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Abstract

This paper argues, in the context of targeted advertising, that receivers’ ability
to independently acquire information has a non-trivial impact on the sender’s
optimal disclosure strategy. In our model, a monopolist has an opportunity to
launch an advertising campaign and chooses a targeting strategy — which con-
sumers to send its advertisement to. The consumers are uncertain about and
heterogeneous in their valuations of the product, and can engage in costly
learning about their true valuations. We discover that the firm generally
prefers to target consumers who are either indifferent between ignoring and
investigating the product, or between investigating and buying it uncondi-
tionally. If the firm is uncertain about the consumer appeal of its product, it
targets these two distinct groups of consumers simultaneously but may ignore
all consumers in between.
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1 Introduction

The recent decade has witnessed a flood of website analytics systems and smart-
phone apps that collect detailed information on users and enable firms to track
consumers’ tastes and actions with increasing precision. The economic literature
has largely focused on the implications of more extensive information collection for
price discrimination allowed by the ever-growing amounts of information available
to firms (see Acquisti, Taylor, and Wagman [2016] and Goldfarb and Tucker [2019]
for excellent surveys). However, much less attention has been devoted to what is
arguably the more widespread use of personal information by firms, personalized
advertising.

Knowledge of consumer tastes allows a firm to target its advertising towards
audiences that can be most easily manipulated into purchasing the product, thus
generating higher returns per dollar spent on advertising. The value added by
targeting can be quite substantial, as illustrated (albeit in a political, rather than
economic context) by the story of Cambridge Analytica, a now-infamous company
that arguably played an important role in the outcomes of the 2016 US Presidential
Election and the UK Brexit referendum by influencing voters via highly-targeted
political advertising on Facebook [Lewis and Hilder, 2018].

The question that arises then is: which consumers should a firm advertise to?
In other words, which consumers does advertising have the most effect on? The
question becomes more complicated in the modern information-rich world, since
advertising is not the only source of information, and consumers can choose to learn
about the product further from other sources. We hence ask: which consumers are
the most appealing targets for advertising in the presence of other learning channels?

To identify the optimal advertising strategy, we consider a theoretical model
in which a population of heterogeneous consumers is faced with an option to buy
a product which yields an uncertain payoff. The consumers differ in their initial
predisposition towards the product and they can further acquire costly information
about their actual valuation for it. A monopolistic seller has an option to send a
costly ad to a subset of consumers, improving their beliefs about the product, and
the firm can freely select which consumers will receive the ad — i.e., target the ad
towards the most susceptible consumers, in terms of their predisposition.

It would appear natural to target consumers with the highest demand for infor-
mation, since the possibly unfavorable information they may learn on their own is
then replaced with the favorable information contained in the ad. However, we show

that this is not the case, and it is instead best to target some of the consumers with



no or low demand for information. In particular, if the effect of the advertisement on
consumer expectations is not too large, and the cost of advertising is significant, it
is optimal for the firm to target consumers in two distinct groups. The first group is
the pessimistic consumers who ignore the product without investigating it. Sending
an ad to these consumers sparks their curiosity — renders them interested enough
to acquire more information about the product, which translates into sales. The
second group is the optimistic consumers who are close to buying the product but
who want to acquire a little additional information “just to be sure”. Advertising to
these consumers will “tip the scales” and convince them to buy the product without
further investigation.

The relative focus on the two groups depends on the firm’s belief about its own
product: an optimistic firm will push consumers towards acquiring more informa-
tion, while a pessimistic one would rather prevent them from doing so. Curiously,
if the firm is uncertain enough about the marketability of its product, then it will
advertise to both groups simultaneously and at the same time ignore consumers
with average beliefs — who are ex ante “closest to indifference” between buying and
not buying the product. This is because the consumers in the latter group choose
to acquire information about the product regardless of advertising, meaning that
advertising does not have much effect on their behavior. It is more valuable for
the firm to affect the consumers’ information acquisition decisions at the extensive
margin (whether a consumer acquires any information) than at the intensive margin
(how much and what kind of information a consumer acquires).

Our result extends the empirical findings of Blake, Nosko, and Tadelis [2015],
who show that in case of eBay, the largest effect of sponsored search ads is on
consumers who were either not using, or barely using eBay before that. These
are the “pessimist” consumers in our model, who are nudged by the ad to acquire
information. However, our results suggest that in general it is also worth targeting
the optimists — those, who can be pushed to stop deliberating and make the purchase.
This effect may be absent in the results of Blake et al. [2015] because their paper
investigates sponsored search ads, which do not convey information about product
or platform quality or fit with consumer’s tastes, but rather serve to make consumers
aware of the product. The effects of such “informative” advertising are different from
those of “persuasive” advertising we explore in this paper (using the terminology of
Bagwell [2007], see Section 7 for a discussion).

Our results hold regardless of whether consumers are fully Bayesian, as is com-
monly assumed in Economics, or “cursed” in the sense of Eyster and Rabin [2005].

A cursed consumer in our model does not draw any inferences from the fact that



she did not receive an advertisement, which is an empirically appealing assumption
(see Section 7 for a discussion). This “cursedness” can manifest because consumers
are naive, or because they are unaware of the ad campaign unless it reaches them
directly, or because they do not expect to be in the target group. Equivalently,
the version of the model with cursed consumers can be seen as a non-informational
model, in which advertising directly increases the consumers’ willingness to pay. The
bottom line is that our results are robust to a variety of extensions and alternative
interpretations.

The connection between the models with cursed and sophisticated consumers
deserves attention by itself. We show that the uniquely optimal advertising strategy
with cursed consumers also constitutes an equilibrium with sophisticated consumers.
The latter model features a multiplicity of self-fulfilling equilibria driven by the
consumers’ off-the-equilibrium path beliefs: a costly advertisement may be worth
sending to a consumer who otherwise (in the absence of an ad) infers that the firm’s
product is bad, but not to a consumer who otherwise sticks to their prior belief.
Such a multiplicity is inherent to any model of costly information disclosure. In the
equilibrium with the smallest amount of advertising, the firm’s advertising strategy
is then exactly the same as if all consumers were cursed, i.e., retained their prior
belief in the absence of an ad regardless of whether they expected to receive an
ad. We further show that this least-advertising equilibrium is the least preferred by
consumers, but the most preferred by the firm, out of all equilibria in the model
with sophisticated consumers.

The remainder of this paper is organized as follows. Section 2 illustrates the
main idea behind our result with a simple example. Section 3 reviews the relevant
literature. Section 4 describes the full model. In Section 5 we derive the optimal
advertising strategy and explore its properties in the context of one salient equilib-
rium. Section 6 characterizes the set of equilibria and the players’ preferences over
them, as well as further justifies the salient equilibrium as being equivalent to the
unique equilibrium with cursed consumers. Finally, Section 7 discusses the main
assumptions behind the model, and Section 8 concludes. All proofs are relegated to

the Appendix.

2 An Illustrative Example

The main driving force behind our result can be illustrated using the following highly

stylized example. Suppose a firm sells a product of quality s € {H, L} at some fixed



price normalized to 1. The firm’s reservation utility for the product is zero. The
consumer values a high-quality product at v = w net of the price, and a low-quality
product at v = w — 1. Both the firm and the consumer ex ante believe the product
is of high quality with probability p° = P(H) = 1/3. The firm receives a signal
y € {h,l} about s with precision p = 0.8 (i.e., the signal is correct with probability
0.8: P(h|H) = P(I|L) = 0.8). The firm can reveal (advertise) this signal to the
consumer at some cost ¢ < 1/3. After receiving this ad, if any, the consumer can
choose to investigate the quality (learn it perfectly) at cost A = 0.1. Assume for this
example that the firm’s signal is high, y = h, so observing y increases a consumer’s
belief that s = H to

P(h|H)P(H) 2

pi(h) = (P(h|H)P(H) + P(h|L)P(L)) 3

Assume also that if the consumer receives no ad, her belief remains at p°.!
The consumer effectively has three options: pass, buy, or investigate (and then
buy if and only if s = H). Her expected payoffs from these options conditional on

belief p are given by:

0, if pass;
EU =qw—(1-p), if buy;

pw — A, if investigate.

The consumer then passes if w < w, investigates if w € (w,w), and buys if w > w,
where (w,w) = (0.3,0.85) if the consumer does not receive the ad, and (w,w) =
(0.15,0.7) if she does.

The firm’s expected profit, depending on the consumer’s decision, is given by:
Em = 0 if the consumer passes, Er = 1 if she buys, and Er = a(p) = 2/3 if
she investigates. Advertising to a consumer with w € [0.7,0.85] pushes her from
investigating the product to buying it immediately, increasing the firm’s profit by
1/3. Advertising to a consumer with w € [0.15, 0.3] nudges her to at least investigate
the product instead of ignoring it altogether, thereby increasing the firm’s profit by
2/3. Advertising to a consumer with any other w (including the ex ante indifferent

consumer with w = 2/3) would not affect her behavior and is thus pointless. Figure

'We refer to such consumers as “cursed” in the sense of Eyster and Rabin [2005]. This assump-
tion is adopted to simplify the example as much as possible. In the full model, we consider both
the version with fully Bayesian consumers and the version with cursed consumers (and justify this
assumption properly).



) T IE TIPS
0.8 \
0.6
0.4 :
—— demand (no ad)
0.2 .
demand (ad) .
0.0 . . . . '
0.0 0.2 0.4 0.6 0.8 1.0
w;
(a) Sale probabilities before and after an ad, as expected by the firm.
ad effect
0.50 ~
0.25 A
0.00 T T T T 1
0.0 0.2 0.4 0.6 0.8 1.0

w;
(b) Ad effect.

Figure 1: Advertising effect in the illustrative example.

1 plots the purchasing probabilities with and without an ad (panel (a)) and the
effect of advertising on firm sales (panel (b)).

Of note is the fact that the firm in this example profits more from advertising to
pessimistic (low-w) consumers. This is driven by the firm’s optimistic belief py = 2/3
in the quality of its product, conditional on y = h. Optimism leads the firm to expect
that any investigating consumer is likely to learn that the product quality is high.
Therefore, incentivizing otherwise unwilling consumers to investigate is valuable for
the firm, while nudging the investigating consumers to buy unconditionally is less so.
Conversely, if prior p and signal strength p were low, targeting optimistic (high-w)
consumers would be better for the firm.

The observations above may appear as if they are due to the specific assumption
that the consumers acquire information on an all-or-nothing basis (learn quality s
perfectly or learn nothing at all). The remainder of the paper uses a more general
model to demonstrate that this is not the case — the intuition above holds under a
much more flexible information acquisition process, when the consumer can acquire

any information she prefers, — and provides more insight into the issues and trade-



offs the firm faces when deciding on its advertising strategy. By interpolation, one

could then hope that our intuition also applies to models “in between”.

3 Literature Review

Bagwell [2007] and Renault [2015] present excellent surveys of literature on (non-
targeted) advertising. For surveys of literature on consumer targeting and tracking,
see Acquisti, Taylor, and Wagman [2016] and Chapter 6 of Goldfarb and Tucker
[2019].

Iyer, Soberman, and Villas-Boas [2005| is a seminal paper on targeted adver-
tising. They model advertising as generating awareness of the product, and find
that in the presence of competition, firms prefer to target consumers with a strong
preference for their product, rather than those close to indifference. In the end, two
firms in the market target their advertising to non-overlapping populations and do
not fight for the “median consumer”. In our model advertising instead increases (the
aware) consumers’ perception of product quality, and consumers can acquire further
information. We show that in such a model, a similar outcome materializes even in
the absence of competition: a single monopolistic firm would target similar groups
(“fans” and/or “haters” but not undecided consumers), although for very different
reasons. Hefti and Liu [2020] extend the model of Iyer et al. [2005] to allow for inat-
tentive consumers who may forget about one of the firms when making their choice.
They show that this kind of inattention may lead firms to flood the whole market
with ads even when they have the power to target their advertisements towards
specific consumers.

Burguet and Petrikaite [2020] and Villas-Boas and Yao [2021] explore optimal ad
targeting in search models. The former paper focuses on the issues of competition
and pricing, while the latter asks how to optimally target ads based on consumers’
search behavior, which is informative of whether they are interested in the product.
These two are the only of the aforementioned papers that recognize the consumers’
information acquisition layer, which is the focus of our paper and the main driving
force behind our results. However, their approach to information acquisition and

the questions that they focus on are different from ours.?

20Other work on targeting includes papers by Athey and Gans [2010], Bergemann and Bonatti
[2011], Farahat and Bailey [2012], Chen and Stallaert [2014], Anderson, Baik, and Larson [2019],
and Hoffmann, Inderst, and Ottaviani [2020]. These papers explore (theoretically and in the field)
the effects of technologies that enable targeting and of legislation which limits it, such as GDPR in
Europe. They find multiple surprising results pertaining to the price and amounts of advertising,
as well as its value to the firm and the consumers. However, none of these papers account for



The literature on strategic information acquisition in various settings is vast,
going back at least to the sequential sampling model of Wald [1945]. Ichihashi
[2018] exemplifies the importance of information acquisition in economic analysis,
making a point similar to what our paper suggests. He explores a setting in which
a monopolist sets a price for the product, and consumers can acquire a costly signal
about their valuation of the product. He shows that the threat of information
acquisition incentivizes the monopolist to set lower prices. Our results are similar
in spirit, but relate to the monopolist’s communication choices instead.

More recently, literature on strategic learning has become closely intertwined
with literature on rational inattention (see Sims [2010] and Mackowiak, Matéjka, and
Wiederholt [2018] for recent surveys). We adopt this rational inattention framework
to model the information acquisition process and rely, in particular, on the results
of Caplin and Dean [2013] and Matéjka and McKay [2015]. The most closely related
to our paper in this literature are the works of Cheng [2021], Matyskova and Montes
[2021], and Figueroa and Guadalupi [2021], who explore, respectively, Bayesian Per-
suasion mechanisms and the optimal costly signaling strategy, when the receiver
is rationally inattentive in the sense of being able to engage in costly information
acquisition after hearing the sender’s message. We complement these two papers by
looking at costly verifiable disclosure a 14 Verrecchia [1983] at the communication
stage. We show that the results can differ substantially across modes of commu-
nication: where Matyskova and Montes [2021] show that the optimal persuasion
mechanism disincentivizes the consumer from acquiring any further information,?
we show that under costly disclosure the exact converse can be the case, with the
sender in some cases using the disclosure opportunity to nudge the receiver to acquire

more information that she otherwise would.

4 The Model

We now proceed to introduce the full model. An extensive discussion of the assump-
tions made is postponed until Section 7.

Our model builds upon a classic Hotelling market. A unit continuum Z of con-
sumers is distributed uniformly on an interval [0, 1], with w; denoting the location

of a generic consumer ¢ € Z. A firm, located in position 1 on the interval, offers

the possibility that consumers acquire information independently, which, as we show, can drive
predictions to a significant degree.

3Similar results — that the sender /firm would often find it optimal to limit consumer learning —
were also reported by Wang [2017], Jain and Whitmeyer [2020], and Jerath and Ren [2021].



a product of unknown quality s € S = {H,L}. All consumers and the firm share
a common prior belief about product quality that assigns probability p° € [0,1] to
state s = H. Price of the product to consumers is exogenously fixed at zero, whereas
the firm yields benefit equal to 1 from every unit sold (from, e.g., selling consumer
information).*

All consumers have unit demand for the product. The value that consumer
i extracts from consuming a product of quality s is given by vs — (1 — w;), and
buying nothing yields utility zero. The first term in the consumption utility, vy,
represents the value added by product quality: vy, = 0 for a low-quality product
and vy = 1 for a high-quality product. The quality term is state-dependent and
is thus not observed by the consumer prior to the purchase. The second term,
—(1 — w;), stands for the transportation cost given by the distance between i and
the firm on the line. This could be interpreted as either the physical transportation
cost, or the fit of the firm’s product to ¢’s idiosyncratic tastes. In what follows, we
stick to the latter interpretation, with higher w; meaning better fit with consumer
i’s tastes. Consumer ¢’s location w; is commonly known: the consumer is aware
of her own tastes, and the firm (or the advertising agency it employs) can use the
information it has about consumer 7 to estimate w;. This information can include
demographics, location data, search history, and other kinds of data commonly
available to advertisers owing to tracking technologies.

The firm has an opportunity to advertise its product. Specifically, at the be-
ginning of the game it receives a private signal y € Y = {h,l} with precision
p € (1/2,1), meaning P(h|H) = P(I|L) = p. The firm can verifiably disclose this
signal in an advertisement, and it chooses which consumers 7 (y) C Z will receive
the ad. We interpret y as a piece of hard but inconclusive evidence that the firm
can disclose to selected consumers; this may include certificates, awards, rankings
standings, critics’ reviews, results of external quality evaluations, etc. Hereinafter
we will refer to 7 : Y — 2T as the firm’s (pure) advertising strategy. The cost
of such an advertising campaign depends on its size and is given by ¢ - |T (y)| for
some per-consumer (equivalently, per-impression) cost ¢ > 0, where |7 (y)| is the
Lebesgue measure of set 7 (y). Consumer ¢ observes her “ad signal” a; € {0, h, [},
with a; =y if i € T(y) and a; = 0 if i ¢ T (y), but does not explicitly observe the
firm’s choice of strategy 7T (y).

Each consumer ¢ chooses whether to purchase the product or not. Prior to

making the decision (but after observing a;), the consumer has an opportunity to

4As discussed in Section 7, neither the fact that the price is zero, nor the firm’s inability to set
the price is important to our results, so long as the firm cannot price discriminate.



Nature Firm Consumer Consumer

@ ©, ® @)
draws s € {H, L}, observes y € {h,l}, observes a; € {1h, 1,0}, observes2xi7
draws y € {h,l}; updates to py(y), updates to p; (a;), updates to p;(z;,a;),
b chooses T (y); selects G;(x;s, a;); buys or passes.

Figure 2: The timing of the model.

acquire a noisy signal x; € R about her valuation for the product. The consumer
can choose any distribution of quality-contingent signals G;(z;|s,a;) : S — A(R).
However, generating a signal is costly, as described further. Upon observing z;, each
consumer updates her belief using Bayes’ rule, and then decides whether to purchase
the product so as to maximize her expected payoft.
The overall timing of the model is as follows (also depicted in Figure 2):
1. state s is drawn by Nature, not observed by anyone; signal y is then drawn
conditional on s;

2. the firm observes y, updates its belief from the prior p° to p;(y), and chooses
an advertising strategy T (y);

3. every consumer i € Z observes a;, updates her belief from the prior p° to the in-
terim belief p}(a;), and selects an information acquisition strategy G;(z;|s, a;);

4. every consumer ¢ € Z observes signal x;, updates her belief to the posterior
p? (x4, a;), and decides whether to purchase the product given p?;

5. payoffs are realized.

We now turn to formulating the firm’s and consumers’ objective functions max-
imized in stages 2-4, required to define an equilibrium of the game. Proceeding by
backwards induction, at stage 4 the consumers’ purchasing decisions are mechani-
cal: consumer ¢ buys the product if and only if the expected utility from doing so is
positive:

E[vslp}] = (1—w;) >0 <= p; >1—w;

(w.l.o.g. we break ties in firm’s favor).

Moving on to stage 3, let D(p}, w;, s) denote the probability with which consumer
i purchases the product (conditional on her belief p! and her optimal information
acquisition strategy) when the realized quality is s. Further, with some abuse of
notation let D(p},w;) denote the respective buying probability unconditional on s
from the consumer’s perspective, and Dy (p;, w;) represent i’s expected demand (the

probability that consumer i buys the product) as perceived by the firm, conditional

10



on its belief p¢(y). The three probabilities are summarized as follows:

D(pzl7wi78) E]P)(pz2 Zl_wl |pz‘17wi)8)7

pz’wl § pz |a“b pz7wlﬂ )7
ses

(i wi) =D pr(sly) D}, wi, 5).
ses
Given these probabilities, we can define the players’ payoffs. In particular, consumer

1’s expected utility as of stage 3 is given by

> pi(sla) [P} wi,s) - (v — (1 —wi))] = Aw(Gii ), (1)

SES

where Ak (G;; pr) is the cost of generating signal structure G;.

To model the cost of information, we follow a large literature on “rational inat-
tention” and assume that it is proportional to the expected reduction in entropy
between the consumer’s interim and posterior beliefs. This functional form has been
used extensively in the literature to model costs of both information processing and
information acquisition and has been justified on many grounds, see Section 7 for
an extended discussion and Mackowiak et al. [2018] for a survey of the literature.

The entropy cost is given by®

(gwpz sz ‘al logpl( |CL1)

+ Z Z (ZP}(Slai)Qz’(%’Sa az’)) p; (slzi, a;) log p} (s|vi, a;),

with A € R, , being the information cost factor.

The firm’s expected profit conditional on y and strategy 7 (y) is given by

/ D (o}, w)di — c - |T(y)] =
€T

- [t -ddi+ [ DG @)
€T (y)

1€Z\T (y)

This expression estimates the expected profit as of stage 3 conditional on the con-

sumers’ interim beliefs {p}(a;)} In equilibrium, the firm knows that all con-

i€L”

5Tt can be shown that the optimal G; has finite support in our problem (see Matéjka and McKay
[2015]), hence we assume this from the start.

11



sumers’ prior beliefs are p” and knows exactly how these beliefs react to ads or lack
thereof, hence (2) is also a valid representation of the firm’s expected profit as of
stage 2.

Having defined the game and the players’ objective functions, we can now intro-
duce the equilibrium concept. We look for sequential equilibria (SE) of the game,

hereinafter referred to simply as equilibria.®

Definition (Sequential Equilibrium). A sequential equilibrium of the game consists
of the firm’s advertising strategy T (y), the collection of the consumers’ informa-
tion acquisition strategies {G;(x;|s, a;)},cz, and the updating rules ps(y), p; (a;), and
p? (x4, a5), for the firm’s and the consumers’ beliefs respectively, such that:
1. consumer i buys the product if and only if p?(x;, a;) > 1 — w;;
2. information acquisition strateqy G;(z;|s, a;) mazimizes expected payoff (1) for
all consumers i € L, all a; € {0,1,h};
3. advertising strategy T (y) mazximizes the firm’s expected profit (2) given any
signal y € {h,1};"
4. the firm’s belief ps(y) is updated using Bayes’ rule after any y € {h,};
5. there exists a sequence of fully mized advertising strategies {T, Ynen (i.€., Tp :
Y — A(2%)) that converges to T in probability for each y, such that for every
consumer i, beliefs derived from T, using Bayes’ rule converge to p}(a;) and

p? (x4, a;) for all respective a; and x;.

It is not necessary to impose the consistency requirements on the firm’s belief
pf(y), since both realizations of y are on equilibrium path for the firm, and hence

the belief can always be derived using Bayes’ rule.

5 Analysis

5.1 The Consumers’ Problem

We solve the model via backwards induction. As mentioned previously, the optimal
strategy in stage 4 is trivial: consumer i buys the product if and only if p?(z;, a;) >

1 — w;. This section is hence devoted to the consumers’ information acquisition

6For a general definition of sequential equilibria, see, e.g., Osborne and Rubinstein [1994], Ch.12.
We use the SE concept instead of a weaker Perfect Bayesian Equilibrium (PBE) concept in order to
avoid consumers having unreasonable beliefs after observing ads off the equilibrium path — which
could happen in a PBE despite the ads containing only hard information in our model.

"Hereinafter we assume that if the firm is indifferent between advertising or not to consumer i,
it does not advertise. Our results are not dependent on this restriction, up to indifference-specific
formulations.

12



problem in stage 3. Since this problem is analogous to a problem explored by Matéjka
and McKay [2015] (see Problem 1 in Section F1 of their Online Appendix), we use
their results to characterize the solution to the information acquisition problem in
our model. This solution is described below; an interested reader is welcome to refer
to their paper for more details.

The first step to solving the consumer’s problem in stage 3 is realizing that, given
some interim belief p}, every signal z; produced by the consumer’s optimal strategy
must induce a different action. In particular, Caplin and Dean [2013] show that if
two signals x; induce the same action, the consumer can save on information costs by
pooling them into one signal. In our setting, this means that the consumer’s optimal
signal structure G; will generate at most two distinct signals x; — a recommendation
to buy and a recommendation to pass. If the consumer’s location w; makes the
decision obvious enough, then she will choose a trivial (uninformative) signal G;,
either the one that always recommends to buy, or the one suggesting to pass. Using
the terminology of Lindbeck and Weibull [2020], we say that consumer i is in sour
conditions if she passes on the product without investigation, sweet conditions if
she buys the product without investigation, and normal conditions if she decides to
acquire additional information.

Suppose the consumer is in normal conditions. Then Matéjka and McKay [2015]
show (see their Theorem 1) that the consumer’s resulting choice probabilities (eval-
uated at stage 3) should satisfy the generalized logit rule conditional on the true

product quality s:

,D(pzl’ wi)e%

D 1 ; w;—1
D(p37wZ7L) = w(ip_zl’w )e - ) (4>
D(p;, wi)e 5~ + (1 —D(p;, w;))

D(p37wZ)H) =

: (3)

where the exponent terms capture the terminal utilities associated with different
actions, adjusted for information cost A (note that ex =1is omitted), and differ-
ent actions (whether to buy or not) are additionally weighed by their unconditional
choice probabilities D(p}, w;) and 1 — D(p}, w;) respectively. The law of total prob-
ability then implies that

D(p;, w;) = p; D(p;, wi, H) + (1 — p;)D(p;, wi, L). (5)

Solving the system of equations (3)—(5) w.r.t. the three choice probabilities yields
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the closed-form solution

0 if p; € [0,p,],

D(p;, w;) = ﬁ(p@lawi) if p} € (Bi,ﬁz'), (6)
1 if pi € [pi, 1];
A=)

where D(p}, w;) = = = (7)

A A

= ()
In the above, the cutoffs p; and p, are determined from the clipping conditions
ﬁ(ﬁi, w;) = 1 and ﬁ(}_)i,wi) = 0, respectively (which, by construction, implies that

D(p},w;) is continuous in p}). One can solve for the two cutoffs to obtain

1—w;

1l—e >
T
A

Tt ®

and en D,
Then consumer i is in sweet conditions whenever p! > p; and sour conditions when-
ever p; < D, If, however, p} € (Qi, pi), then consumer 7 investigates the product in
such a way as to generate a binary signal z; € {a®%¥ 2P} where the two signal
realizations bring her posterior belief to either pf(2"¥) = p;, or pi(z***) = p..

In particular, the solution to the consumer’s problem in the normal conditions is
such that the consumer’s posterior p? after a given recommendation generated by the
optimal signal structure G, is independent of her interim belief p}. At the same time,
the cutoffs P, and p; do depend on w; — different consumers acquire different signals,
which vary in both absolute precision and the balance between type-I and type-II
errors. This also means that we can invert the result and characterize a consumer’s
learning behavior based on her idiosyncratic preference: given some fixed belief p;,
there exist cutoffs w, and w; such that consumer ¢ with interim belief p; is in normal
conditions if w; € (w;, w;), sour if w; < w;, and sweet if w; > w;. These cutoffs can

be obtained by inverting the expressions in (8) and will be useful later.

5.2 The Firm’s Problem

From this point onwards we explore the firm’s decision in stage 2 of the game —
namely, its choice of advertising strategy 7. The previous subsection implies that
for any firm’s strategy, there exists a solution to the consumer’s problem that it
generates in all contingencies — a “continuation equilibrium”. Therefore, if a firm’s

advertising strategy is optimal given the consumers’ response, all of them together
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constitute an equilibrium.

Given the consumers’ information acquisition strategies {G;}._;, the firm can cal-

€T
culate its expected sales. Specifically, the firm can compute D;(p;}, w;), its expected
probability that consumer ¢ will buy the product conditional on her interim belief

p;. This probability is given by
Dy(p;, wi) = pyD(p;, wi, H) + (1 — pp)D(pi, wi, L). 9)

Note that this “demand” function for consumer ¢ depends both on the firm’s belief
py about the state of the world, for obvious reasons, and on the consumer’s belief p;,
since the latter determines both the consumer’s ex ante valuations and how much
and what kind of extra information the consumer acquires.

The question now is how the consumer’s interim belief p;(a;) responds to the
firm’s advertisement or a lack thereof. Lemma 1 below demonstrates that as ex-
pected, the belief increases relative to the prior p® after a good ad a; = h and
decreases after a bad ad a; = [, even after taking the strategic nature of the firm’s
disclosure decision into account. Since advertising with signal [ is costly and de-
presses the consumer’s belief, it is never optimal for the firm to advertise with y = [,

as long as consumers’ beliefs do not react too adversely to the lack of advertising.®

Lemma 1. In any sequential equilibrium, the following are true for any consumer
0

h)zo—pu>p07
—p) 0
—p<P;

We can thus focus on the firm’s decision when it has a high signal y = h in hand.
The probability that consumer ¢ purchases the product is given by Ds(p;(h), w;)
after ad h and Dy (p; (0), w;) in the absence of any ad. It is then immediate from the

firm’s profit function (2) that it is optimal to target consumer ¢ € Z if and only if
A(w;) = Dy(p} (h), w;) — Dy(p} (D), w;) > c. (10)

Hereinafter, we refer to A(w;) as the “ad effect” on consumer i. This ad effect
depends, among other things, on the consumer’s interim belief p} (f) in the absence

of an ad, which is endogenous in equilibrium. However, since Df(p,w;) is weakly

8Disclosing adverse information may be optimal in richer settings; see Smirnov and Starkov
[2022] for one example and a survey of related papers.
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increasing in p (see Lemma 4 in the Appendix), part 3 of Lemma 1 allows us to

impose bounds on the magnitude of the ad effect:

pzl(h)vwz) _Df(povwi)a (11>
pzl(h)v wi) - Df(pz‘1<l)7 wi)'

Expressions (10) and (11) together directly imply the following property of the firm’s
optimal targeting strategy:

Lemma 2. In any equilibrium, i € T (h) if A(w;) > ¢ and only if A(w;) > c.

Lemma 2 provides a partial characterization of the game’s equilibria, which al-
lows us to guess how an equilibrium might look like. In particular, note that the non-
targeted consumers do not react to a lack of advertisement in equilibrium: p} (@) = p°
for i ¢ T (h), hence A(w;) = A(w;) < ¢ for these consumers. This implies that there
exists an equilibrium in which i € T(h) if and only if A(w;) > c. We will refer to
it as the reticent equilibrium, since it features the least amount of advertising, as

shown by Proposition 1 below.

Definition. The reticent equilibrium is given by the firm’s targeting strategy Tr(l) =
0 and Tr(h) = {i|A(w;) > ¢} and the consumers’ corresponding beliefs and strate-

gies.

Proposition 1. The reticent equilibrium exists. Further, for any targeting strategy

T played in any other sequential equilibrium, Tr(y) C T (y) for any y € {h,l}.

The idea behind the proposition is immediate: since A(w;) > A(w;) in all equi-
libria for all w;, the actual ad effect can never be lower than A(w;) — and so if the
firm sends an ad to consumer i in the reticent equilibrium, then it is optimal to do
so in any other equilibrium.

In the following subsections, we analyze the reticent equilibrium and verify that
it has the twin-peak structure we are looking for. We show later in Section 6 that
there are many other reasons to focus on this equilibrium in particular, including
it being the seller-preferred equilibrium and it being robust to the precise way we
model the ads’ effects on consumers. Further, in Section 6, we also look at other

equilibria and confirm that they look qualitatively similar.
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5.3 The Reticent Equilibrium Characterization

In this section we characterize Tg, the firm’s advertising strategy in the reticent
equilibrium, and state our main result, which relates to this characterization. We
begin by reminding that Tx(h) is constructed using the lower bound on the ad effect,
A(w;), which compares consumer i’s demand when she receives a good ad to her
demand in the absence of one if she remains at her prior belief: p} () = p° (which is
the highest belief she can have in this case). It will prove useful to introduce notation

for the “critical” consumers, for whom one of these demands is at the boundary:

max{w | Dy(p°, w) = 0},
min{w | Df(p}(h),w) =1}

5 (12)

w

Here w denotes the type of consumer, who is moderately pessimistic about the
product — when her interim belief equals p°, she is indifferent between passing on
the product and investigating it (i.e., she is at the border between sour and normal
conditions; w here is analogous to w; in Section 5.1). On the other hand, w denotes
the type of consumer, who is moderately optimistic — after receiving a good ad,
she is indifferent between buying the product immediately and investigating it (i.e.,
she is at the border between normal and sweet conditions). Both thresholds are
well defined since Dy is weakly increasing and continuous in w (see Lemma 4 in the
Appendix), and Df(p,1) = 1, Ds(p,0) = 0 for any p € (0,1). We consider two cases

depending on the relation between these two thresholds, as defined further.

Definition. Advertisement p is strong if there exists w such that Dy(p”,w) = 0 and

Dy (pi(h),w) =1, and weak otherwise.

Lemma 3. The following are equivalent:
(a) ad is strong;
(b) w=>w;
(c) p>ex/(1+ex).

That is, an ad is strong if and only if there exists some consumer type w € [w, w]
— one that faces sour conditions without an ad, and would enter sweet conditions
after an ad — equivalently, if and only if w > w. Another way to frame this division
is in terms of a bound on p: to be considered strong, an ad should be informative
enough to persuade a consumer who was so pessimistic as to not even investigate
the product without an ad to buy the product without investigation after an ad.

If an ad is strong, then the ad effect A(w) is trivially maximized at w € [w, w]:

advertising to these consumers converts them from sour to sweet conditions, i.e.,
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converts them from non-sales into guaranteed sales. This is the largest effect one
could feasibly achieve, and it would gradually fade away for w < w or w > w. It is
more interesting, however, how the ad effect behaves when the ad is weak.

If an ad is weak, it is immediate that the ad effect A(w) is, all else equal,
increasing in w for w < w: all of these consumers are confidently ignoring the
product in the absence of an ad (D;(p°,w) = 0), but if the ad moves them to
normal conditions, their interim demand Dy(p}(h),w) is increasing in w. Similarly,
A(w) is decreasing in w for w > w: all of those consumers buy the product after an
ad (Ds(pi(h),w) = 1), but if they are in the normal conditions in the absence of an
ad, their demand D;(p®, w) is increasing in w, hence the difference between the two
demands is decreasing in w.

Yet it is not obvious how the ad effect behaves when the ad is weak for consumers
with w € [w, w], who are in the normal conditions with and without the ad. Lemma
5 in the appendix demonstrates that the ad effect is convex in w in that region,
implying that either w, or w, or both are the local maxima of the A(w). The
convexity intuitively means that the firm would rather randomize between sending
an ad to one of two consumers with relatively extreme idiosyncratic valuations (so
long as w € [w,w]) than send an ad to a consumer with an average w for sure. In
other words, ads are relatively more impactful closer to the edges of this interval,
where a consumer is relatively certain about which decision is optimal and hence
acquires little information. Small changes in consumer’s beliefs then have large
repercussions for how much information she acquires and, hence, for her demand.

This leads us to our main result: the claim that the optimal advertising strategy
in the reticent equilibrium has a bipartite structure, targeting groups of consumers
centered at w and w (though one of two groups might be empty if the firm’s belief
is sufficiently close to 0 or 1, as discussed below, and if the advertising cost ¢ is low

then the two groups can merge into one).

Theorem 1. If Tp(h) # 0, then it satisfies the following for some w,, w,, , Wy, Wy :
1. if the ad is weak: Tr(h) = {ijw; € (wy, w,) U (Wq, w,)}, with wy < w <
w,, Wqg < w < W, and with one of the two intervals possibly empty;
2. if the ad is strong: Tr(h) = {i|lw; € (w4, w,)}, with Wy <0 <w < w,,.

Figure 3 illustrates the result: it plots the reticent equilibrium for A = 0.35,
p’ =1/3, p=2/3, and ¢ = 0.22. Panel (a) depicts the expected sale probabilities
after an ad, Dy (p}(h), w;), as a function of w;, and the best-case demand (best for
the firm) in the absence of an ad, Dy(p?, w;). Panel (b) shows the ad effect lower

bound, A(w;), as a function of w;, as well as the equilibrium advertising strategy
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(b) Ad effect lower bound A(w;) and the optimal advertising strategy Tr(h).

Figure 3: The reticent equilibrium (A = 0.35, p® = 1/3, p = 2/3, and ¢ = 0.22).

Notes: Panel (a) depicts the firm’s equilibrium estimates Dy of the demand from consumers with

different

w; after receiving an ad and the best-case estimate without an ad. The green solid line

in panel (b) shows the difference between the two probabilities — the lower bound for the ad

effect, A(w;). Presented in dark blue in panel (b) is Tr(h): the set of consumers, in terms of their

types w;, that the firm targets in equilibrium.
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Tr(h) = {i|A(w;) > c}. As panel (b) shows, the ad effect is double-peaked in wj,
which results in a bipartite optimal advertising strategy, depending on ¢. Theorem
1 claims that this twin-peak structure holds regardless of the parameter values.

The right peak in Figure 3b is at w; = w, i.e., the consumer who is at the border
between normal and sweet conditions after receiving the ad. By advertising to this
consumer and those with slightly larger w;, the firm eliminates any risk that these
consumers will investigate the product on their own and arrive at the (possibly
incorrect) conclusion that the product is bad. A possible sale is converted into a
sure sale — or an almost sure sale in the case of consumers with w; slightly below w.
On the other hand, the left peak is at w; = w — the consumer who is at the border
between sour and normal conditions. By advertising to this consumer, the firm does
not automatically generate a sale, but rather sparks the consumer’s interest and
leads her to investigate the product, as opposed to simply walking past it.

The nice twin-peak nature of Figure 3 is partly due to the firm being unsure of
the quality of its own product (the parameters in Figure 3 are such that py = 1/2).
Specifically, if the firm’s belief (equal to the common prior p° adjusted for good news
y = h) dictates that product is likely good or likely bad, then its targeting strategy
Tr focuses more on one of the two groups. A confident firm (with a high ps) prefers
to target either sour consumers (low w;), or normal consumers who would not put
much effort into investigating its quality. Such a firm realizes that any consumer
that investigates its product will realize that it is worth buying. Hence the firm
tries to induce the consumers to pay attention to its product. A firm that is skeptic
(has low py) has the opposite incentives: it would prefer to discourage information
acquisition as much as possible, since it knows that by looking closely at its product
the consumers will mostly get discouraged from buying it. Therefore, it primarily
targets the consumers for whom the ad can tip the scales in favor of buying the
product without further investigation (high w;). A firm that is uncertain about the
quality of its own product thus prefers to hedge and diversify its targeting across the
two options above. We do not frame this statement as a formal result, but instead

illustrate the intuition behind it using Figure 4.°

9Figure 4 presents the effects of changing py, which is both the firm’s and the consumers’
prior belief. However, it can be easily verified using a variation of our model with a non-common
prior that the shape of A(w) is indeed determined by the firm’s belief py, while a change in the
consumers’ prior would simply shift the demand functions and the ad effect function along the w
axis.
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Figure 4: Effects of the prior belief p° (A = 0.35, p = 2/3).
Notes: The figure presents the expected demands and the ad effect lower bounds when the
common prior is pessimistic (panels (a) and (c¢)) and optimistic (panels (b) and (d)).

6 Analysis: Other Equilibria

6.1 Equilibrium Multiplicity

The reticent equilibrium strategy Tx is not the only advertising strategy that could
be a part of a sequential equilibrium. The multiplicity stems from the fact that
equilibria are, to some extent, self-reinforcing: the benefit from advertising to some
consumer i is larger when she expects to receive an ad (from a firm with signal h)
than when she does not. This is because in the former case sending the ad increases
her belief from p}(0) = p}(I) to p}(h) — since by not receiving the ad she infers that
y = [, — while in the latter case the increase is from p° > p!(l) to p}(h).
Proposition 1 demonstrated that the logic above implies that the reticent equi-
librium features the least amount of advertising among all equilibria. However, the
main idea of our result applies equally well to other equilibria. For example, the
following proposition demonstrates that the equilibrium with the most advertising

(exists and) has the exact same structure as the reticent equilibrium.

Proposition 2. There exists a sequential equilibrium with the firm’s advertising
strategy T(1) = 0 and T(h) = {i|A(w;) > c}. For any T played in any other
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Figure 5: Ad effect bounds A(w;) and A(w;) (left panel); the actual ad effect in the
reticent equilibrium (right panel).

sequential equilibrium, T (y) C T (y) for any y € {h,l}. Furthermore, strategy T
satisfies properties 1-2 in Theorem 1.1°

Recall from Lemma 2 that it is optimal to target consumer i € Z if A(w;) > ¢
and only if A(w;) > c. Similarly to how we constructed the reticent equilibrium
by only looking at the smallest possible ad effect, we can construct an equilibrium
using the upper bound A(w;). Consider in particular the targeting strategy T (h) =
{i]A(w;) > ¢} from Proposition 2. It is immediate that non-targeted consumers are
not worth advertising to, since even in the best case the ad effect does not cover the
cost. Hence to verify that 7 constitutes an equilibrium, we need to show that the
targeted consumers are worth targeting — which is true because in the absence of
an ad they infer that y = [ and update their belief accordingly, p}(0) = p}(l), and
this, in turn, implies that A(w;) = A(w;). Proposition 2 and Figure 5 then show
that A(w) satisfies all the same properties that A(w) does, and yields a targeting
strategy that looks qualitatively the same as in the reticent equilibrium.

The reasoning above highlights that due to the fact that A(w) > A(w) for all w,
a large variety of targeting sets can be self-sustaining in equilibrium. If a consumer
expects to receive an ad, it is more profitable to target this consumer than if she
was unexpecting, since her belief in the absence of an ad is lower in the former
case. While we cannot claim that the optimal advertising strategy in any such
equilibrium has the neat bipartite structure outlined in Theorem 1, the optimal
target groups must belong to one of the two broad pools defined there: one group

close to the border between normal and sweet conditions and the other group close
to the border between sour and normal conditions.

10The criteria for strong and weak ads would be different in this case: an ad would be strong if
there exists w such that Dy (p} (1), w) = 0 and D¢ (p}(h), w) = 1, and weak otherwise.
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6.2 Firm Profit Across Equilibria

While the previous section characterizes the full set of equilibria, it offers no insights
into which equilibria are more or less preferred by the firm and the consumers, which
is what this and the following sections focus on. We begin by looking at the firm’s
preferences over equilibria. The equilibria differ in terms of the targeting sets — i.e.,
any given consumer may receive a good ad and make poor inferences in its absence
in one equilibrium, and receive no ads at all and stay with her prior belief in another
equilibrium. Therefore, we need to calculate the difference in firm’s profit between
these two cases, as a function of the consumer’s location w;.

In particular, let Ag(w;) denote the ex ante expected effect of advertising to
consumer i, which accounts for the negative inference that the consumer makes in

the absence of an ad:

Ap(wi) = [p*Dy(p; (h),wi) + (1 = p*) Dy (p; (1), wi)]| — Dy (p°, wi),
where p* = p’p + (1 — p°)(1 — p).

Le., Ag(w;) compares the expected demand from a consumer i who receives the ad
when y = h and updates her beliefs correctly upon not receiving one when y = [
to the expected demand when ¢ never receives any information and sticks with her
prior belief p°. Here, p* is the unconditional probability of generating a high signal
y = h. For it to be (ex ante) profitable for the firm to advertise to consumer i,
it must be that Ag(w;) > p*c: the expected ad effect should exceed the expected
advertising cost, where the latter is given by p*c, since the actual ad is only sent if

y = h. We can write this optimality condition down as
Agp(w;)) —pc>0
= p" [Aw) — ] = (1-p")A(w;) >0

p*fi(wi).

= Aw;) > c+ —
The expression above implies that the firm’s ex ante expected net profit from ad-
vertising to ¢ is lower than the ex post ad effect when ¢ does not expect an ad in
equilibrium (and the latter ad effect is weakly lower than the ad effect for any rea-
sonable belief that ¢ may have, by Lemmas 1 and 4). In other words, the firm would
prefer to advertise even less than it does in the reticent equilibrium.

The firm thus favors equilibria with the least advertising. By Proposition 1, it

then prefers the reticent equilibrium to any other equilibrium. The reason is that the
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ex post benefit of advertising to 7 is larger than the ex ante expected benefit, since
the former does not account for the downside — the negative inference in the absence
of an ad that arises in equilibrium. Figure 6 plots the ex ante expected ad effect
Ag(w;) and the interim lowed bound for the ad effect after y = h, A(w;), together
with the marginal cost of advertising and the expected cost of advertising. The
figure demonstrates that if the firm had commitment power ex ante, it would ideally
advertise to some low-w consumers (yet less than it does in the reticent equilibrium),
but it actually dislikes advertising to high-w consumers, with the expected ad effect
being negative even ignoring the advertising costs.

We can also think of the firm’s interim preferences: which equilibrium would the
firm prefer to be in once it has observed its private signal y? If y = [, it is immediate
that since the firm never advertises with y = [, it prefers to be in the equilibrium with
the least advertising (or, ideally, none at all) to minimize the number of consumers
expecting an ad and becoming disenchanted in the product if none arrives. If, on the
other hand, y = h, then the firm prefers to be in the reticent equilibrium, since the
trade-off we are thinking of — sending a; = h at cost ¢ to increase i’s belief to p; (h)
or leaving ¢ with her prior p° in no-ad-for-i equilibria — is exactly the trade-off that
the firm faces in the reticent equilibrium. Hence the reticent equilibrium represents
the bliss point for the firm with y = h, but features too much advertising for the
firm with y = [, which in expectation amounts to the conclusion above regarding
the firm’s ex ante preferences. All of the arguments above are summarized by and

prove the following proposition.

Proposition 3. Of all the equilibria of the game, the firm’s ex ante and interim

expected profit after any y € {h,l} is mazimized in the reticent equilibrium.

The shape of Ag(w) deserves a separate investigation, since it can be interpreted
as the firm’s expected profit from the ad if it could commit ex ante to its targeting
strategy. This variation can be interpreted as a model of informative (as opposed
to persuasive) advertising, in which the firm decides whether to reveal a piece of
information about the product that would inform the consumer about her fit with
the product, but the firm itself does not know ex ante the consumer’s fit y (but
knows the consumer’s general affinity towards the product, w;). If the shape of
Apg(w) presented in Figure 6 is general (which it is, see Proposition 4 below), then
in such a setting, the firm strictly prefers to target only a small set of the skeptics
and none of the believers — tipping the scales from normal to sweet conditions is
never worth it for the firm, since the downside risk always outweighs the upside

benefit. The question is why exactly Ag(w) looks the way it does.
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Figure 6: The expected ad effect.
Notes: the parameter values are the same as in Figure 3. The light-grey dashed line plots the
expected cost of advertising (realized by sending an ad iff y = h).

The idea is that if the consumer is in sour conditions in the absence of an ad
(w < w, where w is defined by (12)), then Ag(w) > 0, since the firm gets the positive
effect of good news and does not suffer from revealing bad news: D;(p; (1), w) =
D;(p°,w) = 0 in that case. Symmetrically, Ag(w) < 0 for w > w, since the
opposite happens: D;(p;(h),w) = D;(p°, w) = 1, and some of that demand may be
lost as a result of bad news.!! For w € (w,w), if w is close to either edge of the
interval, the conclusions above hold since Ag(w) is continuous. Proposition 4 below
formalizes this intuition. An interested reader is welcome to refer to the proof in

the appendix for the intuition behind the flat middle interval.

Proposition 4. The expected ad effect Ag(w) is such that, for some wy, w,,, Wq, W, :

Ag(w) =0 if w >y,
Ag(w) <0 if w € (g, w,),
Ap(w) =0 ifw € [w, @,
Ap(w) >0 if w € (wg, w,),
Ap(w) =0 if w < w,.

Further, w; < w < w,, Wy < W < Wy, and if the ad is sufficiently strong, then

HNote that Ag(w) = 0 for very high and very low w, since in those cases a contrarian signal can
not overpower the consumer’s predisposition, so D¢ (p} (h), w) = Ds(p°, w) = Ds(pl (1), w) € {0,1}.
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w, = Wq

6.3 Consumer Welfare Across Equilibria

Our analysis so far has been focused around the implications of targeting strategies
for the firm’s profit. This section discusses instead the effects on consumers.

The main question to ask is: do ads benefit consumers? The answer in our model
is “yes”. Being in the target group is equivalent to receiving a free signal: if y = h a
consumer receives an ad, and if y = [ she can perfectly infer this from the lack of an
ad. Thus the consumers in the target group can effectively observe the realization
of the firm’s signal y. The Blackwell principle states that free information is always
beneficial for decision-makers, hence consumers benefit from being targeted with

advertisements. This implies the following proposition.

Proposition 5. Suppose T (1) = 0. Consumer i’s ex ante expected utility is larger

ifi € T(h) than if i ¢ T(h).

This proposition suggests that the equilibrium with the largest amount of adver-
tising described in Proposition 2 is the one most preferred by consumers. Proposition
5 implies that we can proxy consumer welfare in our model with |7 (y)| — the number
of consumers who receive ads. The more advertising there is in equilibrium, the hap-
pier consumers are in aggregate. Therefore, the answer to the broader question of
welfare implications of targeting technologies depends on whether these technologies
lead to more or less total advertising.

The result above, however, is at odds with the popularity of ad-blockers among
Internet users in the real world — while online ads are often perceived as nuisance
by the consumers, they should still be perceived as a welcome nuisance if the in-
formation therein was useful to the consumers.!® A possible explanation for this
discrepancy is the partial equilibrium nature of our model, which ignores the firm’s
pricing decisions (or other consumer utility-relevant decisions in case of zero-price
products) and the effect that advertising may have on them. The conclusion pre-

sented in Proposition 5 should thus be viewed critically.

120 clarify, thresholds w, w,,, W, W, are different from those in Theorem 1. “Sufficiently strong”
means strong in the sense of Proposition 2 (see Footnote 10).

13 According to Perrin [2019], in 2019 about a quarter of all Internet users in the US and Europe
were using some kind of ad-blocking software.
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6.4 Cursed Consumers

In this section we consider the firm’s problem when consumers are cursed in the sense
of Eyster and Rabin [2005|. They define cursedness as a failure on the player’s behalf
to fully comprehend the correlation between other players’ actions and their infor-
mation. In our setting, a cursed consumer reacts to advertisements like Bayesian
consumers would, but does not update her beliefs when she does not receive an
advertisement. We argue that the assumption that consumers could be cursed is
particularly fitting in our setting (like in most disclosure settings). Indeed, Li and
Hitt [2008] and Brown, Camerer, and Lovallo [2012] provide empirical evidence from
various markets that consumers typically infer too little from the lack of signal but
infer correctly after observing a signal. Jin, Luca, and Martin [2021] and Deversi,
Ispano, and Schwardmann [2021] have obtained further evidence in the lab suggest-
ing very strongly that in games of disclosure of verifiable information (such as ours),
a significant share of receivers can be classified as cursed. l.e., they infer too little
from the lack of signal — even after playing a number of rounds as the sender and
playing fully rationally (i.e., concealing adverse information) in those rounds. Mar-
kets with cursed consumers have also been explored theoretically by Matyskova and
Sipek [2017] and Ispano and Schwardmann [2018].

Formally, in addition to the sequential equilibria of the game, we also seek to
characterize cursed equilibria as defined below. As shown further, the game turns
out to have a unique cursed equilibrium, which coincides in terms of strategies (but

not beliefs) with the reticent equilibrium.

Definition (Cursed Equilibrium). A Cursed Equilibrium of the game consists of the
firm’s advertising strategy T (y), the collection of the consumers” information acqui-
sition strategies {G;(x;]s, a;) },o7, and the updating rules py(y), pi(a;), and p?(z;, a;),
for the firm’s and the consumers’ beliefs respectively, such that:

1. pl(0) = p° for all i;

2. all other objects satisfy the requirements imposed by sequential equilibria.

It is easiest to interpret a “cursed equilibrium” as an “equilibrium when all con-
sumers are cursed”. If consumer i is cursed and she receives an ad with signal h or [
then her belief changes to p}(h) or p}(l) respectively, but if she hears nothing then
her belief remains at p°, regardless of the firm’s equilibrium strategy (even though a
sophisticated consumer would infer from the firm’s strategy that silence is suggestive
of bad news). The fact that consumers are cursed is common knowledge in a cursed

equilibrium.
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Lemma 1 continues to hold in cursed equilibria (the expressions for the beliefs
pi(a;) for a; € {l,h} hold true regardless of the firm’s strategy, and the proof
of T(I) = 0 relies on p° > pl(l), which holds by assumption in Cursed Equilib-
ria). We can thus focus on the firm’s decision when it has a high signal y = h in
hand. The probability that (a cursed) consumer ¢ purchases the product is given by
Dy(p}(h),w;) after ad h and D (p}(0), w;) = Dy(p°,w;) in the absence of any ad.
The firm’s expected profit from targeting set 7 (h) of consumers with ad h is given

by (2), which can then be rewritten as

[ [ oyttt | Df<p°7wi>di] e 1)

i€T (h) i€\ T (h)

I/ (D (p; (h),w;) — Dy(p°,wi) — c) dz’+/ Dy (p°, w;)di.
1€T (h) ieT

Therefore, it is optimal for firm to include ¢ in the target group if and only if the
expression in the first integral is positive for this consumer, which is equivalent to
A(w;) > ¢, where A(w;) is given by (11). This means that the advertising strategy
in the cursed equilibrium coincides with that in the reticent (sequential) equilibrium.
Notably, the resulting strategy 7 (h) = {i|A(w;) > ¢} is uniquely optimal given the
consumers’ beliefs, and the beliefs of cursed consumers are independent of the firm’s
strategy (conditional on a;), hence the equilibrium is also unique.*

This subsection is summarized by (and proves) the following Proposition.

Proposition 6. There is a unique cursed equilibrium, and the firm’s optimal adver-

tising strategy in this equilibrium is the same as in the reticent equilibrium: Tr(l) = ()

and Tr(h) = {i|A(w;) > c}.

Finally, the conclusion of Proposition 5, stating that consumers benefit from
advertisements, continues to hold for cursed consumers. If y = h then targeted
cursed consumers receive a piece of accurate information and make a decision that
is better on average than if they observed no ad/signal. If, on the other hand, y = [,
then cursed consumers are left with their prior belief p°, same as if they were not
targeted. Thus cursed consumers win from being targeted if y = h and lose nothing

if y = [, hence they win on average.

4Unique up to indifference — i.e., other equilibria may exist in which the firm or some consumers
choose a different action when indifferent between some actions available to them (advertise or not
to consumer i; buy the product or not). It is, however, straightforward that all such equilibria are
payoff-equivalent for all parties.
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7 Discussion

We now discuss the assumptions made by the model and relate them to the literature.

Hotelling model and vertical differentiation. Our model features a combina-
tion of both horizontal and vertical differentiation. Vertical differentiation via the
product quality s is the main focus of the model, since both the firm’s advertising
decision and the consumers’ information acquisition decisions concern information
about s. It can, however, be replaced by idiosyncratic variance in consumers’ tastes
(so that s; € S is i.i.d. across consumers), with the firm receiving a signal y; € Y
about each consumer’s match value. All calculations and results would be the same
in this case.

Horizontal differentiation via w;, on the other hand, is effectively used for com-
parative statics: we assume that both the firm and consumer ¢ know w; and the
advertising costs are linear, so the interaction between the firm and consumer i is
not affected by the firm’s interaction with another consumer 5. The Hotelling model
is used due to it being one of the standard frameworks for horizontal differentiation.
Yet the exact way in which horizontal differentiation is captured is not important,
as demonstrated by the earlier version of the paper using heterogeneity in the con-
sumers’ beliefs instead of preferences. Similarly, the exact distribution of w; on the
Hotelling line is irrelevant, but uniform is specified for concreteness.

Finally, we put the firm at the end of the interval purely for notational conve-
nience. If a monopolist could choose the location, it would prefer to be located at the
center of the interval, but the two cases are qualitatively equivalent. We can extend
the market to [0, 2] so that the monopolist is in the center; this would not affect our
analysis of the (sub)market [0, 1], and the analysis of [1,2] would be equivalent up

to symmetry.

No price/quality choice by the firm. The zero-price assumption is made to
motivate the setting in which advertising is the only margin of control that the firm
has. The results continue to hold if the firm controls both the price and the adver-
tising strategy, since we can decompose such a problem into the firm choosing the
price first and making the advertising decisions later, with our model capturing the
second stage of this decision problem given any fixed price level. This interpretation
does, however, require the assumptions that the firm is unable to price discriminate
based on w; (which does indeed appear to be more a challenging task than targeted

advertising, since under targeted pricing the firm needs to shut down arbitrage op-
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portunities among consumers). Price signaling some information about y is another
concern that would need to be addressed in a full pricing model.

The same applies to quality choice: while some models of vertical differentiation
incorporate the firm’s quality choice, we treat it as given since it is made on a very
different time scale — by the time the advertising decisions are made, the production
process is well underway, and quality is difficult to affect. Quality choice can be
incorporated into the model, but this decision would not interact with the rest of

the model in any meaningful way and would not affect the results.

Disclosure/Persuasive advertising. In the classification of Bagwell [2007] and
Renault [2015], advertising (and models thereof) can be roughly split into persuasive
and informative. The latter refers to advertising that either creates awareness of the
product, or conveys product information that may be interpreted favorably by some
consumers and negatively by others. While we do briefly consider (the latter form of)
informative advertising in Section 6.2, our main focus is on persuasive advertising,
which improves the consumers’ opinion about the product. To reiterate, we assume
the ad contents y to be a piece of verifiable evidence about the firm’s product (or
the firm itself), such as expert certifications (“Certified organic!”), results of external
audits and evaluations (“Nine out of ten dentists recommend!”), critics’ opinions
(“«Magnificent!» ~New York Times”), or consumer reviews (“Rated 90 on Rotten
Tomatoes!”). The realization of such a signal can persuade consumers that s is
high (or low), and the firm can decide whether to disclose any given realization.
Alternatively, an earlier version of this paper considered advertising that did not
affect the consumers’ beliefs, but rather increased consumers’ valuations for the
good, be it due to directly affecting consumer tastes [Dixit and Norman, 1978| or
creating some kind of “hype” [Johnson and Myatt, 2006]. We did show that Theorem
1 holds in that setting as well.

Linear cost of advertising. Our model assumes that the cost of advertising is
linear in campaign size. The literature commonly assumes convex cost of reach
(e.g., Butters [1977], Stahl [1994]). Yet in our setting, such a convexity would
more reasonably correspond to a deeper penetration within a cohort of consumers
in a given “location” w. In turn, covering broader locations should, if anything, be
cheaper per recipient than sending highly targeted ads. It is therefore up for debate
which cost function is more appropriate in this setting. Regardless, our main focus
is on the benefits from advertising, hence we adopt the simplest functional form for

the costs of advertising.
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Entropy cost of information for consumers. Following the vast literature
on rational inattention (see Mackowiak et al. [2018] for one survey), we adopt the
entropy cost of information. This could capture both cognitive costs and the time
and effort costs of collecting information. To clarify, “inattention” in our setting
relates not to the consumer being inattentive w.r.t. the ad that the firm sends (the
ad is instead salient enough to be perceived and comprehended fully and at no cost).
We rather interpret it as the consumer being inattentive to other information about
the product that is freely available, but requires a costly effort to sift through — e.g.,
detailed product description, customer reviews, critics’ opinions, etc.

One does not need to interpret the entropy costs literally: Hébert and Woodford
[2017] and Morris and Strack [2019] show that under certain conditions, the classic
Wald problem (that features a decision-maker sequentially sampling costly i.i.d. sig-
nals) can be represented as a static problem with information costs given by mutual
information, as in our model. Further, its use has been justified both axiomatically
and through links to optimal coding in information theory [Denti, Marinacci, and
Montrucchio, 2019|. Finally, Matéjka and McKay [2015] show that entropy cost gen-
erates logit-like choice rules, which is especially fitting for our model of consumer
behavior, seeing how logit is the workhorse of the empirical 10 literature. Due to
all of the above, we elected to stay close to the literature and assume entropy cost
of information, as opposed to adopting an ad hoc functional form. This is despite
the entropy cost function admittedly also possessing some questionable properties
(such as the cost of a given signal structure G;(z;|s, a;) depending on the consumer’s
belief p}, see Mensch [2018], Denti, Marinacci, and Rustichini [2022]). That said,
the example explored in Section 2 demonstrates that our results are not specific to

entropy cost of information.

Monopoly. For simplicity, we work with a monopolistic market, which raises the
question of whether our results extend to competitive markets. This question is
made more relevant by the fact that one of the primary goals of advertising is to
give the firm an advantage over its competitors. One response to this is that our
model can be interpreted as a partial equilibrium of this richer setting, with the
consumers’ outside options incorporating everything related to competing products.
While this seemingly ignores the possible strategic interactions in advertising deci-
sions between the competing firms, we showed in an earlier version of this paper
that if the consumers’ choice problem remains binary (whether to buy one firm’s
product or the other firm’s product), such strategic interaction is minimal. The

optimal advertising strategies in such a duopoly are then qualitatively the same as
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those we obtain for monopoly.

8 Conclusion

We explore the optimal ad targeting strategy of a monopolistic firm which is facing a
population of rationally inattentive consumers with heterogeneous outside options.
We show that this strategy is generally bimodal, focusing on two distinct groups
of consumers: (i) those who are relatively optimistic about the product and are
close to buying it without information acquisition and (ii) those who are relatively
pessimistic about the product and are close to acquiring some information about
the product. The relative focus on these two groups depends on the firm’s expecta-
tion regarding its own product. We further show that the model features multiple
equilibria (among which the structure above applies to the two with the least and
the most advertising). Perhaps surprisingly, among those, the firm prefers the equi-
librium with the least advertising (but not necessarily a total ban on advertising),
while the consumers prefer the one with the most advertising.

In our analysis we make a connection to the behavioral economics literature
studying “cursed” consumers, who deviate from being fully Bayesian by making no
inferences from observing a lack of signal. Though it is an empirically relevant
phenomenon, this “cursedness” contradicts the paradigm of a fully rational, fully
Bayesian economic agent as described in Economic literature. We show that in
costly disclosure games, this distinction may sometimes be ignored, as it does not
affect the optimal strategy for the sender.

While we see this paper as primarily normative (prescribing how firms ought to
advertise to maximize impact on sales, but not in the sense of prescribing a particular
regulation), it may be interesting to see whether similar strategies are employed in
the real world — or, if not, whether using our strategy would improve upon those
currently used in real-life scenarios. Further, to focus on advertising, our model
abstracts from some relevant aspects of the setting, such as flexible pricing (including
personalized pricing/price discrimination), quality choice, and competition among
firms, as discussed in Section 7. Exploring these and other extensions in greater
detail would be important for understanding the scope of the applicability of our

results and constitute prospective avenues for further work.
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Appendix

Proof of Lemma 1. The first two parts follow trivially from Bayes’ rule regardless
of the firm’s strategy — hence they apply both on and off the equilibrium path.

Let us now show that p} () > pl(l). For some advertising strategy 7,, of the firm,
let 7,,(7,y) € (0, 1) denote the probability that 7 is sent an ad y according to 7,,: i.e.,
Ta(i,y) = P{i € T,(y)}. Then i’s belief p; () after not receiving an ad, calculated

from 7, using Bayes’ rule, satisfies

PO _ P 1 pralih) — (L= pmalis])
T=pl@) " T—p0 1= (1= p)ralich) — pralic)

(13)

Routine calculations confirm that the RHS of (13) is weakly decreasing in 7, (i, h)
and increasing in 7,(4,7). Then plugging in the extreme values (7,(i, k), 7,(7,1)) =
(1,0) and (7,(i,h), 7. (2,1)) = (0,1) yields that p} (@) is bounded from below by
pi(l) and from above by p}(h). If a; = 0 is on path for i in equilibrium (meaning
(1(i,h),7(i,1)) # (1,1) in equilibrium), then this directly yields the first part of the
statement. If a; = () is off path for 7, then there should exist a sequence {7}, oy of
fully mixed strategies that converges to the equilibrium strategy 7, and such that
(13) holds in the limit as n — oo for the equilibrium belief p} (@), which implies that
pi(0) € [pi (1), pi (h)].

The final statement of the lemma then follows trivially: from (6)-(9), sale prob-

ability Dy(p;,w;) is weakly increasing in p;. Hence, sending an ad with y = [ to
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such a consumer ¢ would decrease the sale probability compared to not advertising,
while costing ¢ > 0 to the firm. Therefore, not advertising to ¢ is optimal. Since ¢
was arbitrary, we also get that 7 (1) = 0.

Finally, 7(I) = 0 then implies by (13) that p} (@) < p°, which allows us to
conclude that in equilibrium, p; (@) € [p} (1), p°]. This concludes the proof. O

Lemma 4. Function Ds(p,w) is weakly increasing in w and p.

Proof. It is immediate from (6)-(9) that Dy(p,w) is continuous and differentiable
in both arguments almost everywhere, with the exceptions being the edge cases in
(6). If (p, w) are such that D(p,w) € {0,1} then Ds(p, w) = D(p,w) € {0, 1}, hence
monotonicity holds. Otherwise D(p,w) € (0,1) — then take the partial derivative of
D¢(p,w) w.r.t. w:

where 9Dy (p, w) _ prex + G pf)e_l_Tw

ID(p, w) (D(p,w)ex + (1 —D(p, w)))2 (D(p, w)e‘kTw + (1 = D(p, w)))Q'

D4 (p, : . : . .
The 8Df(;p 1:”)) term is nonnegative, since all numerators and denominators are strictly

positive. In the latter term of (14), (1 — D(p, w))D(g’w) > 0, and

OD(p,w) _ D) T () 0 ped (1) 0
ow  ow A [(e% —1) (61% B 1)}2 > 0.

Therefore, % > 0. On the other hand, the partial derivative of Dy(p, w) w.r.t.
p when D(p,w) € (0, 1) is given by

ODy(p,w) _ 0Ds(p,w) ID(p,w) S

op  9D(p,w) op %
Since D(p,w) _ ID(p,w) _ 1 fj —1 >
dp dp (ex —ex )(1—e )

O

Proof of Proposition 1. By Lemma 1, T (I) = () in all sequential equilibria, hence it
only remains to show the claim for y = h.

To show existence, we start from the observation established in Section 5.2 that
in any equilibrium, ¢ € T(h) if and only if (10) holds. With the construction for
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the reticent equilibrium, we have that in equilibrium, for all i € Tz: p}(0) = p}(I)
by the Bayes’ rule, thus A(w;) = A(w;) > A(w;) > ¢, hence (10) is satisfied. For
all i ¢ Tr: pl(0) = p°, so A(w;) = A(w;) < ¢, hence (10) is satisfied as well. We
conclude that targeting strategy Tr(y) does indeed generate an equilibrium.

The second part of the claim follows from the definition Tr(h) = {i|A(w;) > ¢}

and Lemma 2 saying that if A(w;) > ¢ then ¢ € T(h) in any equilibrium. O

Proof of Lemma 3. The equivalence of statements (a) and (b) follows immediately

from the definitions and Lemma 4, which establishes that Dy(p, w) is weakly in-

creasing in w. From here onwards we focus on the monotonicity of (b) and (c).
Due to the aforementioned monotonicity, (b) is equivalent to Dy (p; (h), w) = 1.

)y =

Since Dy(p, w) is also weakly increasing in p, (b) is further equivalent to

>

pi(h) > plw) = exp(w) = exp’, (15)

where the cutoffs p and p are defined by (8), and the latter equality follows from the

definition of w. Using definition (8), specifically that p(w) = 53—, we can obtain
- ex—1
w 1
that ex = —&——.
1—pO4-pPex .
Further, using the Bayes’ rule, we get that pl(h) = mw, hence the

inequality in (15) is equivalent to

P°p

Pop+(1—p°)(1—p)
1

P'p > ex P

Pop+ (1=p)(1—p) = 1= p0+ plex
_1
= p ((1 —pYe +p0> >p’p+ (1 -p°)(1 - p)

pO

>

>e

1—p° 1
= p> — = —
(I=pYe > +p°—=2p°+1  1+ex
which is equivalent to the condition presented in the statement. m

Lemma 5. Function A(w;) is continuous, weakly increasing for w; < min{w,w},
weakly decreasing for w; > max {w,w}. It is also constant for w; € [w,w] if the ad

is strong, and strictly convex for w; € [w,w] if the ad is weak.

Proof. Since Dy (p,w) is weakly increasing in w and p, and p;(h) > p°, there exist
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w,w € [0,1] such that:

(

1 —Ds(p°, w;) if w; € [max {w,w} ,w],
A(w;) =  Ds(pH(h), w;) — Ds(p°,w;)  if w; € [min {w, w}, max {w, w}],
Dy (p} (1), wy) if w; € [w, min {w, o)),

0 ifwigg.

The continuity and monotonicities follow immediately from this representation. If
the ad is strong, then A(w;) = 1 for w; € (w,w). If the ad is weak, then the second

derivative of A(w;) for w; € (min {w, w}, max{w,w}) is given by

PAw) _ pr—p° o 1w e 41 0
i) [P T et pe

(el_Tw - 1) (eX = 1>3 |

>g

which is strictly positive since p;y > 0. ]

Proof of Theorem 1. By definition of the reticent equilibrium, i € Tgr(h) <=
A(w;) > c. From the assumption that Tz # 0 it follows that max,ejo,1) A(w) > c.
From the continuity of A(w) together with A(0) = A(1) = 0, it follows that the
upper contour set {w|A(w) > ¢} is open for any ¢ > 0. If the ad is strong then by
Lemma 5 the maximum of A(w) is attained by all w € [w,w]. By the monotonicity
of A(w) for w < w and for w > w described in Lemma 5, part 2 of the statement
follows.

If the ad is weak then by Lemma 5 A(w) is strictly convex for all w € [w,w].
Together with the monotonicity of A(w) in the remaining regions, this implies that
arg maxy,co,1] A(w) € {w,w}. Consider two cases depending on whether there exists
a W = arg ming,e(w,z) A(w). If it does, then consider A(w) separately on [0, %] and
[@,1]. On both intervals A(w) is single-peaked, hence quasi-concave, meaning that
its upper contour sets {w|A(w) > ¢} are convex within each interval and include
the respective peaks w and w. If no such w exists then A(w) is strictly monotone
on [w,w]. Then A(w) is single-peaked on [0, 1], so again its upper contour set
{w]A(w) > ¢} is convex and includes the global maximum.'® This proves part 1 of

the theorem. O

15The global maximum is then one of the points in {w,w}, but the UCS may or may not include
the other point.
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Proof of Proposition 2. The proof is constructive. Let A(w) be defined as in (11).
Let T(I) = 0 and T(h) = {i|A(w;) > c}. In what follows, we show that such a
strategy T satisfies the proposition requirements.

Firstly, we show that there exists a sequential equilibrium with 7 as the firm’s
advertising strategy. By Lemma 1, 7 (1) = (). As for y = h, follow the same argument
as for Proposition 1. For all i € T: p}(0) = p}(1), thus A(w;) = A(w;) > ¢, hence
(10) is satisfied. For all i & Tx: pt(0) = p°, so A(w;) = A(w;) < A(w;) < ¢, hence
(10) is satisfied as well. We conclude that targeting strategy 7 (y) does indeed
generate an equilibrium.

Secondly, to show that in any other sequential equilibrium, the firm’s ad strategy
T is such that T (y) C T (y) for , invoke Lemma 2, which implies that if A(w;) then
i ¢ T(h), hence i ¢ T(h) =i ¢ T(h).

Finally, we need to show that 7 satisfies the properties listed in Theorem 1. Re-
call that T(h) = {i|A(w;) > ¢}, while for the reticent equilibrium we have Tr(h) =

{i|A(w;) > ¢}. Consider a fictitious (“prime”) world in which all players share a

common prior p’ = p}(I) and the precision of the firm’s signal ¢’ is p' = ﬁ.

Then o/(p') = p;(h). But then for any i, A(w;) = A'(w;), where A'(w) is calculated
in the same way as A(w), except with p’ instead of p. Consequently, Theorem 1,
as applied to this fictitious world, implies that T5(h) = {i|A (w;) > ¢} satisfies all
the required properties. But we have i € T4(h) <= i € T(h), meaning that T (h)

satisfies all required properties as well. O

Proof of Proposition 4. Start with the case when w < w. For such w, D (p; (1), w) =
Dy (p°,w) = 0. Let wy, = max {w : Dy(p;(h),w) = 0}. By (12) and the monotonicity
of Dy (see Lemma 4), w,; < w. Then for w < wy: Dy(p;(h),w) = 0, and hence
Apg(w) = 0, which proves part 5 of the proposition.

Symmetrically, when w > w: Dy(p;(h),w) = D;(p°,w) = 1. Let us denote
w, = min{w : Ds(p}(l),w) =1}. By (12) and Lemma 4, w, > w. For w > w,:
Dy (pi(l),w) =1, and hence Ag(w) = 0, which proves part 1 of the proposition.

Let w; = max{w : Dy(p}(l),w) = 0} and wy = min {w : Dy(p; (h),w) = 1}. To

prove the remaining parts of the proposition, we need to consider two cases.

Case 1: w0 < 1y (ad is relatively weak).1® Then denote w, = w; and Wy = w,. All
consumers ¢ with w; € (w,,, wq) choose to acquire information after any a; € {0, h,}.

As shown in Section 5.1, this means that all such ¢ choose a binary signal structure

16T his corresponds to the notion of weakness that arises in Proposition 2, but not the one defined
in Section 5.3.
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x € {abW P} such that p? (2%, a;) = ps, or p?(xP?%% a;) = p, for any a;. Then

by belief consistency, if 7 receives no ad, then
+pi - [p" Gi(z"™|H,0) + (1 —p°) - Gi(«"|L, 0)] (16)
P

where the latter equality follows from the definition of D(p}, w;) and the consumer’s
strategy (buy after 2, pass after 27%**). Further, D;(p",w;) = D(p°, w;), since
B = pg(h) 5" +ps(0) - (1= )

In turn, if the firm advertises to consumer ¢ in equilibrium, then we obtain in a

similar way:

p; (h) =p,- (1 — D(p; (h), wz)) + pi - D(p; (h), w;)
pi(l) =p, - (1 =D(p; (1), ws)) + pi - D(p; (1), wi),
so since p” =p; (h) - p* + p; (1) - (1 = p"), (17)
it follows that 5 = ; - [p"D(p! (), ws) + (1 — p*)D(p}(1), w)]
+p, - [L=p"Dp; (h), wi) — (L= p")D(p; (1), wy)] -

Further, D;(p}, w;) = D(p}, w;) for either p;, since p}(y) = py(y) for any y € {h,}.
Since p¥ = z1p; + (1 — z1)p, = zoPi+ (1 — 22)p, implies that 21 = 25, (16) and (17)
together imply that D;(p°,w;) = p*Ds(p}(h),w;) + (1 — p*)Dy(p} (1), w;), meaning
that Ag(w;) = 0 for all w; € (w,,wy). This proves part 3 of the proposition.
For w € [w,, w,], we have that p; (I) < P, and so Dy(p; (1), w;) = D(p; (1), w;) = 0.

Then the latter equation in (17) can be rewritten as
P’ =p" [1_91. - (1 =D(p; (h),wy)) + pi - D(p; (h),ws) | + (1 = p )pi (1),

meaning that if 7 is advertised to, we can write p° as a weighted average of p;, P, and
pi (1), with the ex ante expected demand p*D(p}(h),w;) being equal to the weight
on p;. If i is not advertised to, then (16) still applies, and p° is a weighted average
of p; and P, with the demand again equal to the weight on p;. Since p; () < P, the
weight on p; in the latter case (no ad) must be smaller than in the former (ads to
i). Hence Ag(w;) > 0 in this case, which proves part 2 of the proposition. A mirror

argument can then be used to prove part 4.
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Case 2: w; > w9 (as is relatively strong). For w € [w,, ws], the same logic as
in part 2 above can be used to show that Ag(w) > 0 in that case. Further, a
symmetric argument could again be used to show that Ag(w) < 0 if w € [0y, W,].
Finally, if w € [iy, 2], then Dy (p}(h),w) = 1 and D (p; (1), w) = 0. Since Dy (p°, w)
is increasing (strictly so when Dy (p°, w) € (0, 1)) and all D; are continuous, it follows
that Ag(w) is continuous and decreasing. As shown above, Ag(w9) > 0 > Ag(iy),
which, by the intermediate value theorem, implies that there exists w3 such that
Ap(s) = 0, and the strict part of monotonicity implies that such ws is unique.
Letting w, = wy = w3, we then obtain parts 2-4 of the proposition in this case.

This concludes the proof. O

Proof of Proposition 5. Let

Up.q) = > _ p(s)Dq(s), wi, s) - (v — (1 —w:)) = A(Gi(q); q)

sES

denote the expected utility received by consumer ¢ with idiosyncratic valuation w;
and interim belief ¢, as estimated by an outside observer with belief p. Here G;(q) is
the signal structure chosen optimally by such a consumer, and D(-) are the purchase
probabilities generated by G;(q) and the optimal purchasing behavior. In particular,
Gi(q) is chosen so as to maximize the consumer’s expected utility as evaluated by

her, meaning that

Ulp, p) = max {ZP(S)D(p(S)7wia s) - (vs — (1 —wj)) — M(Q;p)}

ses
= U(p;p) = maxUl(p, q)- (18)

It is optimal for the consumer to have the correct belief — otherwise she acquires
information suboptimally and may not attain the utility maximum.

We now prove the claim for the baseline model. This is equivalent to showing
that having more information at the interim stage is always weakly beneficial for the
consumer. Note that the interim belief of a Bayesian observer who directly observes
the firm’s private signal y coincides with the firm’s belief p}(y) Consumer i’s belief
p; coincides with p}(y) for both y if i € T(h). Her ex ante expected utility in this

case is

yE{h,l}

where P(y) are the ex ante probabilities of different realizations of y. If, on the other
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hand, ¢ ¢ T (h), then such a consumer’s belief remains at p}(f)) = p° regardless of y.
Her expected utility in this case is U(p", p°) = E,[U(p}(y),p")], since E,[py(y)] = p°
and U(p, q) is linear in p. From (18) it follows that U(p}(y), p;(y)) > U(p}(y),1%),
hence we conclude that E,[U(p}(y),p;(y))] > U(p® p°) — being targeted by ad h
(which is equivalent to observing y) is indeed beneficial for the consumer. This
proves the statement of the proposition for the baseline model.

We now proceed to also prove the statement of the proposition for the cursed
consumers as introduced in Section 6.4, following the same argument. The ex ante
expected utility of a cursed consumer if i € T (h) (as evaluated by an objective

observer) is
P(h)U(py(h), py(h)) + P(OU (py (D), p"), (19)

since her interim belief in case y = [ is same as the prior p®, because the firm is not
advertising in that case, while in case y = h the firm advertises and the consumer
updates her belief to p}(h). The ex ante expected utility of a cursed consumer if

i ¢ T (h) (as evaluated by an objective observer) is

P()U (py(h),p") + P)U (p3(1), p"), (20)

since her belief then remains at p° regardless of y. By (18) we have U(pj(h), p}(h)) >
U(p},p®), which implies that (19) is weakly greater than (20). This proves the

statement of the proposition for cursed consumers and concludes the proof. O
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