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Abstract

This paper proves the existence of a non-stationary equilibrium in the canonical search-
and-matching model with heterogeneous agents. Non-stationarity entails that the number
and characteristics of unmatched agents evolve endogenously over time. An equilibrium
exists under minimal regularity conditions and for both paradigms considered in the litera-
ture: transferable and non-transferable utility. We suggest that our proof strategy applies
more broadly to a class of continuous-time, infinite-horizon models with a continuum of
heterogeneous agents, also referred to as mean-field games, that evolve deterministically

over time.
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1 Introduction

The steady state is the focal point of theoretical research on dynamic heterogeneous agent
models. This assumption entails that the aggregate state does not evolve; individual expecta-
tions over the future remain unchanged as time goes on. Stationarity makes complex models
more tractable, but the assumption is not without loss. As is well documented,! aggregate fluc-
tuations affect quantitatively individual decisions and, more importantly, change the nature
of intertemporal trade-offs in many environments. One critical insight is that aggregate fluc-
tuations can amplify idiosyncratic risk.? Embedding these trade-offs within a non-stationary
general equilibrium model remains a persistent challenge, and for most models of interest, we
do not even know whether a time-dependent equilibrium exists (Achdou et al. (2014)).

This paper establishes preconditions for the analysis of non-stationary dynamics: we build
tools for proving the existence of a non-stationary equilibrium in environments where the ag-
gregate state evolves deterministically over time. We view this as the natural generalization of
the steady state, whose aggregate dynamics are, by construction, also deterministic.

Our focus is the canonical search-and-matching model. This model has been widely used
to study productive and social interactions.® As in the pioneering work by Shimer and Smith
(2000), a continuum of heterogeneous agents engage in a time-consuming and haphazard search
for one another and exit the search pool upon forming a match. Following the two dominant
paradigms in the literature, match payoffs can be transferable (TU), i.e., there is Nash bargain-
ing over match surplus, or non-transferable (NTU), i.e., match payoffs are exogenously given.
In this model, fluctuations arise naturally, e.g., due to a seasonal thick market externality,
gradual market clearing or the business cycle. Known equilibrium existence results, however,
apply only in the stylized stationary environment where entry and exit into the search pool is
balanced at all moments in time (Burdett and Coles (1997), Shimer and Smith (2000), Smith
(2006), Lauermann et al. (2020)).*

A non-stationary equilibrium resolves a complex feedback loop between a time-moving ag-

INgai and Tenreyro (2014) show that the US and UK housing market experience seasonal fluctuations in
prices and transactions. Bloom et al. (2018) document that firm uncertainty increases sharply in recessions,
leading to more cautious hiring practices.

2In a non-stationary Aiyagari (1994) model (see Achdou et al. (2022)), a looming rise in interest rates makes
consecutive negative income shocks more costly, contributing to greater precautionary savings. In a growth
model, the anticipation of future industry consolidation can dampen investment in long-run quality in favor
of greater short-term intangible investment (see de Ridder (2022)). In a companion paper (see Bonneton and
Sandmann (2022)), we show how the downside risk of not matching while the market is thick can impede
positive assortative matching.

3Notable applications include sorting in the labor and the marriage market (see Chade et al. (2017) for a
review) and foundations of Walrasian equilibrium (Rubinstein and Wolinsky (1985), Gale (1987), Lauermann
(2013)).

4Relatedly, Lauermann and Néldeke (2015) and Manea (2017) prove the existence of a stationary equilibrium
when there are finitely many types.



gregate state and individual decisions. In the search-and-matching economy, the endogenous
variables are: the distribution of agents’ characteristics in the search pool, agents’ value-of-
search, and thereby determined matching decisions and transfers. Aggregate population dy-
namics and the individual decision problem are coupled; when the search pool evolves and
therefore, future match prospects evolve, so do optimal matching decisions, and hence the rate
at which agents exit the search pool. The interplay between aggregate dynamics and the indi-
vidual decision problem is shared with virtually all dynamic general equilibrium models under
rational expectations. Lasry and Lions (2007) refer to this class of models as mean-field games.

We prove equilibrium existence in three steps. As in general equilibrium theory, existence
will depend on the application of a topological fixed point theorem. In Section 4, we estab-
lish a non-trivial adaptation of the Schauder (1930) fixed point theorem, which imposes few
constraints on the model. This theorem translates abstract concepts, notably compactness in
function spaces, into premises that can be interpreted economically. In Section 5.1, we construct
a value-of-search operator whose fixed points correspond to a non-stationary equilibrium. In
Sections 5.2 and 5.3, we prove that the operator satisfies the premises of our fixed point the-
orem. To that end, we construct bounds on the value-of-search across individuals that are
derived from two revealed preferences arguments.

We first establish a fixed point theorem (Theorem 3). Due to its potential appeal to other
models, we present it in a self-contained section. The domain of this fixed point theorem is
the space of tuples (F!, ..., F'N) € FV of measurable mappings F™ : [0,1] x R, endowed with
a pseudo-semimetric. In search-and-matching models, N = 2 is the number of populations,
e.g., workers and firms, and F"(x,t) is the value-of-search of agent type z from population
n at time t. We prove that an operator H : FN — FN admits a fived point if it is (i)
continuous with respect to the pseudo-seminorm, and (ii) maps into a function space whose (two-
dimensional) total variation norm is uniformly bounded. Premise (i) is the familiar continuity
premise from Schauder. Both premises are sufficiently general to allow the value function to
fluctuate endogenously over time and to be discontinuous with respect to time and type.®

The key step in proving our fixed point theorem is the construction of a sequence of approx-
imate equilibria. By confining the value function profile to a smaller function space, the space
of k-Lipschitz functions, the fixed point operator is guaranteed to be compact-valued. Since
the operator is also continuous due to Premise (i), Schauder’s theorem guarantees the existence

of a fixed point. This fixed point corresponds to an approximate equilibrium with vanishing

In NTU search-and-matching models, it is known that block segregation (see McNamara and Collins (1990),
Smith (2006) and references therein) prohibits continuity of the value-of-search: agents can cluster according
to classes so that any two agents match upon meeting if and only if they belong to the same class. Similarly,
discontinuities in the value function across types arise naturally under informational pooling as in Akerlof (1970).



approximating error as we increase the constant k. We then prove that the sequence of ap-
proximating equilibria converges. This is the consequence of a generalized multidimensional
(time and type) Helly selection theorem which establishes that Premise (ii) implies sequential
compactness of H(F").6

Second, we construct a value-of-search operator whose fixed points correspond to a non-
stationary equilibrium. Under this operator, agents take others’ value-of-search, hence matching
decisions, as given to compute their own discounted expected future match payoff. The operator
can be interpreted as the out-of-equilibrium value-of-search in that the value-of-search ascribed
to other agents of equal type need not coincide with their own.

Third, we prove that the operator satisfies the premises of our fixed point theorem: conti-
nuity and uniformly bounded variation. This holds true for general primitives of the economy.
The central assumptions are Lipschitz continuity and linear boundedness of entry and meeting
rates. In particular, we allow both rates to depend generally on time and the current size and
composition of the search pool, which relaxes assumptions considered in the literature.

We circumvent the tractability issues that come with non-stationary dynamics by construct-
ing tight bounds on the difference in the value of search between two agents. Those bounds
follow from two revealed preference arguments (NTU and TU) coined mimicking arguments
whose underlying idea is to let one agent replicate someone else’s matching decisions. In the
TU paradigm, we establish bounds in terms of time-invariant output rather than time-varying
payoffs by employing an inductive reasoning over the mimicking argument that gives rise to a
'matryoshka doll’-like proof. These bounds are also key to studying sorting in non-stationary
equilibrium (see Bonneton and Sandmann (2022) (NTU), and Bonneton and Sandmann (2021)
(TU)).

Related Work. This paper contributes to the theoretical literature on search and match-
ing, see Chade et al. (2017) for an excellent review. To date, all equilibrium existence results
derive conditions on the primitives of the model for which a steady state exists (Burdett and
Coles (1997), Shimer and Smith (2000), Smith (2006), Lauermann and Néldeke (2015), Manea
(2017) and Lauermann et al. (2020)). Many economic phenomena, however, are inherently
non-stationary, including time-variant entry as in a seasonal housing market (see Ngai and
Tenreyro (2014)), and a gradually clearing job market (by which, e.g., academic economists
have organized the junior job market for Ph.D. hires).

Questioning what happens outside the steady state is at the heart of burgeoning literature

at the intersection of continuous-time macroeconomics and mean field games. Yet for many

6Relatedly, Smith (2006) makes use of the Helly selection theorem in dimension one (type) to establish
sequential compactness of the value function space.



models of interest no one even knows whether an equilibrium exists when the economy is not
assumed to be in the steady state (see Achdou et al. (2014)). Difficulties include the fact that it
is usually impossible to characterize the value-of-search in closed form. Smith (2011) quipped
that “the simplest non-stationary models can be notoriously intractable.”

Our Theorem 3 relates to Jovanovic and Rosenthal (1988) who also propose a topological
approach to prove the existence of non-stationary (and stationary) equilibria in a general class of
models coined anonymous games; These can be viewed as mean field games in discrete time.”®
Observe however that their critical assumption on the continuity of individual expected utilities
do not hold in search-and-matching models; match opportunities can give rise to discontinuities
in the agent’s own match decision and across types. This has been extensively explored in the
context of block segregation (refer to McNamara and Collins (1990) for the original result;
also see Smith (2006) and references therein). Our fixed point theorem is sufficiently general
to allow the value function to fluctuate endogenously over time and to be discontinuous with
respect to time and type.

Recent work by Balbus et al. (2022) (on supermodular anonymous games) and Préhl (2023)
(on the non-stationary Aiyagari (1994) model with aggregate uncertainty) have established non-
topological existence results that rely on monotonicity conditions. Where such monotonicity
exists equilibria can be ranked or are unique. The interactive nature of search-and-matching
models rule out their structural assumptions.” 19

The mean field game literature has made strides as of late by allowing for aggregate uncer-
tainty under the probabilistic approach (see Carmona and Delarue (2018) and Bilal (2023)).
Mathematically, aggregate noise is a convenient tool, for it smoothes the value function across
states, allowing the researcher to leverage PDE techniques. Conceptually, our approach is dif-
ferent since, like in the steady state, the aggregate dynamics we consider are, by construction,

deterministic.

“In search-and-matching, discrete time may insufficiently discipline the model, leading, e.g., to pathological
coordination failures across period (as reported in Damiano et al. (2005)).

8Bergin and Bernhardt (1995) investigate the complementary case where there is aggregate uncertainty.

9Supermodularity posits incremental and monotone effect of others’ actions on expected utility. Supermod-
ularity is not satisfied in our context where there are threshold acceptance strategies in the same way that
Bertrand competition cannot be modelled as a supermodular game.

10 Ajyagari (1994) builds on a sufficient statistic approach whereby individual decisions aggregate into a single
variable such as the interest rate. Match acceptance decisions of heterogeneous agents do not admit such
aggregation.



2 The Search-and-Matching Economy

We develop a continuous-time, infinite-horizon matching model in which agents engage in time-
consuming and haphazard search for one another. When two agents meet they observe each
other’s type. If both agents give their consent they permanently exit the search pool and
consumee their respective match payoffs. Otherwise they continue waiting for a more suitable
partner. Each agent maximizes their expected present value of payoffs, discounted at rate

p > 0.

2.1 Set-up
Agents

There are two distinct populations denoted X and Y, each containing a continuum of agents
that seek to match with someone from the other population. Each agent is characterized by a
type which belongs to the unit interval [0, 1]. We usually denote by = a type of an agent from
population X, and y a type of an agent from population Y. The distribution of types in the
search pool at time ¢ is characterized by a function p; = (uX, pu}) so that the mass of types
relUCl0,1]is fU wX (z)dz.*t The initial distribution at time 0 is given by jg.!

Our assumptions on primitives of the model make use of the L' seminorm. Define

N i) = mas / ) = @l [ ) - w7 ) )

Search

Over time agents randomly meet each other. Meetings follow an (inhomogeneous) Poisson point
process. Such a process is characterized by the time-variant (Poisson) meeting rate A = (A%, \Y)
where \X (y|x) is agent type x’s time-t meeting rate with an agent type y. In the simplest case,
the meeting rate is proportional to the search pool population so that A;* (y|x) = u;¥ (), as in
Shimer and Smith (2000) and Smith (2006). More generally, we take A to be a function of the
underlying state variable p; and time ¢. Then the subindex ¢ is short-hand for dependence on
both the prevailing time ¢ and state y, i.e., A\ (y|z) = M (¢, o) (y|z).

The meeting rates AX and A} are not arbitrary but intricately linked. Coherence of the

Ny u;¥ () satisfies all the properties of a probability density function, except, it need not integrate to one.
Typically fol piX (x)dz # 1, as will surely be the case in a gradually clearing search pool.

12\We usually pursue the construction from the point of view of population X; symmetric constructions apply
for agent types y from population Y. Moreover, we impose but never mention explicitly that all functions
introduced are measurable; e.g., ug (z) is measurable in z. As will be seen, all equilibrium objects will be
continuous in time, thereby implying joint measurability in type and time.



model demands that the number of meetings of agent types x with agent types y must be equal

to the number of meetings of agent types y with agent types x:

N (ylz) it (x) = A (zly)ul (y).

We then assume that higher types meet other agents at a weakly faster rate.

Assumption 1 (hierarchical search). Higher types meet other agents at a weakly faster rate;

that is, N\ (y|2) > A¥ (yl1) for @2 > x1 and A (x[y2) > A (z]y1) for yo > y1."?

We further require that the meeting rate is Lipschitz continuous and linearly bounded in

the following sense.'*

Assumption 2 (regularity of meetings). There exists L» > 0 such that for all x,y and z
() A (yle) < L1+ ' (y) and A (ely) < L1+ 5 (2))

(i) Nt pp)(-2), AL, uf)(-]2)) < LAN (g, p1f).

Population Dynamics

Population dynamics are governed by entry and exit. Any two agents x and y of opposite
populations that meet and mutually consent to form a match exit the search pool. The rate at

which an individual agent type x matches and exits the market at time ¢—the hazard rate—is

1
/ (e, )N (yl) dy:
0

me(z,y) € {0,1}, determined in equilibrium, denotes the time-t match indicator. This is equal
to one if agent types x and y match upon meeting and zero otherwise.

Entry is characterized by a time-variant rate n = (X, 7"). In the simplest case, the search
pool ebbs and flows due to time-dependent entry rates that fluctuate over time such as in hot
and cold housing markets. Similarly, in a gradually clearing search pool without entry, i.e.,

nX(z) = 0, the steady state corresponds to the trivial case where no agent is left in the search

13Under symmetric populations, i.e., ui (z) = uf (z) Vo € [0,1], it is easy to prove that coherency of the
model demands that any hierarchical search technology is in fact anonymous. This means that all types meet
others at the same rate: for all y1, ya, A (y|z2) = XX (y|71).

14 Assumptions 1 and 2 relax a proportionality assumption in Lauermann et al. (2020). In order to prove the
fundamental matching lemma in the steady state (see their condition 32) they assume that AX (¢, u;)(y|x) is
proportional to u} (y). Our non-stationary analysis does not require this.



pool. More generally, we take 1 to be a function of the underlying state variable u; and time

t. Then n;*(z) = ™ (¢, us)(x) is agent type z’s time-t entry rate.!®16

Assumption 3 (regularity of entry). There exists L" > 0 such that for all z,y and t
(i) ni* (x) < L" and ny (y) < L";

(ii) N(n(t, pw'y),n(t, 1",)) < L"N (g, pf).

The economy can be non-stationary in that entry and exit need not be equal, leading to a

time-variant state p; = (s, p) ):'7

t+h
pin(e) = @)+ [ 3 = / NX (ylayme (2, y)dy + 0¥ (x) b 1)
t 0

Proposition 1. System (1) admits a unique solution for any (pg, A\,n,m) satisfying Assump-

tions 2 and 3.

The proof of this result is adapted from the well-known Cauchy-Lipschitz-Picard-Lindelof
theorem that establishes the existence of a unique solution of a system of finite-dimensional
ODEs (see Appendix A.2).18

Observe for comparison that the initial search pool population cannot be taken as arbitrary
in the steady state. The timeless state g is to be deduced for a given matching rate m so
that exit and inflow (generated by exogenous match destruction) into the search pool exactly
balance each other. The unique existence of such a state p is the “hardest step” to prove the
existence of a stationary equilibrium.!® Our non-stationary analysis will grapple with different

difficulties that we will soon introduce.

15The entry rate 1 encompasses several natural entry rates such as no entry and constant flows of entry (as in
Burdett and Coles (1997)). In addition, entry may be generated by exogenous match destruction (as in Shimer
and Smith (2000) and Smith (2006)). Exogenous match destruction entails a time-invariant distribution of
agents {(x)dxz, whether they are matched or unmatched. (¢(z) — p;(z))dz is the measure of matched agents at
time ¢, existing matches are destroyed according to an exogenous rate 6 € (0,1). The entry rate is n(u)(x) =
§(0(z) — pe()).

Assumption 3 ensures that L7 (1+u;X (z)) is an upper bound on the entry rate. Assuming maximal entry and
no exit, we obtain a simple ODE, dfi, /dt = L"(1+i,) with initial condition i, = max{sup, u (), sup, ug ()},
that bounds any solution to (1). In particular, the state can grow at most exponentially so that u* (z) < [, =
(1 +Tig)et " — 1.

170Qur formulation is that of a system of integral equations rather than differential equations, because the
left- and right time derivative of 4¥ () do not always coincide as will be the case if z — [ mq(z,y)dy is
discontinuous.

BThere is one difference to the classical result. Owing to our focus on a continuum of types the system
is infinite-dimensional. We draw on the more general treatment by Dieudonné (2013) (see Chapter 10.4) to
deal with the dimensionality of our problem. What is key when passing from the finite to the infinite is the
mean-field property embedded in Assumptions 2 and 3.

19This result is also known as the fundamental matching lemma. Shimer and Smith (2000) proved it when
there is a quadratic search technology and endogenous match destruction. More recently, Lauermann et al.
(2020) generalized the result to encompass a broader class of search technologies.



Value-of-Search

Any given agent’s experience in the search pool is characterized by random encounters with
other agents. Presented with a match opportunity, an agent must weigh the immediate match
payoff against the option value-of-search, the discounted expected future match payoff were one
to continue one’s search. Denote agent type s time-t value-of-search V;* (z) and 7 (y|z) the
one-time match payoff when matching with y. Naturally, the optimal matching decision is to

accept to match with another agent whenever the payoff exceeds the option value-of-search:
m (ylz) > Vi (). (0S)
Knowledge of the value-of-search uniquely determines the match indicator:

me(z,y) = 1 if 7% (ylx) > VX (2) and ) (z|y) > VY (), )
t ) -
0 otherwise.

Our definition of the value-of-search is recursive: agents form beliefs about future match proba-
bilities and payoffs. Future match probabilities depend jointly on the Poisson rate A and match
outcomes upon meeting m—which depends on the value-of-search. Reflecting optimality of

individual strategies, we define the value-of-search to be the solution to

o] 1

V@) = [0 [ Xyl pole)dydr ®)

t 0

where p;*, (y|z) is the density of future matches with y at time 7 conditional on x being un-
matched at time ¢. This is a standard object and is characterized by the matching rate (see

Appendix A.1):

p(ole) = AX ko) exp { = [ [ AXela)dzar} where AX(gla) = X< (. ) (gl (2. 9)

Payoffs: NTU and TU

We consider the two most studied paradigms for defining match payoffs: non-transferable utility
(NTU) and transferable utility (TU).

In the NTU paradigm, match payoffs are exogenously given and time-invariant. We denote
X (y|z) = 7 (y|r) and normalize payoffs, i.e., 7% (y|x) € [0,1]. This paradigm precludes

individualized price-setting and bargaining.



Assumption 4 (NTU-increasing match payoffs). Match payoffs are strictly increasing in the
partner’s type. There exists A > 0 such that 7 (yo|z) — 7% (y1]2) > A(y2 —y1) and 7 (xa|y) —

¥ (21]y) > A(zy — x1) for all yo > y1 and zy > 1.

Alternatively, the TU paradigm takes as its primitive the match output f(z,y) € [0, 1],
generated when agent types x and y match with one another. Any division of output is
conceivable. As in the Diamond-Mortensen-Pissarides model, we use Nash bargaining as a
solution concept for the bargaining problem in which agents can claim their value-of-search
VX (z) as a threat point. Surplus f(z,y) — VX (z) — V,¥ (y) is shared according to bargaining

weights o and o (where a® + oY = 1). Formally,
i (ylr) = Vi (@) + o [f(z,y) = Vit (2) = ViV (y)]- (4)

It follows that match decisions (2) are intratemporally efficient: m,(z,y) = 1 if and only if

fla,y) = V¥ () =V  (y) > 0.

Assumption 5 (TU-increasing differences). Differential match output is strictly increasing in
types. There exists A > 0 such that f(x2,y2) — f(x2,31) = f (21, 92) + f (21, 91) > Az —21)(y2 —
y1) for all yo >y and x9 > x1.

Becker (1973) shows that Assumption 5, also known as strict supermodularity, and As-
sumption 4 guarantee positive assortative matching in the core allocation for the frictionless
TU and NTU paradigm respectively. We need those assumptions to impose structure on match
decisions when proving equilibrium existence.

We moreover require regularity conditions regarding match payoff and output:

Assumption 6 (NTU). z — 7% (y|z) and y — 7 (x|y) admit a uniform bound L™ on total

variation.
Similarly, we require the same condition for output in the TU paradigm:

Assumption 7 (TU). z — f(z,y) and y — f(z,y) admit a uniform bound L' on total

variation.

These assumptions are weaker than requiring that 7% (y|x), 7¥(z|y) and f(x,y) are contin-
wously differentiable (as in Smith (2006) and Shimer and Smith (2000)).2°
We will make use of these assumptions to prove bounded variation of the value-of-search

(Proposition 6).

20Discontinuities in payoffs can arise naturally, e.g., when agents differ in discrete attributes such as workers’
professional degrees, location or export focus of a firm, number of bedrooms in the rental market (see Glaeser
and Luttmer (2003)), or political affiliation in the marriage market.

10



3 Equilibrium

An equilibrium jointly determines the evolution of the endogenous variables of the search-
and-matching economy: the distribution of agents’ characteristics in the search pool, agents’
continuation values of search, matching decisions and transfers (under bargaining in the TU
paradigm). None of those can be determined in isolation. Agents compute their value-of-
search given their beliefs about the economy at large. In equilibrium, each individual correctly
anticipates future match opportunities and payoffs. This generates a feedback loop between

the population dynamics and the value-of-search.

Definition 1. An equilibrium of the search-and-matching economy of given initial search pool
population pg is a triple (p, V,m), solution to (1),(2) and (3), where (NTU) payoffs are ex-
ogenously given, or (TU) determined via Nash bargaining (4).

The interplay between aggregate dynamics and the individual decision problem is a feature
shared with virtually all dynamic general equilibrium models under rational expectations.

The main result of this paper is to show that an equilibrium exists, both in the NTU and
TU paradigm.

Theorem 1. An equilibrium of the NTU search-and-matching economy (fi, A, 1, p, ™) satisfying
Assumptions 1, 2, 3, 4, 6 exists.

Theorem 2. An equilibrium of the TU search-and-matching economy (o, A\, 1, p, o, ) satisfy-

g Assumptions 1, 2, 3, 5, 7 exists.

The proof of both results will be developed jointly in Sections 4 and 5.

4 A Fixed Point Theorem for Non-Stationary Models

In this section, we develop a fixed point theorem that will help us prove the existence of an
equilibrium of the search-and-matching economy. It is a non-trivial adaptation of the well
known Schauder-Tychonoff fixed point theorem (Schauder (1930) - Tychonoff (1935)). Due to
its potential appeal for proving existence in other models, this section is self-contained.

Our theorem applies to continuous-time, infinite-horizon models in which a group of het-
erogeneous agents, as described by a type x € [0, 1], take actions that affect others through
the aggregate only. This class of models is sometimes referred to as anonymous or mean-field
games. Within this class of models, our fixed point theorem is sufficiently general to allow the
value function to fluctuate endogenously over time and to be discontinuous with respect to time

and type. It is therefore relevant in models that dispense with the steady state assumption or

11



admit pooling behavior. The latter arises in search-and-matching models in the form of block
segregation (refer to McNamara and Collins (1990) for the original result; also see Smith (2006)
and references therein.) Note that existing applications of fixed point theorems in economic
models (see for instance Stokey and Lucas (1989)) often rely on the Arzela-Ascoli theorem,

which explicitly rules out discontinuities in the value function.

4.1 Preliminaries and Statement of the Theorem

We would like to establish the existence of a fixed point of the operator H = (H*,..., HY) :
FN — FN where F and FV are the spaces of measurable mappings [0,1] x R, — [0, 1] and
[0,1] x R, — [0,1]" respectively. In more detail, a fixed point is a mapping F = (Fl, o FN) €
FN such that H[F] = F.

To state the theorem we introduce two notions of distance. First, the continuity premise
of our fixed point theorem requires the following operator to measure the “distance” between

functions.

Definition 2 (pseudo-seminorm). Define, for all functions F = (F*', ..., FN) e FV,

o 1
||F|| = ne%i},(zv}//6_t‘Fn<x’t)|dtdx'
0 0
The mapping (F, F) — ||F — F|| is called a pseudo-metric because it satisfies symmetry
and the triangle inequality. Following this terminology, we call || - || a pseudo-seminorm.
Second, we introduce the total variation norm for mappings in F. As we shall see, if a set
of functions is uniformly bounded in the total variation norm, then it is sequentially compact.
Our focus on two-dimensional functions is a special case of the general definition provided by

Idczak and Walczak (1994) and Leonov (1996).%!

Definition 3 (total variation norm). The total variation norm for functions F" € F and

arbitrary bounded time interval [t,t] is given by
TV(F",[0,1] x [t,7]) = V3 (F"(-,t)) + Vi (F™(0,-)) + Vo (F",[0,1] x [t,7])
with

Vo (F"(,t0)) = Sl;p Z}Fn(xuto) — F™ (i1, to)|

i=1

21Subsequent work by Chistyakov and Tretyachenko (2010) extends the total variation norm to more abstract
spaces.
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where P is a partition of [0,1], i.e. 0 =z < 21 < ... < T, = 1,
VE(F"(O, ) = S%P Zm:}Fn(O»ti) — F™(0,t;4)|
i=1
where P is a partition of [t,t], i.e. t =1y <ty < .. <t, =1,
Vo (F™,[0,1] x [t,7]) :s%pzm: |F"(mi, ti) — F™(xi tiq) — F™ (i1, ;) + F"(xi_l,ti_l)’
i=1

where P is a discrete path in [0,1] x [t, 1], s.t. t=ty<t; <..<tnp,=t1

and 0 =zg < 21 < ... < z,, = 1.

We can now state our fixed point theorem:

Theorem 3. Suppose that H : FN — FN satisfies

—1

(i) for all F = (F ,...,FN) € FN and € > 0 there exists 6 > 0 such that ||H[F] — H[F]|| < e
for all F = (F*',...,FN) € FN such that HF—FH <0;

(ii) VI > 03C > 0 such that ¥n € {1,...,N} : TV(H"[F],[0,1] x [0,T]) < C for all F € FN.
Then H admits a fixed point.

We will refer to condition (i) as continuity and (ii) as uniformly bounded variation.

4.2 Proof of the Fixed Point Theorem

Outline of the proof: we construct a sequence of operators that approximate the fixed point
operator H (Step 1). Each approximate fixed point operator will satisfy all the assumptions
of the Schauder fixed point theorem (Step 0, Step 2) and hence admits a fixed point (Step 2).
We then show that the sequence of approximate fixed point admits a convergent subsequence
(Step 3). To conclude, we prove that H maps the convergent subsequence’s limit point into a

fixed point of H (Step 4).
To begin with, endow F and FV with the discounted supremum metric. Discounting is
what helps us deal with an infinite horizon.

Definition 4 (discounted sup metric). The discounted sup metric for functions F = (F1, ..., FN) €
—1

FN and F = (F ,...,FN) e FN is given by

N n " —t| n ik
dV(F F) :neI{Ill,?.}fN}d(F JF ):ne?ll?j.},(N}S;J:Pe |F"(2,t) — F (2,t)].
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Step 0 (Preliminary): A Set of Compact Functions

To apply Schauder’s fixed point theorem we require that the fixed point operator maps into a
set of compact functions. As a preliminary step, we show that the set of k-Lipschitz functions
is compact. (Note however that functions in the image of H need not be k-Lipschitz, let alone

continuous. )

A function F™ : [0,1] x Ry — [0, 1] is k-Lipschitz if for any (z,t), (y,r) € [0,1] x R,
‘Fm(x,t) —Fm(y,r)‘ < k-max{|x—y|,|t—r|}.

Denote Fy C F the (convex) subset of k-Lipschitz functions.
Proposition 2. (F,d) is compact.

The proof of this Proposition is deferred to Appendix B.1.

Step 1: Construction of the Approximate Fixed Point Operator

We construct an approximate fixed point operator that is continuous and maps into the set
of k-Lipschitz functions. We achieve this via convolution. Since our type set is an interval,
we need to specify what happens at the boundary z € {0,1} as well as the origin of time
t = 0. To avoid mass points we extend the support of functions in F from [0, 1] x [0,00) to
[—1,2] x [—1, 00).

Denote the approximate operator Hy, : F N — F, and define, for any (zg, o) € [0,1] x R,

Higy [F(wo, o) = //Hm (2, )8k (0 — , tg — t)da dt
514

where, first, H™[F] is the extension of H™[F] € F to a mapping [—1,2] x [~1,00) — [0, 1],

H[F)(|lz|,t])  if —1<z<0
H™[F)(z,t) = H™[F|(x, |t|) ifo<z<1
H™F]2—a,t) ifl<az<2,

and, secondly, for by = 4/k and k > 4 we define

b
Sy (z,t) = if (z,t) € Byy(0) = {(«/,¢) € R* : max{||, [t'|} < %}, zero otherwise.

(bek))?
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Step 2: Properties of the Approximate Fixed Point Operator

We now show that the approximate fixed point operator satisfies all the necessary proper-
ties that allow us to apply the Schauder fixed point theorem: compactness of its image and

continuity.

Lemma 1. H(",z)[fN] C Fu

Lemma 2. Hj}, : (FN.dN) — (F,d) is continuous.
The proof of both Lemmata is deferred to Appendix B.2.

Proposition 3. Hgy) = (H}, (k) - H(]Z) : FN — FN has a fized point Fiy-

This Proposition is an application of the Schauder fixed point theorem.

Proof. First observe that (FV,d") is a complete metric space (see Theorem 43.5. in Munkres
(2015)) and that (F{Z),dN ) is a subset of this space. Moreover, observe that the metric dV
satisfies the three axioms posited by Schauder (1930).** Second, since (Fj),d") is the finite-
dimensional product of compact sets (Proposition 2), it is compact. It is also closed (since .7-'(],\5)
is compact) and convex. Finally, continuity of the component operator H}, () (Lemma 2) on the
larger space F¥ establishes continuity of H) = (H gy s (k)) : (f(JZ), dV) — (.7: (k) d"). Then
the Schauder fixed point theorem (see Schauder (1930), Satz I) asserts that if the continuous
operator Hyy maps the conver, closed and compact set f(]Z) into itself, then there exists a fixed

point Fyy, i.e., Hyy[Fj] = F{). -

Step 3: Existence of a Convergent Subsequence of Approximate Fixed Points

By considering all k € N, Proposition 3 establishes that there exists a sequence of approximate

fixed points (F&,))keN. We now show that this sequence admits a convergent subsequence.
Proposition 4. The fized points (F(’Z))keN admit an accumulation point F* in (FN,dV).
This follows from a higher-dimensional Helly-type selection theorem.

Proof. 1dczak and Walczak (1994) and Leonov (1996) (Theorem 4) prove that if all the elements
of a sequence of functions (F(k))keN EGy € F satisfy TV( () 0,1] x [O,T]) < C for some

constant C, then the sequence admits a subsequence of functions that converges pointwise on

*2Those axioms are 1° dN(F,F) = d¥(F — F,0), 2° lim d(F,),F) = lim d"(G(,),G) = 0 implies
lim dN(F(n) + Gy, F + G) = 0 and 3° for {\,} a sequence of real numbers and {F,)} a sequence in FV,
hm An = A, hm dN(F(n)7 F) = 0 implies li_>m dN()\nF(n),/\F) = 0. Those axioms are naturally satisfied if

n—oo
the metric is 1nduced by a norm (which is prohibited by discounting in our case).
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[0,1] x [0,T] to a function with the same property. Assumption (ii) of the theorem asserts the
existence of such a uniform bound C for all H"[F] € F where n € {1,...,N} and F € FV.
Since the uniform bound on the total variation will be preserved under convolution, such
bound also obtains for all Hj,[F] € F where k € N. In particular, this applies for the
sequence (H{ [Fyken = (F{j) Jken. Then, for all 7' > 0 and n = 1, the Helly-type selection
theorem ensures the existence of a pointwise convergent subsequence (F, (2’21)) ken on [0, 1] x [0, T
where each F (*k’él) € F. Then, iterating over n ensures the existence of a pointwise convergent
subsequence (£, \)ken in [0,1] X [0,T] where F{} | € FN. Following an identical reasoning,
we can find a subsequence of the subsequence which converges pointwise in [0, 1] x [0,7 + 1].
Proceeding by induction then establishes pointwise convergence in [0, 1] x [0, 00); we denote

F* € FN the limit point. [

Step 4: Conclusion

The preceding steps established the existence of a convergent subsequence of approximate fixed
points. Proposition 5 asserts that the image of this limit is a fixed point of H, which concludes

the proof of Theorem 3.
Proposition 5. H[F*] is a fived point of H : FN — FN.

The proof of this Proposition is deferred to Appendix B.3.

5 Proving Existence

In this section, we use Theorem 3 to prove that the search-and-matching economy admits an
equilibrium. In Section 5.1, we construct an operator V' : F? — F2 that maps a value-of-search
profile v = (vX,vY) € F? into a new value-of-search profile. As in the preceding section, F? is
the space of jointly measurable mappings [0,1] x R, — [0,1]?>. We will show that there exists
an equilibrium of the economy if and only if V' admits a fixed point. In light of Theorem 3, V'
admits a fixed point if it satisfies two conditions: continuity and uniformly bounded variation.
As the key technical contribution we prove in Section 5.2 that the operator V satisfies both.
Section 5.3 concludes the existence proof.

It is worthwhile to mention that our proof of equilibrium existence implies that continuity

and uniformly bounded variation are equilibrium properties of the value-of-search.
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5.1 Construction of a Fixed Point Operator

Since our focus is on both the TU and the NTU paradigm, we construct two separate fixed
point operators, denoted N‘;U and 7{; For ease of notation, we omit the superscript whenever
we prove properties that pertain to both paradigms.

An interpretation may help fathom our construction. One may think of v € F? as a belief
about other agents’ value-of-search. Under this interpretation VX [v](x) becomes agent type
x’s time-t out-of-equilibrium value-of-search when he holds the belief v. This means that z
expects other agents to match according to v, yet computes his own value-of-search under the
rule that he accepts a match whenever it is optimal for him to do so: accept if the offered
match payoff exceeds the discounted expected future match payoff.?* Observe that this is an

interpretation only. Our construction attempts to preserve desirable in-equilibrium properties

of the value-of-search, not decide what is the most “reasonable” out-of-equilibrium behavior.

5.1.1 Non-Transferable Utility

To compute his value-of-search, an agent must hold a belief over the likelihood of future meet-
ings. This is a function of the underlying state variable p; and time. We begin by defining the

aggregate population dynamics under the belief v.

Definition 5. i, [v] is the unique solution to (1) for given (o, A,n, m [v]), where

NTU 1 if 7TX(?J|$) > U{sx@) and Wy(xh/) > Ug/(x)
my [v](z,y) = _
0 otherwise

1s the aggregate probability of matching upon meeting under v.

In contrast, agent type x accepts any match whose payoff exceeds his expected discounted
match payoff under v, not the value-of-search v;X(x) he ascribes to other agents of identical
type x. As in the set-up, this match acceptance rule gives rise to an implicit definition of the

value-of-search.

Definition 6. The out-of-equilibrium value-of-search given v is the solution to

o0

VX)) = / e 0 / (o) " X [v)(ylx)dy dr, (5)

t

ZPayoffs in the TU paradigm are computed under z’s belief that her threat point will be V,* [v](z) whereas
her potential partner’s threat point is v} (y).
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where x’s match acceptance decisions are individually rational,

NTU
1 aifn¥ >V dr¥ > oY
N(’;;Ut[/l)](w,y) _ Zfﬂ- (’yll‘) = t [U}(I’) ana m (I|y) Z Uy (y)
0 otherwise,

and the probability of meetings is pinned down by aggregate match decisions,

& X ol(yle) = N (r, S o)) (vle) e o) () exp { — //%r%’sz”umwwwk

NTU
We remark that the operator V' ;*[v](z) in Definition 6 is well-defined. The unique existence
NTU
of a solution V X[v](x) to equation (5) follows, because the recursively defined value-of-search
is the supremum of the right-hand side of equation (5) over the set of match indicators ae;(z, y)

satisfying ae;(z,y) = 0 if 7Y (z]y) < v} (y).

5.1.2 Transferable Utility

As in the NTU construction, we begin by defining the aggregate population dynamics under
the belief v.

Definition 7. p,[v] is the unique solution to (1) for given (uo, A\, n, m[v)), where

TU ) Ui f(ry) = o (@) — v (y) > 0
el y) = 0 otherwise

18 the aggregate probability of matching upon meeting under the value-of-search profile v.

To define the individual value-of-search in the TU paradigm we must also specify future
match payoffs. Those are defined implicitly by the Nash bargaining solution. The individual
agent believes that her threat point is her actual value-of-search whereas her potential partner’s

threat point is v} (y).

Definition 8. The out-of-equilibrium value-of-search given belief v is the solution to

[ee) 1

%Mmz/ﬂ”j”[mmAmwmwm

t 0
where x’s subjective match payoffs are

TU

Tl yle) = V(@) + 0¥ (f.y) — VEl() — o ().
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x’s match acceptance decisions are individually rational,

wlleyy =4 1Y Flay) - VERI@) — ol () 20 & %Xl(ylz) > VE[u)(2)
0 otherwise

and the probability of meetings is pinned down by aggregate match decisions,

25 0)(ylz) = M (7, B0 (yle)or 0]z, ) exp { — / / XX (r, B o) (Lo [2) (2, o ) ).

Definition 8 is well-posed for identical reasons as in the NTU paradigm.

5.1.3 Equilibrium Characterization

We now establish the purpose of our construction: we show that there exists an equilibrium
of the economy if and only if V' admits a fixed point. Even though an equilibrium is a triple,
the value-of-search encodes all the information needed to recover the match indicator function
(through Equation (2)), whence the state u (through Equation (1) as shown in Proposition 1).
It then follows from simple inspection that an equilibrium value-of-search, solution to Equations
(1),(2), (3) (NTU) and (1),(2), (3), (4) (TU) is a fixed point of the operator V' as defined in
Definition 6 (NTU) and 8 (TU). Since the converse is also true, one can recast an equilibrium

value-of-search as a fixed-point of the out-of-equilibrium value-of-search.

Remark 1. For given g, there exists an equilibrium of the NTU search-and-matching economy
NTU
if and only if 'V : F? — F? admits a fized point. For given g, there exists an equilibrium of

TU
the TU search-and-matching economy if and only if V : F* — F? admits a fized point.

Many definitions of the out-of-equilibrium value-of-search are conceivable whose fixed points
correspond to an equilibrium value-of-search profile. Our construction for the TU paradigm in
particular may seem arbitrary. But it is not. It emerges as the one construction which at the
same time is continuous in beliefs (Propositions 7 and 8) and satisfies the mimicking argument
(Lemma 3 and 4), whence bounded variation (Proposition 6). Those properties will be shown

in what follows.

5.2 Properties of the Fixed Point Operator
5.2.1 The Mimicking Argument

A comparison of the value-of-search across types is difficult in non-stationary environments. The

law of motion of the economy easily becomes intractable, rendering it impossible to characterize
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the value-of-search in closed form. To circumvent this problem, we apply a revealed preference
argument that we refer to as the mimicking argument. In both paradigms, the underlying idea

is to let one agent replicate someone else’s match acceptance decisions.

Lemma 3 (NTU mimicking argument). In the NTU paradigm, posit Assumptz’ons 1, 2, 3and 4.

Then, for all x5 > x; there exists a non-negative operator QX [v](y|z1), with th [(y|z1)dy <
1, such that

Vi) - V) 2 [ (7 le) - 7 ko) QX ol wlen)dy

The proof of this Lemma is deferred to Appendix C.2 and relies on payoff monotonicity
(Assumption 4): superior types, being more desirable, can exploit their superior match offerings
and replicate match outcomes of any inferior type.?*

A similar result obtains, albeit for a different reason, in the TU paradigm.

Lemma 4 (TU mimicking argument). In the TU paradigm, posit Assumption 1, 2 and 3. Then

for all zo > x1 there exists a non-negative operator Q;* [v](y|x1), with f Q:* [v)(y|x1)dy < 1, such
that

VX[0](22) — / (x2,9) = f(21,9)) Q7 [v](ylx1)dy

The proof of this Lemma is deferred to Appendix C.1 and relies on the efficiency of the Nash
bargaining sharing rule (Lemma 5). Shimer and Smith (2000) first established this result in the
steady state. To establish it in non-stationary environments raises new technical challenges.
Joint with the proof of Theorem 3, Lemma 4 is the most elaborate proof in this paper. The issue
in non-stationary environments is that future match payoffs determined under Nash bargaining
depend on one’s own (hitherto analytically unknown) future value-of-search. Hence, individual
payoffs are not readily comparable across types. To achieve such a comparison, we make use of
an inductive reasoning over the revealed preference argument described above.

We would like to mention that these two Lemmata serve as keystones to derive sufficient
conditions for positive assortative matching in the non-stationary search-and-matching economy

(see Bonneton and Sandmann (2022) and Bonneton and Sandmann (2021)).

24These results require that p[v] is well-defined as asserted by Assumptions 2 and 3 under which Proposition
1 holds. Note that these results equally hold under a partial equilbirium analysis that takes the evolution over
the state u as given.
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5.2.2 Bounded Variation

We next establish two regularity conditions of the value-of-search. First, we derive Lipschitz
continuity in time. Secondly, we use the mimicking argument to deduce that there exists a
uniform bound on total variation of the value-of-search in the type dimension. Whereas these
results carry little economic content, they will be key to establishing that the value-of-search is

of uniformly bounded variation across jointly types and time (see Premise (ii) of Theorem 3).
Proposition 6 (bounded variation of the value-of-search). In both paradigms:

(i) Posit Assumptions 2 and 3. Then the value-of-search is Lipschitz continuous in time;
.., for all moments in time T : 0 < T < oo there exists C' > 0 such that for all
0<t; <ty <T and z € [0,1]

VX[l(2) — V¥ [ol(2)| < Clta —ta]  for all v € F%;

(ii) Posit Assumptions 1, 2, 3 and 4, 6 (NTU) and 7 (TU). Then the value-of-search is of
uniformly bounded variation in type; i.e., for all time indices t > 0, there exists C' > 0

such that for all partitions of the type interval [0, 1]

m

Z (VA 0](@i01) — VX [o)(:)| < C - for allv € F?

=0

Note that Lipschitz continuity implies a uniform bound on total variation, hence the con-
dition pertaining to time in (i) is a stronger property than the condition pertaining to types
in (ii). The proof of this Proposition is deferred to Appendix D: (i) derives from dynamic
programming (Lemma 7), (ii) is due to the mimicking arguments, i.e., Lemma 3 and Lemma

4, the matryochka dolls.

5.2.3 Continuity

We then turn to item (i) from Theorem 3: continuity of the operator v — V|v].

Proposition 7 (NTU). In the NTU paradigm, posit Assumptions 2, 3 and 4. Then for all
v € F? t€[0,00): for all € > 0 there exists & > 0 such that

1
NTU NTU

|V () = V ¥ [0)(z)|dz < e forallv: |jv—7]| <4.

0

A stronger result obtains in the TU paradigm.
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Proposition 8 (TU). In the TU paradigm, posit Assumptions 2, 3 and 5. For all v € F?,
t €10,00), z €[0,1]: for all e > 0 there exists § > 0 such that

‘7‘1;5([0]@) —ggx[@](x)‘ <e forallv:|lv—71]] <.

To establish these Propositions we rely on two intuitive preliminary results. In Appendix
E we show that match indicator functions v — my[v] are continuous in both paradigms (see
Lemmata 8 and 9).?° Following arguments from differential calculus we then use Gronwall’s
lemma to track the non-stationary evolution of the state and deduce continuity of v — p,[v] (see
Lemma 10). Unlike the forward-looking population dynamics, the value-of-search is backward-
looking in time. The proof of Propositions 7 and 8 (see Appendices E.5 and E.6) encompasses
the infinite time-horizon by considering the auxiliary function v;* (z) = e”'V;X(z) (see Corollary
2) that admits a more tractable HJB equation.

The juxtaposition of both Propositions makes apparent a key difference between the NTU
and the TU paradigm. In the TU paradigm the operator v — V,*[v](x) is continuous. In the
NTU paradigm it need not be. To see this it is instructive to decompose any type z’s time-
t match opportunities into marginal and inframarginal prospective partner types. Marginal
types y are indifferent between accepting and rejecting x, inframarginal types y strictly prefer
entering the match. An increase in other agents’ time-t value-of-search has two effects. First,
in the TU paradigm x matches with inframarginal consumers at reduced payoffs. Continuity
is preserved because the decrease in x’s payoff is proportional to the increase in y’s value-of-
search. Second, in both paradigms x ceases to match with marginal types. The loss of marginal
types hurts = in the NTU paradigm because marginal types can be strictly profitable to match
with. This gives rise to a discontinuity in the value-of-search operator if the set of marginal
types is non-negligible. In the TU paradigm the loss of marginal types is inconsequential due
to the intratemporal efficiency of Nash Bargaining: if y is indifferent in between matching and

not matching with z, then so is z with regard to 1.2

Z5Related results are proved in Smith (2006) Lemma 8 a) and Shimer and Smith (2000) Lemma 3 in the
steady state when the two populations are symmetric.

26Note that we did not solve the model by passing to the mean field limit, i.e., by gradually decreasing the
scope of individual agents to influence the future evolution of the search pool. Lemma 10 and Propositions 7
and 8 suggest that doing so would not lead to the selection of a different set of equilibria. Suppose that one
agent could control the behavior of an interval of agents and thereby exert some non-negligible influence on the
evolution of the state. Our results show that as this interval shrinks, such control has an exceedingly vanishing
effect on other agents’ matching decisions.
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5.3 Applying Theorem 3 to the Fixed Point Operator

We are now reaching the confluence of our efforts. Corollary 1 deduces from the results in the
preceding subsection 5.2 that the operators N‘;U and %j'] satisfy the premises of Theorem 3, i.e.,
continuity and uniformly bounded variation. Hence, both operators admit a fixed point. In
light of Remark 1, equilibrium existence in both the TU and NTU paradigm follows.

NTU

Corollary 1. In the NTU paradigm, posit Assumptions 1, 2, 3, 4, 6. Then the operator V
satisfies the conditions of Theorem 3. In the TU paradigm, posit Assumptions 1, 2, 3, 5, 7.

TU
Then the operator V satisfies the conditions of Theorem 3.

Proof. (i) Continuity: In the NTU paradigm, condition (i) of Theorem 3 corresponds to Propo-
sition 7. In the TU paradigm Proposition 8 establishes a stronger notion of continuity that
implies condition (i) of Theorem 3.

(i1) Uniformly bounded variation: condition (ii) of Theorem 3 follows from the second item
of Proposition 6 that establishes that both V}(z — V;X[v](z)) and Vi(t — V;X[v](z)) are
uniformly bounded in both paradigms. Moreover, there exists C' such that for all z € [0, 1]:
(VX [v](z) = ViX[v](z)| < C |t — t1]. Hence,

m

Va((2,8) = Vilel (@),[0,1] x [0,7]) < sup > sup [V¥[ol() — V¥, ()| < 20T,

P 7 z€[0.1]

where P is any partition of the time interval [0, 7). O

6 Conclusion

Although many economic questions in the search-and-matching literature concern non-stationary
dynamics (see for instance Lise and Robin (2017)), the theoretical literature has confined itself,
with few exceptions,?” to the steady state. This paper proves the existence of a non-stationary
equilibrium for a general class of search-and-matching models, encompassing model specifica-
tions in Shimer and Smith (2000), Smith (2006) and Lauermann et al. (2020).

The tools we develop here have scope, however, that goes beyond search-and-matching. Our
fixed point theorem, coupled with the economic insight born out by the mimicking arguments,
is applicable in many related dynamic general equilibrium models with heterogeneous agents

(see Achdou et al. (2014)) where the aggregate state evolves deterministically over time.

27See for instance Boldrin et al. (1993), Burdett and Coles (1998), Shimer and Smith (2001).
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Appendix

A Set-up: Omitted Proofs

A.1 Derivation of the Match Density

T 1

The probability of agent type x not matching during [t,7] is exp{ — [ [ AX(z|z)dzdr} (as
t 0

defined by the inhomogenous Poisson process). By definition of the density of future matches

T 1
this expression is equal to 1 — [ [ p.(z|z)dzdr. Then differentiating with respect to time 7
t0

1 1 1

implies that [ p (z|z)dz = [AX(z|x)dz exp { — [ [ AX(z|z)dzdr}. Since this equation must
0 0 t 0

hold for every time-7 match indicator function m.(x,y), the claimed functional form of p;*. (y|z)

follows from here.

A.2 Proof of Proposition 1

Step 1: We equip the set of possible evolutions of the state p over a finite time interval with a
norm.

Denote I5(tp) the time interval [tg, g + &). Let M, be the set of measurable, bounded and
non-negative functions h : [0,1] — R,. Denote M the identical set without the requirement
that functions must be non-negative. Equip M with the seminorm, denoted || -||1, i.e., ||h||1 =
fl |h(z)|dz, and, by abuse of notation, identify M and M, with the set of equivalence classes
gvhere any two functions that agree almost everywhere belong to the same class. It is well-
known that (M,]| - ||1) is a Banach space and (M, || - ||1) is complete. Then define M;(to)
the set of continuous mappings p : I5(to) — M? where 1% (z) < g, and g (y) < f,. We equip
M;s(to) with the norm

lrellatsteo) = sup max {11, [l [l -

tels(to)

Following standard arguments (see Munkres (2015) Theorem 43.6), M;(to) is complete.
Step 2: Fix a time-and type-dependent match probability my(x,y) and initial condition
p, € M3I. We define a mapping T : M;(tyg) — M;(to) whose fixed points p € Ms(ty)

correspond to the solutions of (1) within time interval I5(to):

t

(T o) = min {mase { + [ 0.0}, 7}

to
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where h = (WX, hY) : I;(tg) x M2 — M? is

1
W (t o) () = = ( /)\X (t, 1) (Yl )me(z, y)dy + 0™ (¢, ) ().
0

Step 3: We show that T is a contraction mapping for ¢ sufficiently small. Whence by the
contraction mapping theorem it admits a unique fixed point. To begin with, consider arbitrary

w, "€ Ms(tp). Then

sup [|[(T¥p)e — (T*p")ells <6 sup || (¢, pp) — RX(E, 1)1

tEL;(to) telg(to)

Expanding gives, for all z € [0,1] and t € I5(to),

1

(WX (8 i) (@) = B (E ) (@)] < W] () = w7 ()] /AX(t,ui’)(ylw)mt(x,y)dy

+ 417 ( /IAX (t, 1) (ylw) = X (8 ) (ylo) Ime(, y)dy + [n(t, mp) () = nt, 1) ().
We then make use of Assumptions 2 and 3:
1B (8, 1) () = Xt ) @) < W7 = i DU+ 7)) + (L + L) NG ),
whence
T T oy < O (L7 + L+ 2D 1 = 1t

Then choose ¢ small enough so that T : M;(ty) — Ms(ty) is a contraction mapping. The
Banach fixed point theorem guarantees the existence of a unique fixed point in M;(ty). This
fixed point is the solution to (1) in I5(ty). Finally, the bound i, allows us to extend this solution
to [0,00). %

Z8Gtrictly speaking, the proof of Proposition 1 identifies a unique solution u to the system (1) within the
equivalence class of states M. (0). Existence of a unique solution to the system (1) for a fized type x is then
established as follows: solve (1) for type = only while maintaining that ;X (z') for 2’ # x and p} (y) are given
by the solution p € M (0).
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B Theorem 3: Omitted Proofs

B.1 Proof of Proposition 2

Proof of Proposition 2. We show that (F;),d) is complete and totally bounded. This estab-
lishes compactness (see for instance Munkres (2015), Theorem 45.1, p. 274).

We focus on completeness first. By abuse of notation, omit superscripts and let (F},),en a
Cauchy sequence in (Fy),d). Then for each (z,t) € [0,1] x [0,00) the sequence (Fn(x,t))neN
converges as n — oo. Denote F'(z,t) its pointwise limit and F' the thereby obtained function

in F. We first show that ' € F(;). Fix arbitrary ¢ > 0 and (z,t), (y,7) € [0,1] x [0,00). Due

to pointwise convergence there exists N € N such that for all n > N we have

max{\Fn(x,t) — F(x,1)], |Faly,7) — F(y,r)\} < %

It follows from the triangle inequality and k-Lipschitz continuity of Fly that

}F(az,t) - F(y,r)‘ < }F(az,t) — FN(x,t)| + ‘FN(Q:,t) — FN(y,r)‘ -+ |FN(y,r) — F(y,r)‘
< e+ k-max {|z —yl|,|t —r|}.

Since € > 0 was arbitrary this establishes that F' € Fy). We then show that F,, — F in
the d-metric. Again fix arbitrary € > 0. If for any given n € N the sup is attained for some
t > T where e7? < ¢, clearly d(F,, F) < e. Let us then focus our attention on the case
(z,1) € [0,1] x [0,T]. Define Bfy,(z,t) = {(y,r) : max {|z —y|, [t — 7|} < 5} and let N € N
such that for all n > N we have |F,(z,1) — F(z,1)| < 5. Then for any (y,r) € B, (z,t)

|Fn(y,r) — F(y,r)’ < ’Fn(y,r) — Fn(a:,t)‘ + ‘Fn(x,t) — F(x,t)‘ + ’F(x,t) — F(y,r)’

<2k max{|x—y|,|t—r|}+§ < €.

Finally observe that the set {Bfk) (z,t) : (z,t) € [0,1] x [0,T]} forms an open covering of the
compact set [0,1] x [0,7]. Whence there exists a finite subcovering of that set, {B(ek) (x),t;) -
j €{l,..,M}}. For any j € {1,...,M} let N; such that for all n > N; we have |F,(z;,t;) —
F(x;, tj)| < 5. Then it follows from the preceding arguments that for all n > N = max {Nj :
jedl, .., M}} we have d(F,, F') < e. This establishes completeness.

Let’s now focus attention on total boundedness. That is, for every € > 0 there exists a
finite number M of functions F; € F such that for all F' € F, we have d(Fj, F') < € for some
J € {1,..., M}. We achieve this by choosing a grid R¢ on [0, 1] as well as a grid P¢ on [0, 1] x [0, T
for some T' > 0 such that e=7 < e. In particular, let R¢ = {0, €, ..., lee} where [¢e <1 < (I°+1)e
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and P = {(2£,25): m,n € {0,...,mY} x {0,..n}} where 2L <1 < HLL and 2L < T <
ntle We then consider the (finite) set of grid functions G¢ = {g : P° — R<}. Let g an element

5. 75) for
(z,1) € [15, ™) x [15, %F15). Denote Fiy = {F, € F: g € G°} the desired finite set of

functions.

in this set. The corresponding function £ is defined pointwise where F(x,t) = g(%

e-proximity of F, to ka) then follows immediately: for arbitrary F' € F(;) there exists g € G°
such that for all (y,7) € P we have !F(y,T) — g(y,ﬂ! < 5. Then consider any (z,t) €
[0,1] x [0,T]. Let (z¢,t°) the greatest element in P¢ such that ¢ < x and ¢ < t. Then by
construction Fy(z¢,t) = Fy(x,t) and max {|z —2¢|, [t —t°|} < +£. Using the triangle inequality
and the fact that F' is k-Lipschitz continuous we obtain

|F(m,t)—Fg(m,t)| < |F(a:,t)—F(x€,t€)‘ + ‘F(:Ee,te)—Fg(x,t) ‘ < kmax {|z — 2, |t — t°|} +§ <e.
= Fy (¢ t€)

As (z,t) was arbitrary, this bound holds uniformly across [0, 1] x [0,7]. Meanwhile, for ¢t > T

e-closeness is satisfied vacuously, whence the result. O

B.2 Proof of Lemmata 1 and 2
Proof of Lemma 1. Hy) [FN] C Fy. Pick arbitrary F' € FV. Pick arbitrary (z1,¢1), (2o, t) €
[0,1] x [0, 00). We show that

’H%[F](mhtl) - HZZ)[F](%OJO)‘ < k max {|z1 — 2o, [t —to|} =k C.

Or, this is vacuously the case if £k C' > 1. Thus suppose otherwise that £ C' < 1. In particular
this implies that C' < % < % = by /2. Then, as figure 1 illustrates,

1 Cb(k) + (b(k) —C)C
HNF) (2, t1)— HL | Fl(x0,t0)| < /dx,tg—/dx,tSQ <kC,

B(k) (xl,tl)AB(k) (zo,to) B(k) (xl,tl)AB(k> (z1+C,t1+C)

where AAB = (A\ B)U (B \ A) denotes the symmetric difference. O

Proof of Lemma 2. Fix F € FN. Fixe >0. Let T > 1: e T < €. Define

L e RN aYFET) < 1}.

A, = {t € [0,7]: /‘Hm[F](x,t) — HW[F](x,t)‘dx < 5T -

By the continuity Assumption (i) of the theorem there exists N € N so that for all n > N
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c(z+ Ct+O)

'(I‘,t)

Figure 1: The shaded area corresponds to the measure of B)(z,t)ABy)(z + C,t+ C).

and F : d¥(F,F) < 1 the Lebesgue measure of [0, 7]\ 4, is less than 5 (bw))*.** Then for all
(C(](),t()> S [O, ].] X R+ and % <1

rrm Il T T (o] 4
m)[F](xoatO)_H{Z)[F](Io,to)‘S / bl [F](x,t()b )[2{ [F](x’t)‘d(:v’,t)
By (zo,to) *)
T+1 2 T 1
//\Hm J(x,t) — H™[F xt|dtdx<9//\Hm |(z,t) — H™[F](x,t)|dt dx
-1 -1 0 0
§9//\HmF x,t)—Hm[F](x,t)|dtdx+f§9Tii+f:
L 2 18T 2

Since (zo,%p) was arbitrary, this bound is uniform, i.e., d(Hg)[F], H) [F]) < € for all F :
dV(F,F) < & where § < +. O

B.3 Proof of Proposition 5

Proof of Proposition 5. By abuse of notation denote (F; (*;C)) ren the pointwise convergent subse-
quence with limit point F* € FV. This sequence exists due to Propositions 3 and 4. Then,

due to the triangle inequality,

|| — H[F"]

W EF] — HwlF|| + || Ha[F] — H[F"]

9

29The peculiar number 18 = 29 is the pertinent bound here because for any point (z,t) € [0, 1] x [0, 77 there
could exist a ball containing nine distinct points (2',#') € [~1,2] x [~1,00) so that the extension H interprets
(2, t') as if it were (z,t): H[F](z',t') = H[F](z,t) for all F € FN.
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where we have made use of the fact that 7}, is a fixed point, i.e., Hy[F)] = F{;). By construc-
tion the first term converges as k — oo; the third term converges because the convolution with
an approximate delta function converges in the seminorm defined on compact sets [0, 1] x [0, T']
to the function itself (see for instance Konigsberger (2004) 10.1 IT). This property extends to
[0,1] x R, under the discounted pseudometric.

With regard to the second term, fix arbitrary € > 0. Then there exists 7" > 0 so that

e~T < €/2. Therefore, for arbitrary 17(2—’“) < 1, |[Huw[Fy] — Hw[F7]|] is bounded from above by

1 ! " / TN % rogl /A
0/‘((7(,@)2 / (H"[F)(2' ) — H[F*)(2/,¢))d (2, ¥)

B(k) (I,t)

And the first term is bounded by

(2, ') dx dt

T 1
1 - N
max H"F* x/,t’ — H"[F* .%/,t/
ne{l N}O/O/(b(k))Q / ‘ [l ) [F™](2", 1)

By (z,t)

< max //\m[p( o) (P (o, ) o dt < _mas 9//‘}1” N )~ F[F) (o, 1) de

ne{l,...,

—  max 9//’1{” Fil(a, t) — H'[F"](, 1) ‘dxdt

ne{l,...,

Then recall that Proposition 4 establishes that F| (*;g) converges pointwise to F*. Whence due to

the continuity Assumption (i) of the Theorem the expression goes to zero as k — 0. O]

C Mimicking Argument
C.1 Proof of Lemma 4
We introduce a preliminary Lemma.

Lemma 5 (TU intratemporal efficiency). Under hierarchical search 1: for all xo > xq

00 1

VEl(2) > [ e [R5 o (glon) 2 o] (yloa)dy dr.
/ o
Proof. Define u(t) = e‘pt{TU fe pr=t) flT (y]z2) ,étT[ ](y\xl)dydr}.
0
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An identical construction as in Corollary 2 guarantees that for all 7' > ¢

u(T) — u(t) / / (%X 0] (yle2) — VX [o](22))
(N (s i o]) (a2 [0 2, ) — XX (B ) (92 Yo o] 1, ) iy i

Since Ztlt]T [v](x9,y) is intratemporally efficient for given payoffs and search is hierarchical, i.e.,
Assumption 1 holds, it follows that u(7T") — u(t) < 0. Then noting that u(T) < e T and taking
the limit establishes that u(t) > 0. O

1
Proof of Lemma 4. Define ,Zt)itl W(z) = [ o, [0](y|x)dy.
0

Define for £k =1,2, ...

{=k—1

[k] 1 3
ol(ylar) = / / / P00 X G X l(ylan)dm (1 — o) T &Y o)) dn

T0=t T1

X (21, P(7=t) TUva —TUXUx —oszl_X v](zq)dT,
X (o)1, 22) // / (VX [ul(@2) ~ VERI@2) (- o) T[S lol(w)dre

To=t T1 t=k

(Note that, due to the order of integration, the product counts downwards from ¢ = k — 1 or

¢ = k respectively to 1.) We then prove by induction that

L k
V[ () — VE[o)() > / (F(e2y) — flar, Z (ler)dy + B¥o)(r, ).

0 =
Base case: due to the preceding Lemma 5

1

VI () - VIl (1) > / e rlr0) / (X [0)(yl2) — X o) (yln)) 5 (0] (] )y

0

[e.o] o0
TU

(f(z2,9)—f(21,9)) / e X o]yl drdy + / T (Vo) () = VE o] (1) (10 o] ()

(1] (1]
(f(x%y) - f(xby))M%X[U](mxl)dy + Rf([v](:vl, 1132)

/
/
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Induction step: Suppose that

S

Ty — 1 =
Vi) - V / (120) = Fe1,) Al pldy + R ¥l 22)

1

~
Il

[k—1] 1 (k] (%]
We show that R X[v](z1,22) > [ (f(z2,y) — flz1,9)) M¥[v](y|z1)dy + R [v](z1, 22) from
0
which the claim follows.

To see this, it suffices to note that once more due to the preceding Lemma we have

oo o0

1
[le]f( (21, 22) / / /e P(T—1=t) (Vii [vl(22) — Viifl[v](xl)) (1 — ™)kt H ,Zi;lﬂ[v](xl)dn
To=t 71 Tk t=k—1
[c'slNe] [oe] [e¢) 1
> / / / e P(Th-1-1) [’/ e_p(Tk—Tkl)/(TUX[ ](y!x ) ii[U](y\%))/zii_m[v](y!-?cl)di]
To=t T1 Th—2 k—1 0
1
(1= ] 2, (@) dn
l=k—1
1 o)
:/(f(m,y) (1,y L// /e PT=t) o X ,éTk 1Tk[ v](y|xy) dr,
0 o=t T1

1

(1= ] 2, Ll (xl)dTe] dy
—k—

1

e / VARl - Vi) (- T8 bl dre

T0=t T1 =k

Then define Q¥ [v](y|z1) = 2 MX[ J(ylz1). QF[v](y|z1) is arguably non-negative. It re-

mains to verify that its mtegral over y is less than one. To see this, it suffices to note

that f]\/][f([v](y\xl)dy < oX(1 — a®)*1 whence th [v](y|z1)dy = Zk:fl][\]j][f([v](y\xl)dy <
0 =10

Zoz (1—a®)k 1 =1. O

C.2 Proof of Lemma 3

We prove a slightly stronger result than Lemma 3.%°

300ur companion paper Bonneton and Sandmann (2022) contains another proof of this result.
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Lemma 6 (NTU mimicking argument). Under hierarchical search 1: for all xo > x;

00 1

VX)) > / e o / X(ylea) A X (0] () dy dr.

t 0

Proof. Define u(t) as in the proof of Lemma 5, but now consider exogenous payoffs and the

NTU value-of-search. Then for all T" > ¢

u(T) / / (ylea) = V X[](2))

N, 1y ) (ylze) e [0 (wayy) =N g [0]) (y)a e 0] (21, y)) dy dr
N——

HrY (22ly) 20f () I{mX (y|z2) 20" (v2)}

Note that xs9, being of a superior type, is accepted by a greater number of agents. Formally,
Hr¥ (zly) > vf (y)} =1 = H{r" (z2]y) > v} (y)} = 1. It follows that the preceding is weakly

smaller than

B / / X(ylz) — V X[v](x))

" (@ily) > o) ()} (V5 B o) (laea) L () >V X))}

=N ) o) L (gle) =V X o)} ) dy dr.

This expression is less than zero: First, xs’s acceptance threshold is weakly more desirable for
2o than whichever threshold is instituted by z;. Secondly, search is hierarchical. We conclude

that u(t) > 0 by letting 7' converge to infinity. O

D Bounded Variation: Proof of Proposition 6

Proof of Proposition 6 (ii). Consider a generic function h(z,y) short for 7 (y|x) or f(x,y) and
L" short for L™ or L’. Consider an arbitrary partition of the unit interval [0,1]: 0 = 7o < 71 <
.. < &, = 1. Recall the mimicking argument, namely Lemmata 3 and 4. Those assert that in

both the NTU and TU paradigm the difference in values of search can be bounded as follows:

1

Vo)) — VX [o) (s / v0y) — Wi, y) QX (yl2)dy

0
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Further recall that match payoff or output is normalized, i.e., h(x,y) € [0,1]. Then
> IVl = Vi¥ ol (i)
i=1

:_gzmm{v}[v](x — Vo) (i1 0}+Z (V7 o)) = V¥ [ol(iza))

< 22 mln{/ (@i, y) — h(ziz1,y ))Qf((y]xz)dy, 0} +1

/Z\ (3, y) — i1, ) |QF y|xz)dy+1<2sup2\ (i) = hlwi—1,y)| +1 < 20" + 1.

=1

The last inequality is due to Assumptions 6 and 7 which posit that match payoff and output is
of uniformly bounded total variation.

O

E Continuity

The proofs of Propositions 7 and 8 make use of the following results:

E.1 Preliminary Results

Lemma 7 (dynamic programming). In both paradigms:

Viall(@) — V(@)

a0 VIR _
. t+h 1
=5 [ [ @ 0k - VARI@)N (ol (e o o). v) dyr + o)
t 0

where 7X[v](y|z) = TX[v)(y|z) in the TU and = 7¥(y|z) in the NTU paradigm.

The proof is in Appendix E.2.

Corollary 2. In both paradigms: for v [v](z) = e PV, X [v](z)
v (z) — v o] (2)
h

t+h 1
1

— i [ e [ @ k) - VRN (. pelod) gl o)) dydr + of1)

t 0

where 7X[v](y|z) = TX[v)(y|z) in the TU and = 7¥(y|z) in the NTU paradigm.
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Proof. Observe that

o)) — o ol(e) _ VIS[@) ~ VEI@) e 1

- - V@),

Then use Lemma 7 to conclude. O
Next, we require, as in the main text (see Definition 2) a notion of distance between arbitrary
col 1
match indicator functions my(z,y). Define ||m|| = [ [ [ e~!|my(z, y)|dz dy dt.
000

Lemma 8 (NTU). In the NTU paradigm, posit Assumption 4. Then for all beliefs v and

NTU NTU

t €[0,00): for all € > 0 there exists § > 0 such that ||'m [v] — ‘m [v]|| < € for all ||v — || < 0.

Lemma 9 (TU). In the TU paradigm, posit Assumption 5. Then for allv and t € [0, 00): for
all € > 0 there exists § > 0 such that H%[v] — %[5]“ <€ for all ||v—v|] < 6.

Continuity of the match indicator functions implies continuity of the state at all times.

Lemma 10. In both the NTU and TU paradigm, posit Assumptions 2,3, 4 and 5. Fixv. Then
for allt € [0,00): for all € > 0 there exists § > 0 such that

/‘uf[v](z)—uf[ﬂ](x)|dm<e forall wv: HU—TJH < 0.

E.2 Proof of Lemma 7

We only prove this in the TU paradigm, NTU follows from identical arguments.
Proof of Lemma 7: TU. We make use of the dynamic programming principle:

t+h 1

Vi [u)(x) = / e plr / X (o] (y1) X [o] (vl ) dy dr

Lo thexp | / / NS (s B[ ()t [0] (2, oy dr YV 5 () 0] ).

TU t+h 1 TU TU
where we used that £ [v](y|z) = exp { - f fAX (r, e [0) (' [)ome [0) (2, )y } 275, 0] (y]).

Equivalently, we can write

VL 2) _Vikl) _ —{% [ et [ R ulna blldydr + =V

31The fact that Lemma 9 holds for the pseudo-seminorm as opposed to the discounted sup metric v makes it
a slightly stronger result than Lemma 3 in 7.
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o { = [ [0 ) ook D} 1,
+ePh 3 Vﬁrh[v](x)}

TU
The term in the curled brackets is finite, whence forh[ J(x) = V¥[v](x) 4+ 0(1).3? This proves
Proposition 6 (i). Further note that € ph_1 = —p+o(l) and

235, 10)(ylw) = XX (7, fir o)) (yl0)oe [0] (2, ) + o(1)

[tr
exp{-} —1 } —1_ // (7, o [0)) (y] ) e [v) (2, y)dy dr + o(1).

It follows that

-~

5 [ [ (R k) - VX 0l@) )X (7 B o) ool o) dy -+ 0(1)
" e (faw)-VE@-2r )

E.3 Proof of Lemmma 8

Proof of Lemma 8. Observe that }mt (z,y)—my [0)(x, y)| is smaller than

|H{m(ylz) > v (x) }1{m(ylz) > v} () }| + |L{7(zly) > v () }-L{7(z]y) > 5} (y)}]

We bound the double integral of the first term: For any = observe that

¥ (o) = o (@)} = 1{r o) 2 57 (@)}

= 1{y s min{v;* (2), 7, (2)} < 7 (yle) < max{v® (2), th(I)}}-

Fix some y such that 7% (y|z) € [min{v¥ (z), 7 (2)}, max{v{* (z), 57 ()}].
Case 1: y: 7% (y|z) < v (x). Denote ¥ the greatest y such that ligl m(y|z) < 0¥ (x). Then
vy

A —y) <7 (Gle) — 7 (ylo) < [of (2) =77 (2)].

32The little-o refers to the Landau notation; o(1) means that %in%) o(1)=0
—
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Case 2: y : ¥ (y|z) > vX(x). Denote 7 the smallest y such that lifg m(ylr) > v¥(x).
iy

Aly —7) <7 (ylo) = 75 (@Flz) < [vf (2) =77 (2)].

It follows that

1

[ [ s minge @), 5 @)} < ¥ (0le) < max{e (o), 5 ()} pydo < [ | (@) (o)

0
and we can similarly bound

1

// s minfo ()7 (0)) < 7 (oly) < max(e) (). 77 )} pdydo < [ 3|l () = 2 ()l

0
In effect, we can conclude that

1

Pl < l/e-t{/\vm)_@g<<x>\dx+/%|vf<y>_af<y>|dy}dtg 2 o]

0

]

E.4 Proof of Lemmma 9

Proof of Lemma 9. Step 1: Define, for fixed 7, JX 6 z)={y: ‘f x,y) — v (2) — vy (y ‘ <0}
And denote B;[v](z,y) = 2max {|v;* (z) — 7% (2 (y) — v (y)|}. It follows that, for all v,

[mafv] (2, y) —mfol(z,9)| = [1{f(2,9) > 0 (@) + 27 ()} = {f(2,9) >0 (@) +0" (9)}]
Hy : min {0 (@) + 0} (9),75 (@) + 7 ()} < f(29) < max{vt 7)+ v} <y> @ >+vz”<y>}}
() 1 [£,) =7 @) =7 ()] < 2max {[v¥ (2) = 7 @), |0} () = 7 ()]} }

<1y e X (Bll(.v)a) )

A\

Step 2: Note that for all N € N

1

/1{y€ JtX(ﬁt[U](m,y);x)}dm:/ 4 1{y€ Jf(ﬁt[v](x+%,y);x+%)}dx,
where Z H{y € JX (Bifv](z + JN,y),:L‘—l— i)} <lye U X (Belv] (z + %,y);aﬂ— ]{[)}
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N—-2 N-1

—i—ZZl{yEJtX(ﬁt[v](x—i— i ﬂJX By[v] )x+]<7)}

i=0 j=i+1

Step 3: Denote Af[v](z) C [0,1] the set of types y so that there exist at least & — 1 and at

most k unique pairs (7, j) with j > i for which y € JX (B:[v](z + %,y);z + =) N X (Be[v](z +
N—2 N-1

L.y);z 4+ £). Counting establishes that there are at most >, > 1= % such pairs.
=0 j=it1

And by construction, if ¢/, y” € AF[v](z) for some k > 1, there exist j > i so that

)+ Bl + L)

L) > B+ . 0") — Bl + 4.

fat L) = flet Ly) — o e+ =

u J DTt ) < Al
flx+

N

Z
N)+6§<(x+

¢ " J

U )—f(x+ﬁ,y”)—5§(($+

Taking differences establishes that f(z+4,y) — f(z+4,y) — fla+%.y") + fx+4,y") <
Bilvl(z+5,9) + Bilv)(@+ %, v) + Bilvl(z+5,y") + Bilv](z+ 4%, y"). And Assumption 5 implies

N . . .
' —yf < i (ﬁt [v](:n—i—%, ) + B[] (m—i—%, ) + B, mm%, ") + B[] (x—l—%, y”))
- . .
<x(_max | Bl jv,y>+]e{gg§§_l}ﬁt[v]<x+ ).

Integrating over all AF[v](z) where k > 1 then implies that®?

Y () — o (y)| }y.

AN J J
Z / dy < / max{]e{gna;\?il}‘vf((:c—i-ﬁ) — 08 (z + N)

k:>1 """

Step 4: Due to the preceding it must then hold that

1 N N_g N1 . ) .
/// Hy € JX (Bl + w3+ 1) (V5 (Gl + )i+ ) Yo dy
0 0 i=0 j=i+1
o ¥ x w )
// / ke dydz dt < ! +/e / / dydxdtw
L0 aFul(e) 00 k)

33Formally, the implication is due to the following result: let h : [0,1] — [0,1] be a measurable function
and U C [0,1] be such that 2’,2” € U only if |2/ — 2”| < h(2’) 4+ h(z”). Then [, dr < a where a@ =

(fo da:) 2. Proof: Denote § = fo x)dx. If the claim did not hold, there exist z,T € U so that
f[O@]r‘]Ud = f[I — f[ ajnw 4o > 5. 1t follows that T — 2 > §. Then pick for each 2’ € [0,z] N U a
unique 2z € [Z,1] N U. For any such pair it must hold that § < |¢" — 2| < h(z') + h(2"). It then follows
that fo x)dz > fo z)dr + f h(z)dz > 2(% )2. This poses the desired contradiction, for by construction
§=2(2 )2.
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e’} % 1
1 4N ] j N2-_3N+2
< N—Fz/e_t//Zi\/max{ m?x‘vf((x—i-%)—@t){(m%—%)‘,}vf(y) —@ty(y)}}dydxdt%
0 0

0
o) 1 1

1 N _ _ _ 3 N?-3N+2

< —+12\/§—/6 t<//max{\vtx(a:) — 5 (2)], [v) (v) —vty(y)\}dydazydt—

N A 2

00

1 1
1 N 3 N?2—3N+2
<y +12vag [ ([ fmax (@) - @l @) - o @) }dyds) e
0 0 0
1 N 2 N2—3N+2
§N+12\/§ZHU—UH2 5

due to Jensen’s inequality. In conclusion, we have established that for arbitrary N

_ 1 1 N L N2—3N+2
H%[v] —%[U]H < N+N+12\/§ZH”_UH2 —

E.5 Proof of Lemma 10

Proof of Lemma 10. Step 1: Manipulating (1) gives

t 1

pi' [v)(2) — it [0](2) = / {Mf [0](x) / N, e [0]) (yla)me 0] (2, ) dy

— 7 [v)(2) / N (7w []) (Yl )me o) (2, y)dy + 0 (7, pe[0]) () = 0 (7, s [W])(l‘)}dT

:/&ﬁmuwwmww/%mmmmmmmww@

0

+uz (@) [ (A (e[ (yle) = AT (7 e o)) (yl2)) me [0 (2, y) dy

+ i [v)(x)

O\H O\H

N e o)) (yle) (me [0 (2, ) — me o] (2, ) dy + 0™ (7, pe[o]) (2) = 0 (7, e [ﬁ])(w)}df

Using Assumptions 2 and 3 we obtain the following upper bound:

1

16w - i@l < (1472 [ [ o) - o)) o dr

0
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0

20 [ Nl ool (+)

Step 2: The preceding Lemmata 8 and 9 imply that in both paradigms for all £ > 0 (to be
determined) there exists 6 > 0 such that for all v : ||v —7|| < d:

/t/l/l\mf[@](:v,y)—mT[v](m,y)\dydxqu. ()

Step 3: We show that Ve > 0 3§ > 0 such that N(p.[v], u:[v]) <e Vo: ||lv—71|] <.

Indeed, inequalities () and (%) jointly imply that

N (o], pe[0]) < (1 +77,) L + L + L7) /N pr[v], e [O))dr + T (1 + 75, L €

~~ S———
_Kl EKQ

for all v : ||[v —7|| < §. And an application of Gronwall’s inequality gives N (p[v], pe[v]) <
K1§€K2t.

Then to satisfy the e — § argument, choose £ = Kile_KQt. [

Proof of Proposition 7

Proof of Proposition 7. Pick h such that 1/h € N. Then, due to Corollary 2,

|@mm—wmmuwﬁw@@mw—@mmwamwmm—wm@@Hﬂww

1

_ eptOhZ{ p(to+nh) | to+nh[ vl(z) — Vtﬁnh[_](l’ﬂ _ —p(to+(n+1)h) |‘/tg(+(n+1)h[v](x) - thi(nﬂ)h[@](x)}}

h ¢ h

+ e~ P(ti—to)

1

_J%Z{mwl — 08 lT@)] [0l (@)
h

X —
f— ’Ut0+(n+1)h[v] (J")‘ } + efp(tlfto)
h

Ut0+(n+1)h[v](x) - Ivt)g—l—nh[v] (x) _ ,Ut)g—&-(n—l-l)h[ﬁ] () — v§§+nh[@] (x)

h h

) | eplti—to)

E_
<oy
n=0
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to+(n+1)h 1

[ e {(wX<y\x> — VX E@) A ¢l (gl 7], )

to+nh 0

— (m* (ylo) = Vi [l (@) A7 (8, pelv]) (yl 2 )omes [v] (2, y)}dy dt

+ 0(1) 4 e~Pti=to)

=l [ | { (7 (yl) = Vi 0] ) XX (0 ] (g o 0], )

+ e—P(tl—to).

— (m* (ylo) = Vi [0l (@) A (8, pelv]) (yl 2 )omes [v] (2, y)}dy dt

Next, recall the definition of wme,[v](z,y). In the NTU paradigm the preceding term is

/e ”t/{ (yle) = Vi [0)(2) A (¢, pee[0]) (9] )

(1{7r (ely) > 7 ()} = 1{m" (aly) > vf )} 1{m* (o) > 7 ()}

— ePlo

+ | (7 (ylz) = VA p](@) A (8 pe[0]) (yl) H{m " (zly) = vy () }L{7" (yl2) = 57 () }

= (7% (yl2) = Vi [ (@) A (8 pelo]) (yl2) {7 (zly) = v () }1{7" (ylo) = vf((w)}] }d@/ dt

+ e~ P(ti—to)

t1

<ty [ f {(1 PRI L (aly) = 5 @)} — 1 (2ly) = o )]

to

|7 0lo) = V¥ EI@)] A ) ) — |7 le) = V¥Rl @)] A ) (0l) }dydt
Plii=to) 4 (1+7,,)L //’1{# (zly) =7 ()} — {7 (z|y) > v (y }’dydt
aagrt | | - )], — [ lo) - V¥ 1l@)] |yt

/ / ’AXtm[ (o) = XX ule]) o)y

< (1+ 7y, L/\//‘l{ﬁ zly) > o) (y —1{7r z|y) > v (y }’dydt—i—e plti=to)
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t1

+(1+75,) LA/\VX z) — VX [0] }dt+LA/Nut , e [])dt

to

where we have made use of Assumption 2. By integrating over all x € [0, 1], it follows that

1
{ |V X [v](z) — V;X[0](2)|dz is bounded by

(1 +70,)0° / [ e Gl = 2 @)} = 1 ) 2 o ) o dy e+ e

to 0 O

+(1+7%,)L //\VX ‘dxdt%—LA/N V], pe[0])dt.

To conclude, fix some & (yet to be determined). Let ¢; be the smallest time such that e—Plhi—to) <

€. The proof of Lemma 8 implies that there exists 6, > 0 such that for all v : |[v — || < &,

/l// )l{ﬂy(ﬂy) > E:Y(y)} — 1{7ry(m|y) > th(y)}‘dx dydt < €.

to 0 O

ty

And Lemma 10 implies that there exists do > 0 such that [ N(p[v], pw[0])dt < & for all
to

v: ||[v —7|| < 2 Then set § = min{dy,ds}. It follows that for all v : ||[v — || < o

1

/ Vi [o)(2) — V¥ [o] ()| de < (1+ ) LA / / VX (o)) — VX [E) (o) de i+ (2 + T, )2+ 1) €.
—_——— ~ ~—

J/

0 =K1 to 0 =K>

1
And an application of Gronwall’s inequality gives f (VA 0] (2) = ViX[p() |de < Ky&el2ttto),
Then to satisfy the € — § argument, choose § = #- *KQ(tlftO). O

E.6 Proof of Proposition 8

Proof of Proposition 8. Pick h such that 1/h € N. Then (details for the first inequality that is
not specific to the TU paradigm are given in the proof of Proposition 7)

V¥ lole) - Vi¥o)] < e

/e ’Jt/{ i [0)(yle) — Vi [0] (@) AT (e [0]) (| o [0) (2, )

+ e~ P(ti—to)

— (77" [l(yl2) = Vi [0l (@) A (£, pee[v]) (y | )omes [v] (=, y)}dy dt
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T Plwke) - V¥R @)] XY ) )

~ [ elle) - VX RI@)] (6 )yl dyde + e

=¥ / / {\ fay) =7 () - VW] - [fay) -0 ) - V@] Vsl
|V el () = NS (o) o) }dy dt + et
<a*(1+7,) L / 16 @ - V¥ E@) - 6 @) - V¥ el)|d i

+aX I / N (paalo], paa[])dt + e#01-10)

t1

t1 1
SaX(l—l—ﬁtl)L’\//‘@f(y) (y)|dydt + (1 + 71,,) LA/\VX z) — VX [v](x)]dt

to

Forld / N (pualol, [}t + =01,

To conclude, fix some & (yet to be determined). Let ¢; be the smallest time such that e—Plhi—to) <

£. To bound the first term, set §; = e "¢, Lemma 10 implies that there exists d > 0 such for
t1
all v |Jo— ) < 8 | N(paalo], pulo])dt < €.
to
Then set 6 = min{dy, d2}. It follows that for all v : ||v —T|| < ¢

V¥ lel(@) - V)] < 0¥+ 7, LA/|VX v) = VXE@)]dt + 0 (@24 7)) 1)
—_————

J/

-~
—K1 to EKQ

And an application of Gronwall’s inequality gives |V;*[v](z) — V,X[0](z)| < K;&ef2tti—to),

Then to satisfy the e — ¢ argument, choose § = & *KQ(“*tO).
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