, can’t have an atom at b, as otherwise a bidder with valuation 6% would gain by
slightly overbidding by,. Let b € [l_)k,l;k}. We have established that b, = EZ and fF = fh=
for all 0% € © with #* > u, from which it follows that

(fk* (Ql) T (ek—l) 4 fh (91@) Gk(b)) n71/<0k‘ —b)

= (R O) e 1 (0) -
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= () 4 09) (- )

Therefore, Gi(b) and Gj(b) are solutions of the same linear equation and hence are

equal. O

8. PROOF OF PROPOSITION 3

Proof. Let (G,,3) be a mental model. Fix a valuation §* € ©. Let b € supp (6* (0’“))
and let b’ € supp (ﬂ (01)) for 1 <[ < k. By definition, b > l_)z_l and V' < b;. As shown in

the proof of Lemma 4, it holds that b, < l_)z_l, from which it follows that
W <b <b, , <b.

9. PROOF OF PROPOSITION 4

Proof. Let (G,, 3) be a mental model and f = (f(8),...,f(6™)) € F,. We have to
show that

(24) Bl (s)=f(0") Gi(s) + ...+ f(0™) Gp(s)
first-order stochastically dominates
(25) Bl(s)=f(0") Gi(s) + ...+ f (0™) Gn(s).

Let s be an arbitrary bid. By Lemma 4, E; > b for all k € {1,...,m}. Therefore, If
s> b, . then 8?(8) = Bf*(s) =1.If s € [0, 6") for 6" < pu, then

B (s)=f(0") +--+ f(0")

Since #'~! is the highest possible bid for a bidder with valuation #'~!, it holds that
Gy (91) =1 for all k <l — 1. It follows that

Bl(s) > B (07") > f(0") G (07 4+ (07" )G (071) = £ (0")+ - +£(0") = B (s).

Thus, we can assume that s € [QZ,BZ} for some k € {1,...,m} with ¥ > u. Since

(Gy+, f*) is a mental model with an efficient equilibrium, it follows that

By (s)=f(6") + -+ F(0" ) + [ (6") Gi(s).
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Since l;jn is the highest possible bid in any mental model, three cases are relevant: (i)
s € (by, b, (ii) s € (by,by,y), and (iii) s € [b,_y,bs] for some 1 < h < m. Case (i)
is immediate. For case (ii) observe that by Lemma 2, b < 5; for all 1 <1 < m, and,
therefore, h > k. We can immediately conclude that B? (s) > B]’[f*(s). Thus, consider

case (iii). Since 3 is an efficient Nash equilibrium, it holds that b, < b;,_; and
Bi(s) = f(0") + ...+ f(6"") + f(6")Gn(s).

As shown in Lemma 4, b < I_);k for all 1 <1 < m. It follows that h > k. If h > k,
we can immediately conclude that B? (s) > B?*(s). If h = k, we have to show that
Gr(s) > G5(s). In order to do so, we will show that the bid distribution G} dominates
the bid distribution Gy, in terms of the reverse hazard rate g/G.

It holds that

(7 @) o g (0 (0 -B) ™ = @ =)™
Gis) = (( ) ) |
flox (0%) (OF — )71

from which it follows that the reverse hazard rate of this bid distribution is given by

5 (0%) (0 — S)ﬁ | |
(75 @) o o @) (05T ) T = (04— 97

(75 )+ @) (=)
fEx(0F) (0F — 8)%(71 .y

1

(9k _ E};_l) ﬁ
1

((ek - E;_l)"ll (g — 3)"1) (08— $)(n—1)

For G, consider two cases. First, f’“(@k) = 0. In this case, it follows by, = by_; and we

can immediately conclude that B?(s) > B?*(s). Second, f*(0%) > 0. In this case, Gy is
atomless. If G were to have an atom and f*(6%) > 0, a bidder with valuation 0* would
slightly outbid the atom instead of mixing her bids. Thus, we obtain that the reverse
hazard rate of the bid distribution Gy is given by

(0" ~B)"

1

(05 =Ba) ™ = (05— 9)77) (" = 5)(n — 1)
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We therefore have to show that

_1
ok — o, )" kT \no1
( 1kJ . (0 =)™ |

(6 =B ) ™ = (k) (B B) T (0 )

which reduces to

(26)

1 1 1

(0 =B ) (0 )T < (O B) T ()T

Since 52_1 > by,_1 by the first part of the proof, the last statement is obviously true. O

10. PROOF OF PROPOSITION 5

Proof. Both properties are a direct consequence of Proposition 4.

()

Following the same steps as in the proof of Proposition 4, we can show that B?*
first-order stochastically dominates Bff. It follows directly that the expectation of
the first order statistic of n random variables drawn from Bff* is larger than the
expectation of the first order statistic of n variables drawn from B?.

Riley (1989) provides a revenue-equivalence principle that holds for first- and
second-price auctions with discrete valuations. His argument does not rely on any
tie-breaking rule and is based on two properties of any equilibrium of the first-
price auction: monotonicity (that is, that each bidder’s bids are weakly increasing
in her valuation) and continuity (that is, that there are no gaps or atoms in the
bid distribution). Both properties hold with an efficient tie-breaking rule. It
follows that for any true valuation distribution, the revenue in the second-price
auction is equal to the revenue in the first-price auction where the true valuation
distribution is a common prior. Since a first-price auction with a common prior
together with the unique efficient symmetric equilibrium constitutes a profile of

mental models, the statement follows from part (i).
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