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Abstract. I consider a repeated auction setting with colluding buyers and a seller who adjusts
reserve prices over time without long-term commitment. To model the seller’s concern for collusion, I
introduce a new equilibrium concept: collusive public perfect equilibrium (cPPE). For every strategy
of the seller I define the corresponding “buyer-game” in which the seller is replaced by Nature who
chooses the reserve prices for the buyers in accordance with the seller’s strategy. A public perfect
equilibrium is collusive if the buyers cannot achieve a higher symmetric public perfect equilibrium
payoff in the corresponding buyer-game. In a setting with symmetric buyers with private binary éid
valuations and publicly revealed bids, I find a collusive public perfect equilibrium that allows the seller
to extract the entire surplus from the buyers in the limit as the discount factor goes to 1. I therefore
show that a patient, non-committed seller can effectively fight collusion even when she can only set
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1 Introduction

Auctions rarely involve a one-shot interaction, often buyers and sellers face each other re-
peatedly. Procurement decisions for road construction and maintenance, to take one example,
have to be made regularly and public authorities often have to deal with the same pool of
potential suppliers. Auctions for electromagnetic spectrum, although less regular, often involve
the same pool of potential buyers.

I model a seller who is concerned about colluding buyers and her own lack of commitment
power. I assume that the seller offers an infinite sequence of first-price auctions with adjustable
reserve prices and has to satisfy stringent public disclosure requirements: both the reserve prices
and the buyers’ bids are publicly disclosed after each round of trading. The seller can commit
to her chosen reserve prices within every period, but does not have enough commitment power
to fix the whole dynamic sequence of reserve prices. With respect to collusion, the seller takes
a rather pessimistic stance: she expects the buyers to take her chosen strategy as given and
try to collectively maximize their own payoff. To model the seller’s concern for collusion, I
introduce a subclass of public perfect equilibria, which I call collusive public perfect equilibria.
For every public strategy of the seller I define the corresponding dynamic game among the buyers
(“buyer-game”) in which the reserve prices are chosen by Nature in accordance with the seller’s
strategy; I select only those public perfect equilibria of the repeated first-price auction game, in
which the buyers’ payoff is no smaller than the payoff they could achieve in the maximal strongly
symmetric public perfect equilibrium of the corresponding buyer-game. I call the selected public
perfect equilibria collusive. My main goal is to determine the highest payoff that the seller can
obtain in a collusive public perfect equilibrium of the repeated auction game.

I consider buyers whose valuations are binary, independent and identically distributed across
them and over time. The buyers in my model employ strongly symmetric strategies in any
public perfect equilibrium of any buyer-game. In essence, the buyers are prohibited from using
more complex asymmetric collusive schemes which might involve communication and/or bidding
strategies dependent on each buyer’s identity. While it is possible that the seller has less power

against a more sophisticated cartel, it should be noted that asymmetric strategies (due to their



complexity) might require explicit coordination among the buyers, and explicit coordination
could be more easily detected and prevented via the traditional instruments of anti-trust policy.
This paper finds a seller’s strategy that is robust to collusive schemes that are simpler and more
tacit, and thus harder to detect and prove to a court.

I study equilibrium outcomes as the discount factor goes to 1 and show that collusion in
repeated auctions can be dealt with rather effectively: I establish that there is a collusive public
perfect equilibrium that achieves full surplus extraction in the limit as the discount factor goes to
1, even though the seller can only set reserve prices, and stringent public disclosure requirements
force her to publicly reveal bids in the end of each period. This full-surplus-extracting collusive
public perfect equilibrium is stationary along the equilibrium path, features higher reserve prices
than the static outcome and forces the buyers to bid even if their valuation is below the offered
reserve price in the current period. Note that, since I am studying a restricted class of public
perfect equilibria, my full surplus extraction results do not rely on any of the existing folk
theorems. Since these theorems refer to the full set of public equilibrium payoffs, even the mere
possibility of full surplus extraction by any collusive public perfect equilibrium (let alone by a
cPPE of any particular structure) is not implied by the existing folk theorems.

In the full-surplus-extracting equilibrium the seller forces the buyer types to separate and
punishes any off-equilibrium path deviations she can detect. In the corresponding buyer-game
the buyers take the seller’s threat as given and might try to deviate to a lower bidding profile.
The key to the construction of the optimal equilibrium is in identifying the optimal symmetric
joint deviation for the buyers and making sure that the original construction renders this joint
deviation unprofitable. Since the full-surplus-extracting cPPE forces any low-type buyer to bid
even when his valuation is below the reserve price, the optimal joint deviation will involve the
low-type buyers abstaining from participating and receiving the punishment of zero continu-
ation payoffs, and the high-type buyers bidding at the reserve price. There are three cases
corresponding to different parameter values. In all three cases the seller extracts full surplus
from the buyers. In Cases 1 and 2, the buyers’ payoff in the full-surplus-extracting cPPE is
exactly equal to the payoff of the optimal joint deviation. In Case 3 the proportion of the
low-type buyers is so high that the optimal joint deviation would provide the buyers with a



strictly lower payoff than the one they obtain along the equilibrium path.

Beyond addressing purely theoretical concerns, my results shed light on how collusion can be
dealt with in practice. Note that dealing with collusion in repeated first-price auctions is espe-
cially challenging because of a fundamental conflict between revenue maximization and fighting
collusion. A seller, who wants to maximize her revenue, must force the different valuation types
of the buyers to separate, making the higher types bid relatively high. But separation of the
different valuation types creates scope for collusion since, absent punishments, the buyers would
try to coordinate on a lower bidding profile. Higher patience will only make this coordination
process easier for them. What my results suggest, however, is that higher patience also allows
the seller to come up with very effective punishments for colluding buyers. To effectively fight
collusion, a revenue-maximizing seller should force the buyers to pay “upfront” for the contin-
uation of favorable terms of trade, which is achieved by making the relatively low-valuation
types participate even when they have to bid above their current valuations. Penalization of
non-participation makes sure that the buyers cannot improve their payoff by making the lower
types abstain from the auction altogether and making the higher types take their place in bid-
ding low. Since the higher valuation types also want to avoid (inefficiently) pooling with the

lower valuation types, they can do nothing but bid high.

1.1 Related literature

The dynamic nature of the interaction presents formidable challenges for an auction designer.
Some of those challenges (e.g. intertemporal dependence of agents’ private information) have
been addressed by the dynamic mechanism design literature (see e.g. Pavan et al. (2014), and
Bergemann and Véliméki (2019) for a review). Other important issues however remain. It
is well-known that dynamic games often exhibit a multiplicity of equilibria, which makes the
classical mechanism design assumption of favorable equilibrium selection harder to justify. For
example, in repeated auction settings, collusive outcomes with lower revenue can be supported
in equilibrium (see e.g. Skrzypacz and Hopenhayn (2004), who analyze equilibria of repeated

first-price auctions and conclude that a bid rotation scheme, which leaves the seller with less



revenue than optimal, can be supported even under limited observability of bids and auction
outcomes). Moreover, collusive equilibria seem to be practically relevant as collusive bidding
patterns are observed in many different repeated auction settings around the world (see e.g
Chassang et al. (2021)).

Repeated auctions are special cases of general repeated games. Equilibria of repeated games
were studied by Abreu et al. (1990), who provide a recursive characterization of equilibrium
payoffs for repeated games with imperfect monitoring, and Fudenberg et al. (1994) who prove
a folk theorem for these games. Athey et al. (2004) introduce (iid) private information into a
repeated Bertrand game with imperfect monitoring and apply the recursive characterization of
Abreu et al. (1990) to their game. They show that patient players can sustain high rigid prices
in the optimal equilibrium, thus extracting a lot of surplus from the consumers. Their model
can be translated to an auction setting with a passive seller who chooses a reserve price once
and for all in the beginning of the game. In the buyer-optimal equilibrium with patient buyers
such a seller would be forced to sell the good at her chosen reserve price in every period.

Even though the literature on collusion in repeated auctions and oligopolies with private
information is very extensive (see Correia-da Silva (2017) for a review), very few papers are
concerned with the study of how the seller’s or auction designer’s behavior might affect the
buyers’ collusion. Abdulkadiroglu and Chung (2004) consider a stage game design problem
in which a committed seller proposes a mechanism that will become the stage game played
repeatedly by a set of tacitly colluding buyers. The seller in their model is concerned with
buyers coordinating on the buyer-optimal sequential equilibrium and designs the stage game
accordingly. Similarly to my paper, Abdulkadiroglu and Chung (2004) find that there is a
mechanism which extracts the entire surplus from the buyers. In the optimal mechanism all
the buyers pay the same participation fee to the seller and then the partnership dissolution
mechanism of Cramton et al. (1987) is run. Abdulkadiroglu and Chung (2004) however note
that a non-committed seller will fall far short of full surplus extraction: in the buyer-optimal
sequential equilibrium of the repeated game in which the seller moves first and proposes a
mechanism, the seller’s revenue will be zero. In this paper I propose a less pessimistic (from

the seller’s point of view) model of equilibrium coordination. While the seller in my model



lacks long-term commitment, she is able to control her own strategy and does not have to
coordinate on the worst equilibrium for herself. She cannot however guarantee that the buyers
will coordinate on her preferred equilibrium either. The buyers could take her strategy as given
and tacitly coordinate on a lower bidding profile using their continuation values to enforce
collusive behavior, hence her equilibrium strategy must make such coordination unprofitable
for the buyers. Although the seller has a more active role in equilibrium coordination in my
model, she is more constrained in terms of feasible mechanisms: she must offer a first-price
auction in every period and can only adjust reserve prices over time. The first-price auctions
are widely used in practice, but give rise to severe challenges when it comes to collusive behavior
under private information. A seller who wants to obtain a higher revenue should try to force
the buyer types to separate, but that very separation creates a scope for collusion. I show that
this conflict is resolved in favor of the seller when she is patient enough.

A few other papers study similar settings, but none of them (to the best of my knowledge)
simultaneously deals with the lack of seller’s commitment and equilibrium coordination in a
satisfactory way. Thomas (2005) notices that a seller could make collusion harder for the
buyers by raising reserve prices, but assumes that the seller moves only once, in the beginning
of time, and chooses one reserve price for the entirety of the repeated game between the buyers.
Zhang (2021) studies a class of collusive agreements between bidders in a model of repeated
first-price auctions, and, as a side note to his main results, shows how a revenue-maximizing
seller should respond to collusion. His seller, much like the seller in Thomas (2005), moves only
once and commits to a single reserve price. As the discount factor goes to 1, the seller is forced
to tolerate “full collusion”, in which all bids are suppressed down to the reserve price, and thus
essentially makes an optimal take-it-or-leave-it offer to the colluding bidders. In contrast to the
results in my paper, the revenue of a patient seller, who is restricted to choose only one reserve
price once and for all, is lower than the revenue achieved under the infinite repetition of the
competitive static outcome, and is therefore of course far below full surplus.

Ortner et al. (2020) are concerned with mitigating the effects of collusion in repeated pro-
curement auctions. They propose a model with a regulator who observes the whole (infinite)

bidding history and can punish colluding bidders. They construct tests for detecting collusive



patterns of behavior which only allow for false negatives — therefore competitive bidders pass
them with probability one. The regulator can then use the outcomes of the tests to punish the
colluding bidders. My seller only has access to finite histories of bids and can only use reserve
prices to punish colluding bidders.

Bergemann and Horner (2018) also study a binary type model of first-price auctions similar
to mine. The seller in their model is however passive and does not set a reserve price at all,
and the buyers’ valuations are perfectly persistent. They are concerned with disclosure regimes
regarding the bid and winning history. In contrast to the findings in my paper, they show that
the maximal disclosure regime leads to inefficient equilibria with low revenues. I show that an
active seller who can adjust reserve prices over time can extract full surplus even when the full
history of bids and identities of the winning buyers is publicly disclosed.

My paper is also related to the literature on collusion in static auctions. This literature
was started by McAfee and McMillan (1992), who study outcomes of explicit before-auction
communication in a first-price auction setting. They solve for optimal collusive schemes with
(“strong collusion”) and without transfers (“weak collusion”). In the optimal weak collusion
scheme, the bidders bid at the reserve price as long as their valuation exceeds it and abstain
otherwise. In the optimal strong collusion scheme, the colluding buyers can obtain a higher
expected payoff by running a “knock-out” auction among themselves. The winner of the knock-
out auction bids at the reserve price (as long as it exceeds his valuation) in the legitimate auction,
and the losers are compensated for abstaining from the legitimate auction. It is however known
now, that in the static setting the seller can avoid the dramatic losses from collusion via more
sophisticated auction design. Che and Kim (2009) show that the second-best auction can be
made collusion-proof, even when the bidders can use transfers to collude.

Finally, this paper speaks to the large literature on robustness in mechanism design (see
Carroll (2019) for a comprehensive review). In my paper the seller aims to be robust to collusive

behavior of the buyers.



1.2 Roadmap

The rest of the paper is organized as follows: Section 2 introduces the model of a repeated
first-price auction game. In Section 3, I introduce the definitions of a buyer-game and a collusive
public perfect equilibrium. In Section 4, I show how supporting collusive public perfect equilibria
can be constructed to punish the seller and the buyers for deviations from the equilibrium path
of full-surplus-extracting cPPE constructed in Sections 5 and 6. Section 7 briefly discusses the

optimal reserve prices of the seller. Finally, Section 8 concludes.

2 Model

2.1 Setup

There is a seller (player 0) and n > 2 buyers (players 1,...,n) who interact over infinitely
many periods. The seller sells one unit of a private good in every period via a first price auction
with a reserve price. Each buyer is privately informed about his valuation type, which is drawn
from a binary set © = {6, 0}, with 0 < @ < 0, iid across periods and buyers. The probability of
the low type @ is ¢ € (0,1). The players share a common discount factor ¢ € [0, 1).

The players play a repeated extensive form game with imperfect public monitoring. The

timing of each period is as follows:

1. Seller announces a reserve price 7.
2. Buyers privately learn their valuations for the good in the current stage.
3. Buyers bid or abstain (@) in the first price auction with the reserve price r.

4. The winner (if any) is determined, the buyers’ choices are publicly disclosed.

The action set of the seller is Ay = R, the action set of each buyer is A = {0} UR,.
Buyer i’s payoff is equal to his valuation 6; net of his bid b; if he wins the auction and zero

otherwise. Ties are broken by a fair coin toss. Formally,

——(0; = b;), ifb;>r & (b; = max{by,...,b,} or b_; =
u;(r,0,0;) = #(wm)< ) ( s : )7

0, otherwise



where #(win) stands for the number of winners in the auction, i.e. the number of buyers who
placed the highest bid.

The seller’s revenue is equal to the highest bid if there is a buyer who bids above his reserve
price, and zero otherwise:

by, ifb;>r & (b = max{by,....b,} or b_; =0
R(r,b) = ( 0100} )

0, otherwise

2.2 Omne-shot auctions

Before we turn our attention to the repeated auction problem, we have to consider subgame
perfect equilibria of the stage game. The intuition here is rather straightforward. If there are
relatively few low types in the population (the probability ¢ of having a low valuation is small),
then the seller will prefer to trade with high types only, and will therefore set the reserve price
equal to the high valuation 6. The low-type buyers will abstain while the high-type buyers will
bid their valuation 6. If there are relatively many low types in the population, then the seller
will prefer to trade with both types, and will therefore set the reserve price to the low valuation
0. The low-type buyers will bid their valuation while the high-type buyers will play a mixed

strategy whose support lies above 6. The following proposition applies:

Proposition 1. One-shot auction equilibria

e If the parameters of the model fall into the High-reserve-price region (q < 915?(52)),
then the seller sets v, = 0 and generates revenue R:, = (1 — ¢™)0; the buyers get the ex

ante payoff v;, = 0.

o [f the parameters of the model fall into the Low-reserve-price region (q > —= ),

then the seller sets 1, = 6 and generates revenue R, = (1—¢")0+q"0—n(1—q)qg" 1 (0—0);
the buyers get the ex ante payoff v, = (1 — q)¢"~*(6 — 0).

Its proof along with other details of equilibrium characterization is provided in Appendix A.



3 Collusive Public Perfect Equilibrium

3.1 Motivation

Let us consider the Low-reserve-price region and the infinite repetition of the associated one-
shot equilibrium. Clearly, it is an equilibrium of the infinitely repeated auction game, but there
is no reason to believe that the players will actually coordinate on it. In fact, buyers’ collusion
is a good reason to believe otherwise. Suppose that the seller sets the reserve price equal to the
low valuation 6, but the buyers, instead of coordinating on their one-shot equilibrium strategies,
use a different bidding profile, in which high-type buyers bid b = § and the low-type buyers
abstain b = () in every period. This bidding profile gives a lower revenue of (1 — ¢")f to the
seller and a higher payoff of %(1 —¢™)(0 — 0) to the buyers. The buyers can support their new
bidding profile using a “grim-trigger” strategy, which punishes deviations by moving back to the
one-shot equilibrium strategies of the Low-reserve-price region; the buyers only have to make

sure that the high types do not want to deviate to 6 + ¢, i.e. whenever

1—g" _— 1 _ _ —
(1=0) = 5O-0+00-0-0)2 (1-9F-0) +50 -0 '0-0)
— —— ~ ~~ -
~ 4 Today’s deviation payoft Grim punishment payoff
Payoff from b=0, b=0

which can be satisfied for high enough values of 9.

As we can see, the infinite repetition of the one-shot equilibrium in the Low-reserve-price
region is not “collusive” because the buyers do not exploit their ability to collude to the fullest
extent possible. A seller who has concerns about buyers’ collusion should not hope to end up in
such an equilibrium and needs to consider more sophisticated strategies. The seller’s equilibrium
strategy should however always guarantee that the buyers cannot improve their payoff similarly
to how they did it in the above example. I formalize this requirement by introducing the concept

of collusive public perfect equilibrium.

3.2 Definition

A collusive public perfect equilibrium is a strongly symmetric public perfect equilibrium that

satisfies two novel requirements:
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1. Collusiveness on path. The buyers must collude given the seller’s on-path play of
her equilibrium strategy. Central to this requirement is the notion of a buyer-game 1
introduce below. Buyer-game is a stochastic first price auction game between the buyers,
in which the reserve prices are determined according to the seller’s strategy. Collusiveness
requires that the buyers be unable to improve their payoff by moving to a different strongly
symmetric public perfect equilibrium in the buyer-game induced by the seller’s equilibrium
strategy. In the above example of the infinite repetition of the one-shot equilibrium of the
Low-reserve-price region collusiveness was violated since the buyers could improve their
payoff by moving to a different equilibrium between themselves.

2. Collusiveness off path. The continuation play must be collusive on path in the above
sense in the above sense regardless of seller’s actions as long as the buyers stick to their
equilibrium strategies. This requirement formalizes the idea that buyers’ collusive agree-
ments cannot be broken by seller’s actions. It does however allow non-collusive equilibria
to be played following buyers’ deviations and thus imposes no restriction on the buyers’

ability to collude.

Strongly symmetric public perfect equilibrium is a public perfect equilibrium, in which buy-
ers take symmetric actions on and off the equilibrium path. Public perfect equilibrium is an
equilibrium in public strategies, i.e. strategies which map public histories into players’ actions.
A public history in the beginning of period t + 1 is a sequence that includes all the actions
taken by each player up to that period: (@, (70,0105 -+ 1 000)5 + -+ (41, b1y - - - ,bnt)), where O
denotes the initial history. The set of those histories is given by Hy = U2, (AO X A”)t, with a
typical period-t history denoted hf. Since buyers additionally observe the action taken by the
seller in every period, the set of public histories at which they get to make a move is given by
H=Ux, [(AO X A”)t} x Ay with a typical period-t history denoted h'. A pure public strategy
for the seller is a mapping o( : Ho — Ag, for the buyers it is 0; : H x © — A.

The expected payoff of the seller in the repeated auction game is given by:

Uo(o) = (1= 6)E Y 6"R(00(hf), oi(h',04),0_i(h',0_3)).

t=0

11



The expected payoff of the buyers ¢« = 1,2, ...,n in the repeated auction game is given by:

Ui(o) = (L= 6)EY_ 6'ui(oo(hf), oi(h',04),0_i (B, 0_31), 0).

t=0

The above definitions extend naturally to behavioral strategies. We can now state the
following definition:

Definition 1. Strongly symmetric public perfect equilibrium

*

A strategy profile (o, 07, ...,0%) is a strongly symmetric public perfect equilibrium if

1. it induces a Nash equilibrium after every public history hg € Ho and h € H;
2. a;(h,0) = o}(h,0) after any public history h € H for any two buyers i,j and any 6.

The first condition of Definition 1 rules out non-credible threats at every public history
much like subgame perfect equilibrium rules out non-credible threats in every subgame. The
second condition makes sure that the buyers use symmetric bidding actions on and off the
equilibrium path. Note that strongly symmetric public perfect equilibria have recursive struc-
ture: the continuation play after any public history is itself a strongly symmetric public perfect
equilibrium.

All strongly symmetric public perfect equilibria I construct below, except the infinite repeti-
tion of the one-shot equilibrium in the Low-reserve-price region, satisfy the following additional

assumption:

Assumption 1(a). Pure bidding actions along the equilibrium path

Buyers use pure bidding actions along the equilibrium path, i.e. after any public history
h € H consistent with the on-path play of (o§,0*,...,0%), the action o*(h,0) is pure for both
types 0 € {0,0}.

Assumption 1(a) itself is not restrictive since we can find a full-surplus-extracting strongly
symmetric public perfect equilibrium that belongs to the class of equilibria allowed by Assump-
tion 1(a). However, I make a similar assumption in the next subsection (Assumption 1(b)),
which forces the buyers to play the same class of equilibria in any buyer-game, restricting the
set of collusive schemes they could use. It remains an open question whether Assumptions 1(a)

and 1(b) could be dispensed with.
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3.2.1 Collusiveness on path

To define collusiveness on path formally, we have to introduce the notion of a buyer-game
induced by a seller’s strategy. To define the states in the buyer-game, we need to define the
path automaton of a seller’s strategy!. In order to do that, fix a particular pure public strategy?
of the seller oq. Let Ho (00) be the set of histories consistent with the seller’s play of oy and any
profile of buyers’ strategies®. Two histories hy and h{ from ?:[0(00) are called og-equivalent if
they prescribe the same continuation play for the seller according to g, i.e. gols, = og|n;. Let
Q2 be the resulting set of equivalence classes with wy being the equivalence class of the initial

history ). The path automaton representation of oq is defined as follows:

Definition 2. Path automaton of a seller’s strategy

The path automaton of g s the tuple (Q,wo, T, 7'), where

o r:Q — Agy is the decision rule satisfying r(w) = o¢(hg) for any hy € w.
o 7: QO x A" = Q is the transition function satisfying T(w,b) = w' iff for any history hy € w

the concatenated history (hg,r(w),b) € w'.
We can now introduce the definition of the buyer-game induced by oy:

Definition 3. Buyer-game
Let (Q,wo, T, 7') be the path automaton of og. The buyer-game induced by oq is a stochastic

game between the buyers where:

o The set of states is §2, with the initial state wy. State transitions occur according to T.

o The set of actions for each buyer is A, i.e. is as defined in the repeated auction game.

1Unlike an automaton representation, the path automaton of a seller’s strategy assumes that the seller never
deviates from o, and therefore represents only part of her repeated game strategy. See also Kandori and Obara
(2006) who employ a similar definition of a path automaton in the context of repeated games with private

monitoring.
2Tt is without loss of generality to restrict attention to pure strategies of the seller, since our goal is to construct

a full-surplus-extracting collusive public perfect equilibrium, which can be achieved under this restriction.
3A typical element of Ho(co) can be written as hf = (0, (00(D), bo), (co(hd), b1), ..., (go(hh™), be1));

where h{ = (00(@), bo), h3 = ((00(@), bo), (oo(hg), bl)), etc.

13



e The set of valuations for each buyer is ©, i.e. is as defined in the repeated auction game.
o The utility of buyer i with type 0; bidding b; in state w is

—— (0, = b;), ifb;>rw) & (b =max{by,....b,}orb_; =10
ﬂz(wubagz): #(Wm)( ) ( ) ( {1 } )7

0, otherwise

where #(win) stands for the number of winners in the auction.

Let us look at the strongly symmetric public perfect equilibria of the buyer-game induced
by oo. A public history at period ¢t 4+ 1 in the buyer-game includes all states and bids up to
period ¢ + 1: (wo, (D10 -+ 3 b00)s -« -y Wiy (b1gy - ooy b)), th). Let H(op) be the set of these public
histories. A public strategy in the buyer game is a function p; : H(og) x © — A. This definition
of public strategy extends naturally to behavior strategies. A strongly symmetric public perfect

equilibrium in the buyer-game induced by a seller’s strategy oy is defined as follows:

Definition 4. Strongly symmetric public perfect equilibrium in the buyer-game
A strategy profile (p5, ..., pk) is a strongly symmetric public perfect equilibrium equilibrium

of the buyer-game induced by oq if

1. It induces a Nash equilibrium after any public history h € H(oy).
2. pi(h,0) = p;(h,0) after any public history h € H(oo) for any two buyers i,j and any 0.

Recall that by Assumption 1(a) the buyers use pure bidding actions along the equilibrium
path of any strongly symmetric public perfect equilibrium of the repeated auction game. The
following Assumption 1(b) restrict the buyers to play equilibria from the same class in the buyer

game.

Assumption 1(b). Pure bidding actions along the equilibrium path of a buyer-game

Buyers use pure bidding actions along the equilibrium path in the buyer-game induced by
00, i.e. after any public history h € H(oy) consistent with the on-path play of (p*,...,p*), the
action p*(h, 0) is pure for both types 6 € {0,0}.

Assumption 1(b) does not allow the buyers to collude by moving to a strongly symmetric

public perfect equilibrium of the buyer game that exhibits mixed actions along the equilibrium
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path. It is in principle possible that the buyers could collectively benefit from using mixed
actions along the equilibrium of the buyer-game induced by the full-surplus-extracting collu-
sive equilibrium constructed below. It can be shown that the simplest collusive schemes with
mixed actions do not help the buyers to improve their payoff*. The larger question of whether
Assumption 1(b) could be dispensed with remains open.

We can now use the above definitions to formally introduce the notion of collusiveness on

path.

Definition 5. Collusiveness on path

A strongly symmetric public perfect equilibrium (0§, 0%, ...,0*) of the repeated auction game
1s collusive on path if there is no strongly symmetric public perfect equilibrium with pure actions
along the equilibrium path (i.e. satisfying Assumption 1(b)) in the buyer-game induced by of,

whose equilibrium payoff exceeds the buyer payoff from (o§,0*,...,0%) in the repeated auction

game.

3.2.2 Collusiveness off path

Recall that the requirement of collusiveness off path formalizes the idea that buyers’ collusive
agreements cannot be broken by seller’s actions. More specifically, if the buyers have played
their equilibrium actions up to the current period, then they must collude on path from the

next period on no matter what the seller has played. The formal definition is as follows:

Definition 6. Collusiveness off path

Suppose (o, 0*,...,0%) is a strongly symmetric public perfect equilibrium of the repeated
auction game. Consider an alternative seller’s strategy of, and let hl € Ho be a period-
t history consistent with the on-path play of (of,0*,...,0%). If the continuation equilibrium
(05lngs 0 |nes - - 0*[ng ) is collusive on path for any such hé and oy, then (0§, 0%,...,0%) is col-

lusive off path.

We can now state the main definition:

4For example, some stationary schemes, in which the high types mix over two bidding actions on path, do

not improve the buyers’ payoff because of their efficiency loss vis-a-vis fully separating behavior
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Definition 7. Collusive public perfect equilibrium
A strongly symmetric public perfect equilibrium of the repeated auction game is a collusive

public perfect equilibrium if it is collusive on and off path.

Remark 1. Observe that the infinite repetition of the one-shot equilibrium in the High-reserve-
price region is a collusive public perfect equilibrium in the sense of Definition 7. First of all
it is clearly a strongly symmetric public perfect equilibrium. To show collusiveness on path,
observe that the buyers get zero payoff along the equilibrium path, and it is not possible for them
to improve their payoff once the seller’s on path play is fized: bidding below 0 leads to a zero
payoff as well, bidding above 6 can only lead to losses. Since after a deviation by any player,

the players return to the same equilibrium in the next period, it is also collusive off path.

4 Supporting collusive equilibria

A seller who intends to actively fight collusion has to come up with punishment strategies
for the buyers who are suspected of coordinating their bidding behavior. Since our ultimate
goal is to construct a collusive public perfect equilibrium, in which the seller extracts the entire
surplus from the buyers in the limit as the discount factor goes to 1, the punishment has to be
as severe as possible. The most severe punishment that the seller could construct in principle
involves leaving zero payoff to the buyers. Our goal in this section is to establish that a threat

of such an severe punishment can be made credible if the seller is patient enough.

4.1 Repetition of static equilibrium in the High-reserve-price region

It is easy to see that the threat of severe punishment is immediately available to the seller
if the parameters belong to High-reserve-price region. Since the one-shot equilibrium payoff of
the buyers is already equal to zero, the seller can always reduce the equilibrium payoff of the
buyers to zero, no matter what the value of § is by switching to the infinite repetition of the
one-shot equilibrium. Moreover since the equilibrium reserve price is extremely high, there is

no room for collusion in this equilibrium:
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Lemma 1. Suppose that the parameters of the model belong to then the infinite repetition of the
equilibrium of Proposition 1 (with r* = 0 in every period ) is a collusive public perfect equilibrium

in the sense of Definition 7.

Proof. The buyers get zero payoff along the equilibrium path. It is not possible for them to
improve their payoff once the seller’s strategy is fixed: bidding below 6 is impossible, bidding

above 6 can only lead to losses O

4.2 Low-revenue collusive equilibria in the Low-reserve-price region

Suppose now that the parameters of the model belong to the Low-reserve-price region. Unlike
in the High-reserve-price region, it might be harder for the seller to reduce the buyers’ payoff to
zero when she prefers trading with both types in the one-shot auction game. It nevertheless turns
out to be possible when the seller is patient enough. To provide the appropriate punishments
to the seller, I first construct collusive public perfect equilibria which leave the seller with little
revenue. I will then use these equilibria to support a high reserve price equilibrium, in which
the seller sets = @ along the equilibrium path and the buyers get zero equilibrium payoffs.
This high reserve price equilibrium equilibrium will then be used to support the full-surplus-

extracting equilibrium in Section 6.

4.2.1 Low-revenue separating equilibrium

I will now construct a separating equilibrium with low (but non-zero) revenue that can be
supported for high enough discount factors. Since our aim is to find a low revenue equilibrium,
it is reasonable to try to force the seller to set r = 0 along the equilibrium path and have the
low type of each buyer bid zero in every period. I denote the high type’s bid by b.

First, we have to make sure that the on-schedule incentive compatibility conditions are
satisfied, i.e. that the low type does not want to emulate the behavior of the high type and vice

versa. A low type  obtains in every period: %Q and a high type’s payoff in each period is:

1—q™

g (6 — b)® If a low type buyer attempts to mimic a high type buyer’s behavior, his payoff is

SInterested readers will find the calculation of separating equilibrium payoffs in Appendix B.
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1 n -

going to be: n(I—gq)<Q — b)), thus the low type incentive compatibility is given by:
n—1 1—ag" _
g Q > d (Q-_’b%
n n(l—q)

1*(]”'_1

1—q™

which is equivalent to b > 6. Since we are attempting to minimize the seller’s revenue, it

is reasonable to select the minimal possible bid for a high type buyer:

e 1 gt
b= #Q.
The ez ante equilibrium payoff of each buyer:
o= tam(0- 1) e - Ha-@-04eg )
The resulting revenue of the seller:
Riw= (1= 0 0= (1 e

Recall that in the one-shot equilibrium of Proposition 77, the ex ante equilibrium payoff for
each bidder is given by v}, = (1 — ¢)¢"*(# — §). Comparing the static equilibrium payoff in
Proposition 1 and the payoff in (1), we obtain:

iy =i = (= g B~ 0) + ")~ (1= q)g" (G~ 0)
= 0=~ 0)+ 01— )"~ 0)]
= (1"~ (1~ " )T~ 0) + 4]
= % [((1 —q) i ¢" —n(l- Q)Q"‘l) 0—-0)+ q”‘IQ}
= % {(1 —q) (Z q" - nq"‘l) (6—0)+ q’HQ}
> %[(1 —q)(ng" ' —ng" ") (O —-0)+¢"0) = %q"‘lﬁ > 0,

which suggests that the chosen on-path behavior of the buyers can be supported by the threat
of switching to the infinite repetition of the one-shot equilibrium. We can now formulate the

full definition of the strategy profile:
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r=0,3i: b ¢ {0,726}

1

Figure 1: Low-revenue separating (LRS) strategy profile

Definition 8. Low-revenue separating strategy profile
(i) Along the equilibrium path:

(a) Seller sets r* =0,

(b) Any low-type buyer bids b* = 0,

n—1

. L, Tk 1—
(c) Any high-type bids b = L0,

(ii) If at any history following r = 0 in every period a bid outside of {b*, b} is made, then the

game switches to the infinite repetition of the one-shot equilibrium of Low-reserve-price

region forever.

(11i) Both buyer types abstain whenever r > 0.

(iv) After any history along which a positive bid has been observed following r > 0, the game

switches the infinite repetition of the one-shot equilibrium of the Low-reserve-price region

forever.

The low-revenue separating strategy profile is illustrated by Figure 1. The following propo-

sition shows that the low-revenue separating strategy profile is a strongly symmetric public

perfect equilibrium of the repeated auction game for high values of the discount factor.

19



Proposition 2. Suppose that the parameters of the model belong to the Low-reserve-price region.
There exists 6* such that for all § € [0%,1) the low-revenue separating strategy profile is a strongly
symmetric public perfect equilibrium of the repeated auction game. Along the equilibrium path
the buyers will obtain the payoff of v}, = %[(1 —q") (0 — 0) + q"’lﬁ}, and the seller will get
Ri=(1—q"")0.

Irs

Proof. Consider first the incentives of the seller. It is clear that the seller does not want to
deviate: if she attempts a one-shot deviation to > 0, her revenue will become (1 —§)0+ (1 —
¢ 18 = 6(1 — ¢" )8 (because all the buyers will abstain following r > 0), which can never
exceed his equilibrium revenue of (1 — ¢"1)d.

Now turn to the buyers. Consider first the public histories along which neither of the players
has deviated. Incentive compatibility will require for a high-type buyer:

(1_5)1_—q

. . .
n(1—q)(6_b)+5g[(1—q)(Q—Q)Jrq 9]

> (1—68)max{q¢" 0,0 — b } + (1 — q)¢" (6 — 9),

and for a low type buyer:

n—1

(=0T 45 [(1 )@~ 8) + 0

> (1—6)max{¢" 0,0 — b} + (1 —q)¢" (6 — 6).

Before dealing with these constraints, consider a public history along which the seller has
deviated to r > 0 in the current period. The equilibrium strategy of the buyers prescribes
abstaining from participation if the reserve price is set above zero. The associated incentive
compatibility condition of a high-type buyer is given by:

1 _ _ _
0=[(1=q")O=0)+¢" 6] > (1=0)(6 —r) +3(1 —q)g" (0 - 0).
For a low-type buyer it is given by:

50— )@~ ) + ¢ 8] > (1= 0)(8 1) +5(1 — )" (7~ ).
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The best deviation for » > 0 is the one for the high type and when r =~ 0. This deviation is

unprofitable whenever:

1 = _ _
0-[(1=g")O—0)+¢"'6] > (1-8)0+ (1 —q)g" (6 - &). (2)

Notice that the incentive compatibility condition in (2) implies all of the above incentive
compatibility conditions since the on-path payoff in each of them can only be higher and the
deviation payoff can only be lower than in (2). The incentive compatibility condition in (2) is

satisfied for all § such that:

0
> — n — =4 (3)
nf + (1 —q"—n(l—q)g" )0 —0) +¢*'0
Since 1 — ¢" — n(1 — q)¢" ' > 0, we can conclude that §* € [0, 1). O

4.2.2 Zero-revenue pooling equilibrium

It is natural to ask the question whether the seller can be forced to give away the good in
every period for free (clearly the worst possible outcome for the seller in this setup). That would
require the seller to set the reserve price r = 0 along the equilibrium path and the buyers to

bid b* = 0 along the equilibrium path. The buyers’ payoff would be equal to:

1, 1 E(6)

Vi = (=)@ —7) 48— r) = =, @

n
Comparing the buyer’s payoff in 4 to the er ante payoff of the buyers in the low-revenue

separating equilibrium, we get:

i = L0 F )+ 8] - (1 0) ok
_ %[(1 )@ 0) +q"' 0~ (1 q)8 — qf]
_ %[(q — g0+ (-1+¢" + " — q)f]
= a1~ (1 g1~ "]
_ 1_an_1[q§— (1+q)8],
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which means that v, < v} whenever ¢f — (1 + q)f < 0 or

ZIp

0
< =—. 5)
1<z ()

We can now formulate the full definition of the zero-revenue pooling strategy profile:

Definition 9. Zero-revenue pooling strategy profile
(i) Along the equilibrium path

(a) Seller sets r* =0,

(b) Both buyer types bid 0,

(i1) If at any history following r = 0 in every period a bid b # 0 is placed, then the game
switches to the infinite repetition of the one-shot equilibrium of the Low-reserve-price region

forever.
(i1i) Both buyer types abstain whenever r > 0.

(iv) After any history along which a bid has been observed following r > 0, the play of the game
switches to the infinite repetition of the one-shot equilibrium of the Low-reserve-price region

forever.

The zero-revenue pooling strategy profile is illustrated by Figure 2. The following proposition
shows that the zero-revenue pooling strategy profile is a strongly symmetric public perfect

equilibrium of the repeated auction game condition in (5) is satisfied.

Proposition 3. Suppose that the parameters of the model belong to the Low-reserve-price region,
and suppose further that the condition in (5) is satisfied, then there ezists 6* € [0,1) such that
for all & > 0* the zero-revenue pooling strateqy profile is a strongly symmetric public perfect

equilibrium of the repeated auction game.

Proof. Consider first the seller’s incentives. The seller does not have any incentive to deviate
because she would end up with zero revenue regardless of the reserve price, which makes setting

r = 0 one of the optimal choices.
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r=0,Vib =0

Figure 2: Zero-revenue pooling (ZRP) strategy profile

Consider now one of the buyers who is contemplating a deviation. Consider first a public
history along which neither player has deviated, the best available deviation after such a history
is for the high type to bid 0 4 € for some small e. This deviation will be detected by both
the seller and the competing buyer. The competing buyer would then have to punish the
deviator by switching to the infinite repetition of the one-shot equilibrium with » = 8 and
competitive bidding, enforcing the continuation value of (1 — ¢)¢" *(f — #). The associated
incentive compatibility condition for the high type is then given by:

(1= 02846 > (1= )8+ 51— )g" (B - 6). (6)

n

Consider now a public history along which the seller has deviated to » > 0 in the current
period. The equilibrium strategy prescribes abstaining from participation for both buyers in the
current period. The payoff from following the equilibrium strategy is thus § E(6)/n. The best
deviation available to the buyers is for the high type to bid r and get the good with the payoff
of @ — r. Since this deviation is automatically detected by the seller and the competing buyers,
the game then switches to the infinite repetition of the one-shot equilibrium, thus resulting in

the incentive compatibility condition given by:

2O S (8@ )+ 50— ) F - 0).

n
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Clearly this deviation is most profitable when r ~ 0, therefore we could rule out all such
deviations if we made sure that the following condition holds:

E(6)

0— ==~ 0)8 + (1 — q)g" (0 — 0). (7)

Recall now the no-deviation condition in (6). Clearly its left-hand side is strictly above the
left-hand side of (7). As the respective right-hand sides are identical, it is obvious then that (7)

implies (6). The condition in 7 is satisfied whenever

no
> — — =
~ 4+ (1= q)f —n(l —q)g"1(0 —0)
Note that the critical value of the discount factor ¢* defined in (8) is in [0, 1) as long as g8+ (1 —
9)0 —n(1—q)qg" (0 —0) = n(v}

Zrp

=0 (8)

—v,) is strictly positive. Recall that the payoff from the low
revenue separating equilibrium v}, always exceeds the one-shot equilibrium payoff vZ,. Under

the assumption that ¢ < a%g in (5) we have v}, , > vy > vy, which establishes the claim. [

Observe that both the low-revenue separating equilibrium and the zero-revenue pooling
equilibrium lead to the same buyer-game. This buyer game is a repeated first-price auction
game in which the reserve price is set to zero. In an optimal strongly symmetric public perfect
equilibrium of this game the buyers either pool or separate along the equilibrium path. If
they pool, then their optimal equilibrium payoff is equal to the buyers’ payoff in the zero-
revenue pooling equilibrium. If they separate, then their optimal equilibrium payoff is equal to
the buyer’s payoff in the low-revenue pooling equilibrium. Thus, depending on the parameter
values, either the zero-revenue pooling equilibrium is collusive, or the low-revenue separating
equilibrium is collusive. The following proposition, whose proof is relegated to Appendix C,

establishes this claim formally.

Proposition 4. If g > 5%, then the low-revenue separating equilibrium of Proposition 2 is col-
lusive in the sense of Definition 7, otherwise the zero-revenue pooling equilibrium of Proposition

3 1s collusive in the sense of Definition 7.
Proof. See Appendix C. O]
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4.3 High-reserve-price equilibrium in the Low-reserve-price region

Having constructed equilibria with low revenue in the previous sections, we can now proceed
to characterize some of the high(er) revenue equilibria in which the seller actively fights collusion
among the buyers. Suppose that the seller sets r = 6 along the equilibrium path. Clearly the
optimal response of the buyers is to bid € for the high type and to abstain for the low type.
This equilibrium therefore leaves zero rents to the buyers, but is inefficient and therefore does
not allow the seller to extract full surplus. It does, however, allow the seller to credibly threaten
the buyers with zero continuation value (as does the repetition of the one-shot equilibrium in
the High-reserve-price region). In the full-surplus-extracting equilibria of Section 6 the buyers
can therefore be incentivized to give up almost the entire surplus along the equilibrium path.

The on-path behavior in this equilibrium can be supported either by the threat of switching
to the low-revenue separating equilibrium or by the threat of switching to the zero-revenue

separating equilibrium. The full definition of the strategy profile is as follows:

Definition 10. High-reserve-price strategy profile

(i) At any history in which the seller has always set r* = 0

(a) The seller sets r* =0,
(b) Any low-type buyer abstains,

(c) Any high-type buyer bids 0.
(i1) If ¢ > % (low-revenue separating equilibrium is collusive), then

o Following any observation of r < 6 in period t, the buyers abstain in period t and the

low-revenue separating equilibrium is played from period t + 1 on.

o Following any observation of r < 6 in period t, if any of the buyers fails to abstain in
period t, the one-shot equilibrium of the Low-reserve-price region is infinitely repeated

from period t + 1 on.
(i1i) If ¢ < % (zero-revenue pooling equilibrium is collusive), then
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Figure 3: High-reserve-price (High r) strategy profile

o Following any observation of r < 0 in period t, the buyers abstain in period t and the

zero-revenue pooling equilibrium is played from period t + 1 on.

o Following any observation of r < @ in period t, if any of the buyers fails to abstain
i period t and places a positive bid above r, the one-shot equilibrium of the Low-

reserve-price region s infinitely repeated from period t + 1 on.

The high-reserve-price strategy profile is illustrated by Figure 3. The following proposition
shows that it is a strongly symmetric public perfect equilibrium of the repeated auction game

for high values of the discount factor.

Proposition 5. Suppose that the parameters of the model belong to the , then there exists
d* € [0,1) such that for all § > 6* the high-reserve-price strategy profile is a strongly symmetric
public perfect equilibrium of the repeated auction game. The buyers get the payoff vy, = 0, the
seller gets the revenue of Ry, = (1 — q".

Proof. (ii) Low-revenue separating equilibrium is collusive

It is easy to see that the seller does not want to deviate in any period. Along the equilibrium

path, her revenue is equal to Ry, = (1 — ¢™)0. If she deviates to any r < 6, then her
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revenue is (1 —0)0+ 0(1 — ¢" 1) =6(1 — ¢" )8 < (1 — ¢")6.

Buyers get zero payoffs along the equilibrium path. Following r = 6 neither type wants
to deviate: bidding leads to a negative payoff for the low type in the current period, and
abstaining does not improve the payoff of the high type in the current period. It remains
to make sure that buyers do not want to deviate from the proposed strategy following an
observation of a lower reserve price r < . It is required that both types prefer abstaining
in the current period and playing the low-revenue separating equilibrium to bidding r (the

lowest possible bid) and playing the one-shot equilibrium in the continuation game, i.e.

for type 0; € {6,0}
5% [(1=¢) (0 —=0)+¢"'0] > (1 =8)6: —r)+ (1 —q)g" (0 —0).

The best deviation obtains for the high type at r = 0:

5 [(1= ")~ 6) + 48] > (1= 0)8+ (1~ q)q" (B~ 0)

which is the same condition as in (2) satisfied for all § defined in (3).

(iii) Zero-revenue pooling equilibrium is collusive

Just as in the previous case, the seller’s revenue is equal to Rj,, = (1 — q")f. She does

not want to deviate since deviation leads to zero revenue forever.

As before the best deviation is for a high type buyer whenever the seller deviates to a
reserve price r > 0 near zero. The condition is:

PR I SR ST

n
which is identical to the no deviation condition in 7, and therefore leads to the same

threshold for the discount factors as in (8).

The following corollary is immediate:

Corollary 1. The high-reserve-price equilibrium of Proposition 5 is collusive in the sense of

Definition 7.
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Proof. Holding the seller’s equilibrium strategy fixed, it is impossible for the two buyers to
improve their payoff even if they perfectly coordinate: bidding higher leads to negative payofts,

bidding lower is impossible. O]

Since this equilibrium leaves the buyers with zero payoffs, we can now use it to construct
full-surplus-extracting equilibria by threatening the buyers who deviate off-schedule with zero

continuation values.

5 High-revenue collusive equilibria

In this section I will introduce a class of collusive public perfect equilibria that allow the
seller to extract full surplus in the limit as 6 goes to 1. These equilibria are stationary and
separating along the equilibrium path, i.e. in each of them any low-type buyer bids b, and a
high-type buyer bids b, while the seller sets the reserve price to r = b in every period along the
equilibrium path. The full description of the class of strategy profiles I am considering is given

by the following definition.

Definition 11. High-revenue strategy profile
Fiz a pair of bids (b,b). The corresponding high-revenue strategy profile is described as

follows.
(i) Along the equilibrium path

o Seller sets a reserve price equal to the equilibrium bid of a low type buyer r = b.
o Any low-type buyer bids b

o Any high-type buyer bids b
(i1) If the parameters of the model belong to the High-reserve-price-region, then

e [f at any history following r in every period a bid outside of {b, l_)} 15 placed, the play
of the game switches to the infinite repetition of the one-shot equilibrium of High-

reserve-price region forever.
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e [fin period t the seller sets v’ # r, then the buyers play the one-shot equilibrium with
reserve price v’ in period t, and the play of the game switches to the infinite repetition

of the one-shot equilibrium of High-reserve-price region forever.
(11i) If the parameters of the model belong to the Low-reserve-price region, then

e [f at any history following r in every period a bid outside of {b, 5} 15 placed, then
the play of the game switches to the high-reserve-price equilibrium of Proposition 5

forever.

e both types abstain in period t if v’ # r is observed in period t, and from t + 1 on the
play of the game game switches to the low-revenue separating equilibrium when it is
collusive, (i.e. when q > %) or to the zero-revenue pooling equilibrium when it is

— 0
collusive (i.e. when q < ETQ)'

e After any history along which a bid has been observed following r’ # r, the game
switches to the infinite repetition of the one-shot equilibrium of he Low-reserve-price

region forever.

The high-revenue strategy profile is illustrated by Figure 4.
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Having discussed the structure of the high-revenue strategy profiles, I can set up the following

revenue maximization problem:

RM : Ri, =max(1l—q¢")b+q"b, s.t.

b,b,v

1 _
(Eg-payoff) v=- [(1—¢")(0—b)+¢"(0—Db)];
Incentive constraints:

n—1

(LowlIC) (1_5)qn (6 — b) + 6v >0,

(HighTCoup)  (1—6)——1" (@

n(l—q)
(HighTC-down) (1 — 5)%(@ B4 u> (1= 8) (G- b),
. l—q" = - 7
(HighIC-on-sch) m(@ —b) > - (0 —b);

No-collusion constraints:

(1—8)(1—¢") (O -b)

(No-col-sep-1) v >

n(l—o(1—qm)
(1=0)[(1—¢")(0—b)+¢"(0 —b)]
(No-col-sep-2) v > (L= 5" )

(No-col-pool) v > 1 [(1—q)(@—b)+q(@—b)];

S

A solution to the revenue maximization problem in RM is a pair of bids (5*, b*) together
with a buyer payoff vf,. In the next lemma, I will show that the high-revenue strategy profile
corresponding to (5*, b*) is a collusive public perfect equilibrium for high enough values of 0 as
long as the solution to RM induces a well-defined separating equilibrium (i.e. b > b*), the
low-type buyers bid strictly above their valuation (i.e. b* > @), and the seller achieves a higher
revenue than in the high reserve price equilibrium (i.e. Ry, > (1 — ¢")f). In Section 6, I will

solve RM, verify that its solution satisfies the aforementioned conditions for sufficiently high

values of 9, and show that the maximal revenue goes to full surplus as § goes to 1.

Lemma 2. Suppose (l_)*,b*, vfse) solve the revenue maximization problem RM. Suppose further

that < b* < b and R, > (1 —¢q")0, then the high-revenue strategy profile corresponding to
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(5*,9*) (as defined by 11) is a collusive public perfect equilibrium of the repeated auction game
if
(i) the parameters of the model belong to the High-reserve-price region; or

(ii) the parameters of the model belong to the Low-reserve-price region and 0 satisfies

e condition (3) if ¢ > %9 (low-revenue separating equilibrium is collusive),

e condition (8) if ¢ < % (zero-revenue pooling equilibrium is collusive).

Proof. Let us show first that the high-revenue strategy profile is a strongly symmetric public
perfect equilibrium of the repeated auction game. Strong symmetry follows from Definition 11,

thus we only need to check the players’ incentives. I start with the buyers.

Incentive compatibility of the buyers. Consider histories in which every player has stayed on
the equilibrium path up to period t. Suppose first that the parameters of the model fall into i.e.
r = 0 is optimal in the one-shot game). If the seller deviates in period ¢, the play from ¢ + 1 is
a public perfect equilibrium by construction. Since the buyers receive zero continuation values
from ¢ 4+ 1 on, they will play the one-shot equilibrium in period t for a given reserve price as if
the game ends tomorrow, hence the buyers do not want to deviate in period ¢. Suppose now
that the parameters of the model fall into the Low-reserve-price region (i.e. r = 6 is optimal
in the one-shot game). If the seller deviates in period ¢, then the equilibrium strategy dictates
that the buyers abstain in period ¢. Since a buyer’s deviation triggers the switch to the infinite
repetition of the one-shot equilibrium of Low-reserve-price region, it is not profitable for the
buyers as long as ¢ satisfies conditions (3) or (8) by the argument employed in the construction
of the low-revenue separating or zero-revenue pooling equilbria respectively.

Suppose now that the seller does not deviate in period ¢, and consider the buyers’ incentives.
Let us start with on-schedule deviations, i.e. attempts to mimic the behavior of the other type.

The on-schedule deviation is unprofitable of a low-type buyer as long as:

n—1 1—g" _
T _-v) >—L (9-7).
n n(l—q)
S———— N
Equilibrium reward Mimic th:high type
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This incentive compatibility condition is satisfied since § < b* < b by assumption: if a low-type

buyer deviates to b", then he receives a lower payoff with a higher probability, which cannot be
profitable. The on-schedule deviation is unprofitable for a high-type buyer as long as:

1—q" - -« q _

n(l—q)

~
Equilibrium reward

Mimic the low type

which is the incentive constraint (HighIC-on-sch) of the revenue maximization problem RM
evaluated at (b, b"), and is therefore satisfied.

Consider now off-schedule deviations. First of all, we must make sure that a low-type buyer
is actually willing to participate in the auction as opposed to abstaining and getting the forever
punishment of high reserve price, i.e. that the following condition is satisfied:

A=l b)) +ot, >(1-08) 0 +4 0 — 0,
n - ~~

. Voo
Abstain today Switch to r = 6 forever

N

Equilibrium payoff of a low-type buyer
which is the incentive constraint (LowIC) of the revenue maximization problem RM evaluated
at (5*,9*,0;“88). If a low-type buyer deviates to a higher off-schedule bid, then he receives a
negative expected reward in the period of the attempted deviation (since § < b*) and zero
continuation value, which cannot be profitable for someone who receives a positive payoff along
the equilibrium path. We can therefore conclude that the remaining off-schedule incentive
constraints of a low-type buyer are satisfied at (5*, b, v;;e).

Consider now high-type buyers who contemplate off-schedule deviations. A high-type buyer
could deviate upwards which would guarantee him winning the auction with probability 1. The
best upward deviation is to b + ¢ which gives the deviating high-type buyer a payoff almost
equal to 6 — b". For this deviation to be unprofitable, we must have:

A=) Gy 160t > (1-6) G-F) +6

0
n(l — q) —— ~~~

d Deviate to b +e¢ Switch to r = 8 forever

=(1-38)(6 1),

TV
Equilibrium payoff of a high-type buyer

which is the incentive constraint (HighIC-up) of the revenue maximization problem RM eval-

uated at (5*7 l_)*v ,U%kse)'
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A high-type buyer could also deviate downwards and win the auction only in the case when
all his competitors are low-type buyers, that is with probability ¢"~!. In this case the best
deviation is to b* + € with a payoff almost equal to § — b*. For this deviation to be unprofitable,
we must have:

1-— qn — o — - Tk
1—6)———O0—b)+ov;, > (1-8)¢" (O —b)+ 0 =(1-=0)¢"'O-0b),
E )n(l_q)( )+ 0ve = (1=0) ¢" ) b (1=0)¢" (6 —0)

~
Equilibrium payoff of a high type buyer

J/

Deviate to b*+e Switch to r = 6 forever

which is the incentive constraint (HighIC-down) of the revenue maximization problem RM

evaluated at (b, b", vz,).

Incentive compatibility of the seller. Consider now the seller’s incentives. Recall that we
have Ry, > (1 — ¢")f by assumption. If the parameters of the model belong to the High-
reserve-price region, a deviating seller would receive the payoff of (1 — &) R* +6(1 — ¢")0 where
R is the revenue achieved by the seller in the one-shot auction game with the reserve price
equal to r. In the High-reserve-price region the optimal reserve price for the seller is r = 6
with the associated revenue of (1 — ¢")f. Thus a deviating seller would not be able to get more
than (1 —0)(1 — ¢")8 + 6(1 — ¢")0 = (1 — ¢")0 which cannot exceed Rf,. If the parameters of
the model belong to Low-reserve-price region, a deviating seller would receive either 0 (if the

zero-revenue pooling equilibrium is collusive), or 6(1 — ¢" 1)@ (if the low revenue separating

equilibrium is collusive), neither of which can exceed Ri,.

Other histories. Neither the seller nor the buyers want to deviate after any of the other
histories by construction of continuation equilibria, hence the high-revenue strategy profile cor-

responding to the bids (5*, b*) is a strongly symmetric public perfect equilibrium.

Buyer-game. We must make sure that the public perfect equilibrium we have constructed
is indeed collusive in the sense of Definition 7. To do that, we shall consider the buyer-game

induced by the seller’s equilibrium strategy. This buyer game is a stochastic game with two
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states. The game starts in the low reserve price state w', in which the reserve price is equal to
r(w') = b*, and remains in that state unless a bid outside of {Z_)*,l_)*} is placed by at least one
buyer, in which the game transitions to the high reserve price state w”, in which the reserve
price is 7(w") = #. The high reserve price state is absorbing, i.e. once the high reserve price
state is achieved, the game remains in that state forever. The full definition of this high-revenue

buyer-game is as follows:

Definition 12. High-revenue buyer-game

o The set of states is Q0 = {w!, W}, the initial state is w° = w'.

e The set of actions for each buyer is A, i.e. as defined in the repeated auction game
e The transitions between states occur according to T:
W', ifbe {0}

T(wl,b) = ,

wh,  otherwise

7(wW" b) = w", Vb.

e The set of valuations for each buyer is ©, i.e. is as defined in the repeated auction game.

o The utility of buyer i with type 0; bidding b; in state w is

——(0; = b;), ifb; > rw) & (b = max{by,....,b,} or b_; =10
e b,6) = § 7O ) A st )

0, otherwise

where #(win) stands for the number of winners in the auction.

The definition of collusive public perfect equilibria (Definition 7) requires that the buyers be
unable to play a strongly symmetric public perfect equilibrium of the high-revenue buyer-game
in Definition 12 that improves their payoff. I first show that the buyers’ strategy in any strongly

symmetric public perfect equilibrium of the buyer-game must be monotonic:
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Lemma 3. Monotonicity lemma

Consider the high-revenue buyer-game in Definition 12. Any strongly symmetric public per-
fect equilibrium of this buyer-game satisfies monotonicity: pick any history of play that leads
to state wy, if b is the equilibrium bidding action of a high-type buyer and b is the equilibrium

bidding action of a low-type buyer after that history, then b > b.
Proof. See Appendix D. O

The Monotonicity lemma shows any high-type buyer must always place a higher bid than
any low type buyer in any symmetric public perfect equilibrium of the buyer-game whenever
the current state is w'. Recall that when the current state is w”, the reserve price is equal to
f, and thus the buyers cannot get more than zero in any continuation equilibrium is that state.
Since they cannot get a negative payoff in any continuation equilibrium either, they must be
getting zero once the game is stuck in state w”. As I restrict attention to pure strategies along

the equilibrium path, the resulting ex ante payoff from bidding (l_), b) in state w' is given by:

S|

i) = [(1—g)(0—b)+q"(0—b)] ifb>b

[(1—q)@—0b)+q@—b)]  ifb=b

S

where whenever b < r(w'), the convention is to set # — b = 0 for the respective type § € {6, 0}

Consider now the optimal collusion problem in the high-revenue buyer-game and ignore all
the aspects of incentive compatibility except monotonicity. Since all the remaining incentive
compatibility constraints are ignored, the following maximization problem provides an upper

bound on symmetric equilibrium payoffs in the buyer-game:

+oo
1—6 8, (b, b)) s.t. 9
@ﬁig( );% Gy (biy b,) s (9)

(Z) Bt Z l_)ta

(74) Transition function 7.

where (b, b) is defined above, and 4, (b,b) is assumed to be equal to zero without loss of
(

generality. The optimization problem in (9) is a Markov decision problem. It follows from
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Blackwell (1965) that, if this problem has a solution, it must also have a stationary solution. I

therefore consider two kinds of stationary monotonic bidding profiles: separating and pooling.

Separating profiles. Suppose first that the buyers coordinate on a separating bidding profile
in the high-revenue buyer-game under consideration. If both types bid on schedule, then clearly
there is only one option: b = b* and b = b with the payoff equal to Vi.. If all buyers of type
0 bid on schedule and all buyers of type 6 bid off schedule, then the off-schedule action of any
low-type buyer will be immediately detected by the seller and punished with zero continuation
values. Since the punishment will not occur if and only if all buyers have high types (i.e. with

probability (1 — ¢)™), the resulting payoff will be:
1 _
v=(1- 5)5 [(1 —q¢") (0 —b)+q" (0 — 1_))] + (1 — q)".

Recall that we assume b* > 0, hence by incentive compatibility we must have b" < 8. Then the
optimal solution here is to coordinate on the bidding profile in which any high-type buyer bids
the low equilibrium bid b and any low-type buyer abstains, i.e. choose b* = () and b = b*, which

results in the payoff:

(1=0)[(1—q")(O 1]
n(l—=46(1—q)")

The no-collusion constraint (No-col-sep-1) of the revenue maximization problem RM evaluated

v(b",0) =

at (b, b, v5,) gives us vk, > v(b*, D).

If all buyers of type 0 bid off schedule and all buyers of type 6 bid on schedule, then the off-
schedule action of any high-type buyer will be immediately detected by the seller and punished
with zero continuation values. Since the punishment will not occur if and only if all buyers have

low types (i.e. with probability ¢"), the resulting payoff will be:
1 _ -
v=(1=0)~-[1-¢")0—-b)+¢"(€-b)]+dq",

which can be solved for v’ to get:

(1—-08)[(1 —q¢") (@ —b) +q"(8 - b)]
n(1—dq") '

Vv =
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The optimal solution here is for the low types to choose b = b* and for the high types to choose
b = b* + ¢, with the resulting payoff of:

(1—6)[(1— g0 —b") +q"(0 —b")]
n(1 — oq) )

The no-collusion constraint (No-col-sep-2) of the revenue maximization problem RM evaluated

v(b" +¢€b) =

at (b, b, v5,) gives us vk, > v(b* + €,b").
If buyers of both types bid off schedule, then the seller will punish them in the first period

with probability 1, and the resulting payoff will be:

v=(1=6) [0~ )@~ D)+q"(6 )] + 0.

Since it must be that b < 8, the best bidding profile here is for the high types to choose
b =b* + € and for the low types to choose b = () with the payoff of:

V(B + e.0) = (1— 8)~(1 — ¢")(B — "),

n

which is clearly below v(b", () and therefore below vf,..

Pooling profiles. The buyers might find it optimal to pool instead of separating. If the buyers
pool on schedule, then their collusive scheme is never detected by the seller. Clearly the optimal

pooling on schedule is achieved at b* with the resulting payoff of:
* 7k 1 n * *
v, 07) =—[(1=¢)(0 = b") +q(0 —2)] (10)
The no-collusion constraint (No-col-pool) of the revenue maximization problem RM evaluated
at (b, b, v5.) gives us vk, > v(b*,b").
Note that the payoft from pooling off-schedule cannot exceed vf,,. If the buyers coordinate
on any off-schedule bid above b* they will get a fraction of the payoff in 10 since they will be

punished by the seller with probability 1. Abstaining from the auction altogether cannot be

optimal as long as vf,, > 0, which it is by incentive compatibility.

We therefore conclude that no strongly symmetric public perfect equilibrium payoff in the

high-revenue buyer game corresponding to (b", 5*) can exceed v, and therefore the high-revenue
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strategy profile corresponding to (Q*,B*) is a collusive public perfect equilibrium of the repeated

auction game in the sense of Definition 7. m

6 Full surplus extraction

Let us now solve the revenue maximization problem RM . There are three cases depending
on which constraints are binding; the parameter values corresponding to each case are illustrated
by Figure 5. In Case 1, (No-col-sep-1) and (LowIC) constraints are binding with both types
being indifferent between their payoff in the full-surplus-extracting cPPE and the payoff they
could have obtained by coordinating on the bidding profile (b*,0). Case 1 does not always apply
because its solution candidate does not always satisfy the (HighIC-up) incentive compatibility
constraint: if n is high enough, the winning probability of a high-type buyer is so low that
such a buyer would prefer to win with probability 1 by placing a slightly higher bid and suffer
the punishment of zero continuation values. We therefore have to consider Case 2, in which
(HighIC-up) and (No-col-sep-1) are binding and the remaining constraints are slack. Case 2
equilibrium candidate in turn does not apply for high values of ¢: in this case the (HighIC-
down) incentive compatibility constraint will be violated. Intuitively, if the mass of low types
is sufficiently large, then a high type buyer will have a fairly high chance of winning by bidding
just above the low type equilibrium bid even though placing such a bid is severely punished. In
Case 3, only (HighIC-up) and (HighIC-down) are binding, and the remaining constraints are
slack, which implies that the buyers do not have a strict incentive to collude.

The remaining constraints in the revenue maximization problem are never binding. Consider
first the on-schedule incentive compatibility constraint of a high-type buyer (HighIC-on-sch).
This constraint essentially puts an upper bound on the high-type equilibrium bid (if a high-type
buyer is asked to bid a lot more than a low-type buyer, he might find it profitable to deviate
to the low-type bid and get a much higher reward with a smaller winning probability), but we
have already included a constraint that does the same, the no-collusion constraint (No-col-sep-
1). Indeed, if a high-type buyer is asked to place a very high bid in every period, then the

buyers might find it profitable to collude on a lower bidding profile, and such a collusion scheme
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25 A

— Case 1
w (ase 2
20 w (ase 3

Number of buyers, n

00 02 04 06 08 10
Probability of low type, q

Figure 5: Parameters corresponding to Cases 1, 2, and 3. For each number of buyers n, the

respective line shows which values of q belong to Cases 1, 2, and 3.

is prevented by (No-col-sep-1). The restriction on equilibrium bids imposed by (No-col-sep-1)
is more severe than the one imposed by the on-schedule incentive compatibility of a high type
buyer. Clearly, if the more severe restriction were the one imposed by incentive compatibility,
we would be unlikely to consider collusion an important problem in an auction setting with
adverse selection.

The two remaining no-collusion constraints, (No-col-sep-2) and (No-col-pool), are also non-
binding in all three cases, which means that the optimal optimal collusion scheme for the buyers
always involves bidding b* for the high types and abstaining for the low types. Collusion by
pooling on schedule turns out to be particularly inefficient as it leads to negative payofts for
the buyers for 0 close to 1, while the buyers’ payoff in the full-surplus-extracting cPPE is
non-negative by construction. Collusion by leaving the low types on schedule and moving the

high types off schedule does not outperform the optimal collusion scheme because it leads to
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punishments for the high types, who, as opposed to the low types, get a positive payoff in
every period. The gain from bidding lower made by the high types in this collusion scheme is
completely offset by the severity of the seller’s punishment.

In the following subsections I will construct the solutions to the revenue maximization prob-
lem RM in each of the three cases. I will show that the revenue-maximizing bidding profiles
can indeed be supported in the collusive public perfect equilibrium with the corresponding high-
revenue strategy profiles (as defined by 11), and derive the conditions on the parameters of the
model for each of the three cases. In all three cases the seller will be able to extract full surplus

from the buyers in the limit as the discount factor § goes to 1.

Case 1: High expected valuation/Small number of buyers

Recall that in Case 1, the no-collusion constraint (No-col-sep-1) and the low-type incentive

compatibility constraint (LowIC) bind at the optimum of the revenue maximization problem

RM.
Full surplus extraction cPPE, Case 1.

o Fquilibrium conditions:

_ (1=0)0—-¢")l-b)
(No-col-sep-1) Vi, = nl—d(—qm)
(LowlC) (1= 0)L—(8—b")+ovp, =0,

n

*

(Eg-payoff)  vi.=—[(1—¢")(@—b)+q"(0—1b")].

SRS

e Parameter restriction:

1—q"

TS a—q)

The solution to this system of equilibrium conditions is provided in Appendix E.1. T will

derive the condition on the parameters in the course of proving Proposition 6 below. The
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resulting equilibrium payoff for a low-type buyer conditional upon winning with b* is:

6_ 1 —0q(1—¢")(0 - 0)

Y = A=) v == 1

for a high-type buyer winning with b we have:

- ¢"(1—6(1—q))(0 - 0)

—b = ; (12)
6q(1—q") +¢q*(1—0(1—q)")
and for a high-type buyer winning with b*
_ "(1-8(1—q)") (00
5 — ¢"(1-00-q")0 -0 (13)
5¢(1—q") +¢*(1 = 6(1 = q)")
The ez ante equilibrium payoff is:
1 (1-8)¢"(1—q) (00
n5q(1 — q”) + q"(l —(1 — q)")
The equilibrium bids can be immediately computed from the payoffs in 11 and 12:
6q(1—q")(0—0
poge )00 (15
5g(1—q") +q*(1=6(1 = q))
f o q(1-0(1-9)@-0) o

5q(1 — q”) + q”(l —6(1 — q)”) '

I first show that the equilibrium bids in (15) and (16) satisfy the condition of Lemma 2.
Lemma 4. § < b* <.
Proof. (i) @ < b* is equivalent to § — b* < 0, which is true since —dg(1 — ¢")(f — 6) < 0.

(ii) b* < b is equivalent to & — b* > 0 — b, which is true since 1 — §(1 — ¢)" > 1 — 6(1 — q)
because (1 —¢)" < (1 —q) for any g € (0,1) and n > 2.
[

I now show that the bids in (15) and (16) can in fact be supported in a collusive public

perfect equilibrium for a high values of 9:
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Proposition 6. Suppose that ¢ < Suppose further that b* and b are as defined in (15)

1 q)
and (16) respectively, then there exists a critical discount factor 6*, such that for all § € [6*,1)
the high-revenue strategy profile corresponding to (I_)*,Z_)*) (as defined by 11) is a collusive public
perfect equilibrium of the repeated auction game in the sense of Definition 7. Moreover, the

seller achieves full surplus extraction in the limit as & goes to 1.

Proof sketch. The complete proof is provided in Appendix G.1. Here I briefly sketch the main
arguments. Recall that by Lemma 2 and Lemma 4, it is enough to check that Ry, > (1 — ¢")0
and that the remaining constraints in the revenue maximization problem RM are satisfied at

(0", 0%, vt,) for high enough 8. I start with the seller’s revenue.

Seller’s revenue. The seller’s revenue is equal to the full surplus net of the equilibrium payoff
of the buyers:
Rie = (1= ¢")0 +q"0 — nug.

Recall that nvg, is given by:

(1-4)¢"(1—q") (@ —0) >
6q(1—gq") 4+ q"(1 = 6(1 — q)») o1

ko
NVge =

and therefore the seller extracts full surplus in the limit as 6 goes to 1 and Rj, ~ (1 — ¢)0+q"0
for § close enough to 1, which clearly exceeds (1 — ¢")f.

Incentive constraints. All of the remaining incentive constraints in in the revenue maximiza-
tion problem RM are non-binding at (1_7*, b*, v, for all 6 high enough and all values of ¢ and n,
except the incentive constraint (HighIC-up). There is a region of ¢ and n, where this constraint
cannot be satisfied even for d close to 1. To see why, observe that (HighIC-up) can be rewritten

as:

vge = (1 —0) (1 - 1_—qn)) G—7)

n(l—gq
Plugging the respective payoffs from (12) and (14) in, we obtain:
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d (1=8)g"(1—q¢")(@ -0 B =g q"(1—0(1—q)(0—0)
n5q(1—q”)+q”(1—5(1—q)”)2(1 5)<1 n(l—q))aqu—qn)+qn(1—(5(1—q)n)’

which simplifies to:

1 1—q"
> — .
= 1—q n(l—gq)? (17)

The condition on ¢ identified in (17) can only be satisfied if the right-hand side of this inequality

is strictly below 1, which is only true whenever:

1—q"

g<—-—,
n(l—q)

which gives is satisfied in Case 1 by assumption.

No-collusion constraints. We check that the no-collusion constraints (No-col-sep-2) and (No-
col-pool) are satisfied, or, in other words, that in the corresponding buyer-game pooling at b*
and bidding (b"+¢,b") does not improve the buyers’ payoff. If the buyers decide to bid (b*+¢€,b")

in the buyer-game, their payoff will be:

(1=0)[A—g¢)@—b")+q¢"(0—D")]
n(1—dqm)
(=81 —¢)(1—0(1—q)" —dq)(0 —0)

(1= 6¢") (0g(1 - q) + g (1 - (1 — "))
We must make sure that that vg, > v(b" + €, b"), which is equivalent to:

1-6(1—¢q)" —dq
>
. 1— g™ <

v(b" +€,b") =

1

(1-¢)">—-q+4¢",

which is true since the right-hand side of (1—¢)™ > —g+¢" is strictly negative, and the left-hand
side is strictly positive.

If the buyers coordinate on pooling at b* in the buyer-game, they will obtain:

o ) = [0 - )@ - 8) +a@ -] -

(18)
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Consider the numerator of (18) in the limit as § goes to 1:

1-q)"(1-(1—-q") —¢(1—q"

=(1-9) [q”(l —(1—q)") —QQqu}

k=0

=(1—q)[—qn(l—Q)"—QQSq’“—q"“} <0

k=0

Hence the payoff from pooling at b* in (18) is strictly negative for all § sufficiently close to 1,

and therefore cannot exceed vf,, for ¢ around 1.

Case 1: the restriction on the parameters

The full surplus extraction equilibrium of Proposition 6 can only be sustained if ¢ <

O

n(l—gq)’

It is easy to check that this condition can be satisfied for any ¢ as long as n = 2 or n = 3, but

only for some ¢ if n > 4. Indeed consider n = 2 first:

(I) n = 2. In this case the condition becomes:

2

2q<1 S2q<l+qgesqg<,

which is obviously true.

(II) n = 3. In this case the condition becomes:

3
3¢ < 5 © e3g<1tqgt@ei<l-20q+P <0< (1—q?
—4q

which is also obviously true for any ¢ € (0, 1).

(III) n = 4 In this case the condition becomes:

1—q4
4q <
=7

— S 4<l+q+ @+ 0<1 -3¢+ +¢°
S0<(1-—q)(—¢*—2¢+1)=0< —¢*—2¢+1,
which is only true for ¢ € (0, —1 +v/2).
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It it however possible to establish that for any number of players n there will be some values

of ¢ falling into Case 1:

Proposition 7. The equation 1 — ¢" = nq(l — q) has a unique solution ¢* on (0,1) for any

n > 4. Moreover for all ¢ < q* it is true that g < % and vice versa.

Proof. See Appendix H.1. m

The above proposition essentially shows that for every n > 4 the restriction divides the
interval (0,1) into two parts. In the left part of the segment one will find the values of ¢ that
fall into Case 1, and in the right part of the segment one will find the values of ¢ that fall into
Cases 2 and 3. Figure 5 provides an illustration and also suggests that, as n goes to infinity,
lower and lower values of ¢ fall into Case 1 until there are none left in the limit. Indeed, it is
easy to see that

lim ng(1 —q) — (1 —¢") = +oo,

n—o0
implying that, for any fixed value of ¢, the parameter restriction does not hold for all sufficiently

high n.

Case 2: Medium expected valuation

Recall that in Case 2, the no-collusion constraint (No-col-sep-1) and the upward incentive
compatibility constraint of a high-type buyer (HighIC-up) bind at the optimum of the revenue

maximization problem RM.
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Full surplus extraction cPPE, Case 2.

e Fquilibrium conditions:

(1-0)(1—-¢")(0 —b")
n(l—0(1—qr)

(HighTC-up) (1 — 5);(1__‘77;) G5 +ovt. = (1—8)(T—F),

(Bapayoff) v =~ [(1— )@~ F) + "0 )]

(No-col-sep-1) Ve =

e Parameter restrictions:

1—q"
q> —F—,
n(l—q)

1=¢"(1=q)>¢" ' (1-(1—q)")[n(1—q) — (1 —¢")].

The complete solution to the system of equilibrium conditions is provided in Appendix E.2.
I will derive the restrictions on the parameters in the course of the proof of Proposition 8. First,

define D(J) as:

D) =q"(1-0(1—q)")[nQ1—q) — (1 —¢")] + (1 —¢")[(1—¢")(1—=dg) —n(1—5)(1—q)]

The payoff of a low-type buyer who wins by bidding b* is given by:

1

00 = _W[(l —¢")(1 —dq) —n(l—0)(1—q)](1—q¢")(0 —0). (19)

The payoff of a high type buyer who wins by bidding b s given by:

0—b =—=06¢"(1—¢")(1—q)(0—0), (20)

and the payoff of a high type buyer who wins by bidding b* is given by:
— 1

— b= ——q"(1-6(1—q)")[n(1 —q) — (1 —q¢")] (0 —9). 21
0—b"= 559 (1-60—q)")[n(1—q) - (1—¢")]@ -0 (21)
The resulting ez ante equilibrium payoff of the buyers is:
b= S (L ) - q) — (L )] @ - 0) (22)
Ufse_nD((S)q q n q q Y)-
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Note that as § goes to 1, D(d) goes to:

DA)=¢"1-1-q¢)")[n(1—q)—(1—=¢")]+ 1 —=¢")(1—¢")(1—q) >0,

hence we can conclude that D(4) is strictly positive for all d sufficiently close to 1°.

The equilibrium bids of each type can be computed from the payoffs in (19) and (20):

b = 0+ 7 [ = )1 = 00) = n(1 = (1 = )] (1 = ") - D) 23)
P = ﬁaqnu )1 —q)@—0). (24)

I first show that the equilibrium bids satisfy the condition of Lemma 2.

Lemma 5. Suppose ¢ > nl(zfz), and O is sufficiently close to 1, then 6 < b* < b

Proof. (i) To see that 8 < b* for sufficiently high §, observe that

Ss
I
*

b~ g - -1 — )~ 8) <0

(ii) The proof of b* < b" is provided in Appendix F.
[

I now proceed to establish that the bidding profile (5*, b") can indeed be played along the

equilibrium path of a collusive public perfect equilibrium of the repeated auction game:

Proposition 8. Suppose that ¢ > % and (1 —¢")(1 —q) > ¢ (1 —(1—¢q)")[n(l —q) —
(1 —¢™)]. Suppose further that b and b* are defined by (23) and (24) respectively, then there
exists a critical discount factor 6%, such that for all § € [6*,1) the high-revenue strategy profile
corresponding to (5*, b*) (as defined by 11) is a collusive public perfect equilibrium of the repeated

auction game in the sense of Definition 7. Moreover, the seller achieves full surplus extraction

in the limit as 6 goes to 1.

SMore precisely, for all § satisfying

5o (=200 —q) = (1-g")
2
(1—¢")"(n(1 - q) —q(1 - g"1))

48



Proof sketch. The complete proof is provided in Appendix G.2. As in the previous case, I only
provide a sketch of the main argument in the main text. By Lemma 2 and Lemma 5, it is enough
to check that Ry, > (1 — ¢")f and that the remaining constraints in the revenue maximization

problem RM are satisfied at (5*, b*, vi,) for high enough 4. I start with the seller’s revenue.

Seller’s revenue. The seller’s revenue is equal to the full surplus net of the equilibrium payoff
of the buyers::
Rie = (1= ¢")0 +q"0 — nug.

* s .
nvg,, is equal to:

1—-9¢

an(l —q") [n(l —q)—(1— qn>] 6 —90),

* JR—
NVge =

which goes to zero in the limit as 6 goes to 1 (recall that D(d) converges to a strictly positive

number). Thus R, ~ (1 — ¢")0 + ¢"0 for ¢ close enough to 1, which clearly exceeds (1 — ¢")6.

Incentive constraints. Since we have relaxed the low type’s incentive compatibility constraint
(LowIC), we must now make sure that this constraint is satisfied in the relevant parameter
region. Recall that a low-type buyer must be willing to participate in the bidding with the bid
b* as opposed to abstaining and getting a zero payoff:

n—1

(1-6)%

0—b" co>0.
n (_ _)+5/Ufse—0

Plugging the payoffs defined in (19) and (22) into the above constraint, I obtain:

=L 1= 0) — (1= 5)1 - 9] (1= )0 0)
o (=) (1 =) = (1= )] =) 20
which simplifies to:
=5 - ¢ n(ll_—qq)2’
which is true since fq — n(ll__q;)Q > 1 by assumption that ¢ > nl(IEZ)'
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The remaining incentive constraints in RM are all non-binding at (l_a*, b*, vf,,) for high values
of 9 and all values of ¢ and n, except for the constraint associated with a downward deviation
of a high-type buyer (HighIC-down). Recall that a high-type buyer could deviate to b* + ¢ and
win whenever all of his competitors are low types. For this deviation to be unprofitable, his

payoff must satisfy:

L e g
(1—5)m(9—b )+ dvge > (1—6)g" (6 —b).
Plugging the payoffs defined in , (20), (21), and (22) into the above inequality, I obtain:
l—q" 1 . . _
(1— 5)mm5q (1=¢")(1—q)(0-0)
ot (1 =) nll =)~ (1= )0~ )
> (1~ 5)%*%6}”(1 —0(1=¢)")[n(1 —q) = (1 —¢")](0 - 0),

which simplifies to:

(1—g)1—-q) >¢" " (1-61-9")[n(1—q) —(1—q")]

which can only be satisfied when for § high enough:

I=¢"1=q)>¢" " (1-(1—¢q)")[n(1—q) — (1—¢")],

which is the second parameter restriction of Case 2.

No collusion constraints. 1 check that the no-collusion constraints (No-col-pool) and (No-
col-sep-2) are satisfied, or, equivalently, that pooling at b* or bidding (b* +€,b") cannot help the
buyers to improve their payoff in the buyer-game induced by the seller’s equilibrium strategy.
Suppose first that the buyers attempt to bid according to (b* + €,b"), then their payoff will be

equal to:

v(b* +€,0") = ()
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which is exceeded by vf,, for ¢ sufficiently close to 1 as long as ¢ and n satisfy the following
inequality:

(1-¢)1=q) > (¢" = (1-¢)")[n(1—q) = (1—¢")],
which is implied by the the second parameter restriction of Case 2 (also given below in (25))
since ¢" — (1 —¢)" < ¢" (1 — (1 —q)").

If the buyers try to coordinate on pooling at b*, their payoff will be:

o B) = [ = )T 1) + a0 1)]
1 1 7

= - (1—Q)WQ”(1—5(1—(1)") [n(1—q) = (1—¢")](0—0)
- ﬁ[u—q”)(l—5q)—n<1—5><1—q>}<1—q”><5—e> ,

v(b"+e,b") converges to a strictly negative number as § goes to 1. Indeed, in the limit v(b*+¢,b")
is given by:

1-aq)® -9

nD(1) ["(1=(1=q)")[n(1—q)— (1 —¢")] —al =¢") A —q")].

which is strictly negative since (1 —¢")(1 —¢") > ¢"*[n(1 — q) — (1 — ¢")] (see Appendix G.2
for the proof of this claim).

O
Case 2: the restrictions on the parameters
Consider the second parameter restriction of Case 2:
1=g)(1=q)>¢" (1= (1-q)")[n(l—q) —(1—q")] (25)

The pairs of ¢ and n satisfying this restriction (together with the restriction ¢ > 73(;—32)) are

illustrated by Figure 5. In the following proposition I establish that the set of ¢ satisfying (25)

is non-empty for any n > 4 and that there are values ¢ that do not satisfy (25) for every n > 4.
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Proposition 9. The equation

1-¢)1-g=¢""(1-(1-09")[n(l—q) - (1-q")]
has a solution on q € (0,1) for every n > 4.
Proof. See Appendix H.2. O

Observe that the range of ¢ expands as n increases. In the next proposition I establish that

any ¢ € (0,1) will satisfy condition (25) for all sufficiently high values of n:

Proposition 10. For all g € (0,1)

Im (1-¢"(1-q)—¢""(1-1-q")[nl-q) - (1—-q¢")])=1-¢>0.

Proof. See Appendix H.3. O

Figure 5 also suggests that the restriction in (25) can be satisfied for all ¢ < % Indeed, this

claim can be shown formally:

Proposition 11. For all g € (0, 3] it is true that

(I=¢")(1=q)>¢" ' (1-(1—¢q)")[n(1—q) — (1 —¢")].

Proof. See Appendix H.4. ]

Case 3: Low expected valuation

Recall that in Case 3, both of the incentive compatibility constraints of a high type buyer,
i.e. (HighIC-up) and (HighIC-down), bind at the optimum of the revenue maximization problem
RM.
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Full surplus extraction cPPE, Case 3.

e Fquilibrium conditions:

(HighIC-up) (1-0)—— L= O —0)+ovs, =(1-06)0—-0),

n(l—q)
. 1—¢" & . ne1(F g
(HighIC-down) (1-— 5)71(1 — q) 0 —0")+ov, = (1—0)g" (6 — 1Y),
(Bapayoff) v = [(1—¢")(F~5) +4"(@ — 1))

o Parameter restriction

QI-—g1l-q) <q¢" ' (1-(1-q")[n(1—q) —(1—q")]

The full solution to the system of equilibrium conditions is provided in Appendix E.3. Here
I present the equilibrium bids and equilibrium payoffs. I will derive the restriction on the
parameters in the course of the proof of Proposition 12. Observe that the restriction on the

parameters has the following implication:

Lemma 6. For any q € (0,1) and n > 2

1—q"
n(l—q)

Proof. See Appendix H.5 O

1-g¢(1-q)<q" '1-(1-9q)")[nl-—q)—(1—q¢")] =q¢>

To write down the expressions for equilibrium bids and payoffs, define D(0) as

D(6) = (1 —¢")(1 = 6q) + 6q(1 — q) —n(1 —0)(1 —q).

A low-type buyer, who wins the auction with the low equilibrium bid b*, gets:

1

0—b" = _W[(l —¢")(1—6q) —n(1—6)(1—q)](0—0). (26)

A high-type buyer, who wins the auction with the high equilibrium bid b, gets:

- o 1

—b = m&ln(l - Q)(a —0), (27)
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and a high-type buyer, who wins the auction with the low equilibrium bid b*, gets:
_ N 1

b= D((S)éq(l—q)@—ﬁ)- (28)

The resulting ez ante equilibrium payoff of the buyers is given by:

the = (1= =)~ (1= )= 0) (29)

Note that as § goes to 1, D(d) goes to:
D(1) =1 -¢"(1-q) +q(1—q)>1,

hence D(§) is strictly positive for ¢ sufficiently close to 17 by continuity of D(-).
The equilibrium bids of each type can be immediately obtained from the respective payoffs
in (26) and (27):
1

b =0+ 57 [0 = ") = 00) = (1 = )1~ )] - 6) (30)
5 =7 ﬁéqm — )@ 0) (31)

As in the previous two cases, I first establish the following lemma:
Lemma 7. Suppose § is sufficiently close to 1, then < b* < b

Proof. (i) To see that 8 < b* for sufficiently high values of §, observe that:

0V = ~pll -1 - 9@ -0 <0

(ii) b* < b is equivalent to & — b* > 0 — b which is equivalent to:
1
D(9)

1

dq" (1 —q)(0 - 0),

which is clearly true since D(§) > 0 for ¢ high enough, and ¢ > ¢™ for all n > 2 and
q€(0,1).

“For values of § satisfying
nl-—q—(1-4q")
n(l—q)—¢(1—q"1)
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I now show that the bidding profile in (30) and (31) can be supported in a collusive public

perfect equilibrium of the repeated auction game:

Proposition 12. Suppose that (1—¢")(1—q) < ¢"*(1—(1—¢)") [n(1—q) — (1 —¢")]. Suppose
further that b* and b are defined by (30) and (31) respectively, then there exists a critical
discount factor §*, such that for all 6 € [6*,1) the high-revenue strateqy profile corresponding to
(l_)*,l_)*) (as defined by 11) is a collusive public perfect equilibrium of the repeated auction game
i the sense of Definition 7. Moreover, the seller achieves full surplus extraction in the limit as

0 goes to 1.

Proof sketch. The complete proof is provided in Appendix G.3, I briefly sketch the main argu-
ments here. Just as in the previous two cases, by Lemma 2 and Lemma 7, it is enough to check
that Ry, > (1 — ¢")0 and that the remaining constraints in the revenue maximization problem

RM are satisfied at (b, b*, vz,) for high values of §. I start with the seller’s revenue.

Seller’s revenue. The seller’s revenue is given by:
7?’Fse = (1 - qn)g + an - nv;se'

nvg,, is given by:
* o 1 n _ _ — n 7] —
NVgse = D((S) (1 - 6)(] [n(l Q) (1 q )} (9 Q)

Observe that lims_,; nvf, = 0, which means Ri, ~ (1 — ¢")0 + ¢"0 for ¢ close enough to 1,

which clearly exceeds (1 — ¢™)6.

Incentive constraints. As in Cases 1 and 2, the on-schedule incentive compatibiliy constraint
(HighIC-on-sch) is satisfied. The two off-schedule incentive compatibility constraints (HighIC-
up) and (HighIC-down) are satisfied by construction. Hence it remains to check that the low-
type incentive compatibility constraint (LowIC) is satisfied. Recall that (LowIC), evaluated at
(1_7*, b*,vi,), is given by:

(0 —0") + dvg,, > 0.
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Plugging the payoffs from (26) and (29) in, I get:

q
—(1— —— (1 —q¢")(1— —n(l—-46)(1-—
=)= 5 [(1—¢")(1 = dq) —n(l—8)(1—q)] (0~ 0)
1 _
1—-680)q¢"In(l—¢q)—(1—¢" —0) >
S TR [n(1—q) = (1—¢")](0—0) >0,
which is equivalent to:
1 1—q"
0 < ,
“1-q (1 —q)?
which is true whenever 11Tq — ﬁ >1lorgqg> ( 2), which is in turn true in this case by

Lemma 6.

No-collusion constraints. Recall that in Cases 1 and 2 the no-collusion constraint (No-col-
sep-1) was binding and thus the joint deviation to bidding (b, () could not benefit the buyers
by construction. Since we have relaxed (No-col-sep-1) here in Case 3, we must now make sure
that it is satisfied at (1_9*, b*,vi.). Recall that the payoff from bidding (b*, ) is given by

o(b*,0) = (1=8)(1L—g)(@—b) _ (1—0)(1—q¢")dq(1—q)(#—0)
. n(l—0(1—q)") nD@E)(1=6(1—q)

The equilibrium payoff vf,, exceeds v(b*,0) as long as

(1—¢")é(1 —q)
(1—6(1—q))

& (1-601-9¢)")¢" ' [n(1—q) —(1—=¢")] =61 —¢")(1—q),

¢ nl—q)—(1—q¢"] >

which can be satisfied for any ¢ € (0, 1) as long as ¢ and n satisfy

1-1=9")d" " [n(l—q) = (1-¢")] > (1~q¢")(1~0q).

which is true by assumption.
Just as in Cases 1 and 2, we must check whether the constraints (No-col-pool) and (No-col-
sep-2) are satisfied at (5*, b*,vf,.), or, equivalently, whether the buyers would lose from pooling

at b* or bidding (b* + ¢,b") whenever the state is w' in the buyer-game. Suppose the buyers
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coordinate on bidding (b* + €,0"), then their payoff is:

(1—-0)[(1 —¢") (O —b") +¢"(8 — b")]
n(l — 5q”)

(=90 -9 : ) )
- nD(é)(l — 5q") [(1 —q¢")0q(1 —q) —q [(1 —q") (1 —dq) —n(1-96)(1 —q)]}.

v(b" +¢€b") =

We must show that vf, > v(b* + ¢,b") for sufficiently high values of J, i.e. that
¢"[n(1—q) = (1-q")]

= m {“ —¢")0q(1 —q) — ¢"[(1 = ¢")(1 = 6q) — n(1 = 6)(1 — Q)]],

which holds for § sufficiently close to 1 whenever it holds as a strict inequality at 6 = 1, i.e.
whenever

1
¢"[n(1—q)—(1—¢")] > = [(1—=¢")q(1 —q) = ¢"(1 = ¢")(1 = q)]
¢ nl-q)—1-¢")] >1-q)(1—¢").

Now the last line is true since:

I=q)1=¢""N<l-q)1-¢) <" " (1-(1—-9)")[n(1—q)—(1—q¢")],

where the strict is inequality is obviously true, and the weak inequality holds true in Case 3 by
assumption.

If the buyers attempt to coordinate on pooling at b* instead, then their payoff will become:

(1 =)@ —b") +q(8 — b")]

-0

= 7211 = @)1 — q) — q[(1 — ¢)(1 = 6q) —n(1 — &)1 — )] |.
Doy |1~ et —a) q[(1 —¢")(1 = dq) —n(l = 6)(1 - q)]

As in Cases 1 and 2, I show that v(b",b") converges to a strictly negative number as d goes

to 1. In the limit the payoff from pooling at b is:

-0

nD(1) [(1=q)g1 —q) —q(1 = ¢")(1 - q)] =

9(1 —q)(0 - 9)
nD(1)

[q” —q] < 0.

Since vf,, is weakly positive, the payoff from pooling at b* cannot exceed the equilibrium payoff

in Case 3 for values of 9 sufficiently close to 1. O]
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Case 3: the restriction on the parameters

The range of parameters, where Case 3 applies, equilibrium construction is defined by the

following inequality:

I=g"(1=q)<¢" ' (1-(1=¢q)")[n(1—q) — (1 —¢")]

The pairs of g and n satisfying the above inequality are illustrated by Figure 5. Recall that in
Lemma 6 we have established that this parameter restriction implies ¢ > %. Recall also
that ¢ > nl(z—fnq) implies that n > 4 because it cannot be satisfied for any ¢ as long as n = 2 or
n = 3. Combined with the result of Proposition 9, it implies that Case 3 applies to some values

of ¢ for all n > 4, and does not apply to any values of ¢ for n = 2 or n = 3 (see Figure 5 for an

illustration).

7 Revenue-maximizing reserve prices

The reserve prices along the equilibrium path of the full-surplus-extracting collusive public

perfect equilibria (in the limit as § goes to 1) are given by:

;

0 + 9(1-¢")(0-6) in Case 1
B q(lfqn)Jrqn(l*(l*Q)”)Q
=gy [0-¢)] a-0)@-0) 2 1 Case 2
¢ (1-(1-q)") [n(1-9)~(1—¢)] + [ (1-¢m) ] "(1-9)
(1) (F-6) -
\Q + T in Case 3

They are illustrated by Figure 6. The reserve prices in the full-surplus-extracting ¢cPPFE of
the repeated auction game are decreasing in ¢, going to 0 as ¢ goes to 0 and going to 6 as ¢ goes
to 1. Indeed, since ¢ is the probability of the low type, when ¢ is close to zero, the buyers all have
high valuations with a very high probability, and when ¢ is close to 1, the buyers all have low
valuations with a very high probability. Recall that the optimal reserve prices in the one-shot

auction problem are also decreasing in ¢, but the optimal decision is essentially a cutoff rule (for
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Figure 6: Reserve prices in the full-surplus-extracting cPPE of the repeated auction game in
the limit as & goes to 1. Valuations are § = 1 and 8 = 2. The curves illustrate the limiting
reserve prices for all probabilities of the low type q € (0,1), and for each n € {2,...,10} moving
from the southwest to the northeast as the number of buyers grows, i.e. the southwesternmost
curve illustrates the reserve prices for n = 2, and the northeasternmost curve illustrates the
reserve prices for n = 10. In the dark-blue, red, and light-blue segments, Cases 1, 2, and 3

apply respectively.
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fixed values of other parameter values): for relatively low values of ¢ the optimal reserve price
is #, while for relatively high values of ¢ it is §. Thus, even though the direction of dependence
is the same, the functional form of this dependence is much less trivial in the repeated auction
setting with collusion. Similarly, the optimal reserve prices in the one-shot auction problem are
increasing in the number of buyers, but the dependence takes the form of a cutoff rule (again,
when the other parameter values are fixed), where the optimal reserve price is equal to § when
the number of buyers is relatively low, and is equal to 6 when it is relatively high. In contrast
to the one-shot setting, the reserve prices in the full-surplus-extracting ¢cPPFE, even though also
increasing in n, depend on n in a much less trivial way.

This non-trivial dependence of the reserve prices on ¢ and n can to a certain extent be ex-
plained by their very different role in the repeated setting with collusion. In the one-shot auction
problem, the role of the reserve prices is to exclude certain valuation types from participation
with the purpose of increasing competition among the remaining types. In the repeated setting
with colluding buyers, the full-surplus-extracting ¢PPF is efficient and the reserve prices play
two crucial roles. First, in the off-path component of the seller’s strategy, the reserve prices
are chosen to punish the buyers for deviating from the equilibrium path bidding. Second, and
more importantly, the on-path component of the reserve prices makes sure that the buyers pay
“upfront” for the continuation of favorable terms of trade and at the same time do not have
an incentive to collude on a lower bidding profile, resolving the fundamental conflict between

revenue-maximization and fighting collusion.

8 Concluding remarks

In this paper, I have considered a repeated first-price auction model with a non-committed
seller who dynamically adjusts reserve prices to fight collusion among buyers. To model the
interaction between the seller and the colluding buyers, I have proposed the solution concept
of collusive public perfect equilibrium. A collusive public perfect equilibrium is a public perfect
equilibrium that additionally requires that the buyers be unable to improve their equilibrium

payoff in the “buyer-game” induced by the seller’s equilibrium strategy. Studying the outcomes
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as the discount factor goes to 1, I find a collusive public perfect equilibrium which allows the
seller to extract the entire surplus from the colluding buyers. This result suggests that the
problem of collusion in repeated auctions is perhaps less severe than is commonly understood:
it turns out that a sufficiently sophisticated seller can come up with rather effective strategies
for fighting collusion, even when she has to publicly disclose all the bids in the end of every
period.

The buyers in this paper are assumed to have access to symmetric collusive schemes. Such
collusive schemes are particularly simple and thus might require no explicit communication
among the buyers in practice, which makes them virtually impossible to detect for an antitrust
authority. These hard-to-detect collusive schemes must therefore be addressed as part of the
repeated auction design problem itself. My results imply that it can be done quite successfully.
It is however well-known (see e.g. Mailath and Samuelson (2006)) that more sophisticated
asymmetric collusive schemes might allow the buyers to collude more effectively, especially
when they can communicate before the start of each auction. Even though asymmetric collusive
schemes are often dealt with by conventional means of antitrust policy, it is worth studying if

they could also be addressed via more sophisticated auction design.
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A Solution of the one-shot auction problem

Let us first consider the choices made by the buyers who face a reserve price r. Depending

on the reserve price chosen by the seller, there are four possible cases to consider:

Casei: r <40
In this case both types of each buyer will be willing to participate in the auction. The low types
will bid their own valuation 6 and receive the payoff of 0. The high types will randomize on

(6,0] where b= (1 — ¢"~')d + ¢"~'6 according to

N
ww-5lG=) )
and will get the payoff of ¢"~1(6 — §). The ez ante equilibrium payoff of the buyers is:
vicg = (1= q)q" (0 - 0).
The seller generates revenue:
reg=(1—q"0+q"0 —nvicy = (1 —¢")0+¢"0 —n(1—q)g" (0 - 0).
Case ii: 0 <r <0

In this case only the high types are willing to participate in the first price auction. The high
types will randomize on (6, b] where b = (1 — ¢" )0 + ¢"~'r according to

ow=22[6)" )

and will get the payoff of ¢"~'(6 — ), which leads to the ex ante equilibrium payoff of:

Vpereg = (L= )" (0 — 7).

The resulting revenue of the seller who chooses a reserve price r < 6:

hers = (L= 00 =005, g = (1= "8 —n(1 —q)g" (8~ r).
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Case iii: r =0
In this case only high types are willing to participate, and they of course have no choice but to

bid @ in equilibrium, and the resulting revenue will be:

R _;=(1-q")0.
Case iv: r > 0
In this case neither type wants to participate, so every buyer will choose to abstain and the

seller will get zero revenue.

Revenue achieved in Case ii is clearly inferior to that achieved in Case iii, so setting
f < r < # cannot be part of any subgame-pefect equilibrium of the static auction game. The

reserve prices r < § and r = 6 could however be optimal for the seller.

Case i: r<¢
In this case it is clear that both types will participate will be willing to participate. It can be
easily shown that there is no Nash equilibrium in pure strategies. It is also immediately clear
that the low types will never place a bid higher than their own valuation because winning with
such a high bid would lead to a negative payoff. But low types should not place a bid that is
lower than their valuation even if they have an opportunity to do so. Suppose low type bidders
do place a bid r < b < 8 in equilirium, then one of them could deviate to b + ¢ and guarantee
winning the auction for sure if his competitor is of low type as well, hence there is a profitable
deviation.

Suppose ®(b) is the unconditional distribution of equilibrium bids for every player. The
expected payoff of a bidder with type @ is given by:

O™ 1(b)(6 — b). (32)
Assuming that only low types bid § we must have ®(#) = ¢ hence by indifference we have:
" (b) (0 —b) ="' (0 - 0). (33)

hence ®(b (

which leads to b = (1 —

%\ Q>\

Z g L
b) n- 1 To find the upper bound of the support we solve q(ﬁ;ﬁ) =1,
¢" )0+ ¢"'0. Hence the high type player randomizes over (6 b]. Since
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®(b) is the unconditional distribution of equilibrium bids, the actual mixed strategy of the high
type is:

09

G(b) = ®(bl6; = ) = %q Kﬂ) L 1} (34)

The above analysis naturally leads to the following lemma:

Lemma 8. Ifr < 0,
(i) the low type bids his own valuation in equilibrium: b =0,

(i) the high type randomizes his bids on (Q, (1—¢" 10+ q”_lﬁ] according to

on- 5362

The low type expected equilibrium payoff is 0, the high type expected equilibrium payoff is
" (0 — 8), which leads to the ex ante equilibrium payoff of:

vicg = (1= q)q" (0 - 0).

The equilibrium in Lemma 8 is efficient, hence it leads to the total surplus given by: (1 —

q")0 + ¢"0. The resulting revenue of the seller who chooses a reserve price r < §:

reg = (1 — "0 + ¢"0 — nu (35)

(1—¢"0+q"0 —n(1 —q)¢" (0 — 0).

Case ii: § <r <6

In this case only the high types are willing to participate in the first price auction. It can
also be shown that there is no equilibrium in pure strategies. Hence we will be looking for an
equilibrium in mixed strategies. Suppose that a high type buyer randomizes his bids according

to the distribution function G/(b). The payoff of a high type buyer who is bidding b is given by:

(q“ +(n=1)(1 - q)g" *Gb) + .. + (1 - Q)“G"l(b)> (0 —b) (36)
= (¢+(1—)G®)" (@ -0).
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Assuming that r is the lower bound of the support of G(b) and that G(b) has no mass points
we get G(r) = 0. By indifference we get for every b in the support:

(g+ 1 =GO @b = (g+ 1 -G (G —r)=¢g""F 1), (37)

which immediately gives us:

G(b):li_q[(g:;;)nll—l]. (38)

1

To find the upper bound of the support b we solve %q [(;’")m — 1] = 1 which leads to

b= (1—-¢"1)0+ ¢" 'r. Hence the following lemma:

Lemma 9. If <r < 4,
(i) the low type chooses to abstain from participation b = ()

(1) the high type randomizes his bids on [r, (1—¢" 10+ q”’lr} according to

oo -565) -1

The low type expected equilibrium payoff is 0, the high type expected equilibrium payoff is

" Y0 — 1), which leads to the ex ante equilibrium payoff of:

Vperag = (L= )" (0 —1).

Since only the high types trade with the seller in the equilibrium in Lemma 9, the resulting
total surplus is given by: (1 — ¢")f. The resulting revenue of the seller who chooses a reserve
price r < 6:

oereg = (1= ¢80 —nuj = (1—¢")0 —n(1 —q)g" (6 — 7). (39)
Case iii: 7 =0
In this case only high types are willing to participate, and they of course have no choice but to

bid b = 6 in equilibrium, and the resulting revenue will be:

R ;= (1—q")0. (40)

T
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Case iv: r > 0
In this case neither type wants to participate, so every buyer will choose to abstain and the

seller will get zero revenue.
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B Separating equilibrium payoffs

Suppose that in every period along the equilibrium path a low type buyer bids b, and a high
type buyer bids b. Then a low type bidder wins with probability 1/n only if all his competitors
are of low type as well, hence his equilibrium payoff is given by:

n—1

T_-b). (41)

n

A high type bidder may win in several different cases: whenever k — 1 of his competitors are

also high type buyers, he wins with probability 1/k, hence his winning probability is equal to:

1 n—1)(n—2 1
+( )( )q2<1_q)n—3 4 ‘_’_qn—ll

(1— Q)”‘I% +(n—1)g(1 —q)"?

n—1 2 n—2
=(1- Q)R_I% +ql—q)" 7+ () ; 1)612(1 — "+ .+
= % {(1 — )" +ng(l—q)" 7+ —n(n2_ 1)612(1 —q)" P+ nq”‘l}
= n(ll_ ) [(1 —q)" +ng(l —q)" " + —n(n2_ Do — g2+ g (1 - Q)}
a0 {(1 —q)" +ng(l—q)" " + —n(n2_ D= g2 + ot ng (1 - ) + 4" —q”}
—(1-gtq)"=1
1 mn
= —n(l_q)(l—q ).

The expected payoff of a high type’s buyer then is:

ﬁ(@ — D). (42)

The resulting ez ante equilibrium payoff of each buyer is then

1_qn _ _ qn—l
— (0 -0

- %[(1 —q") (O -0) +q"(0-0)].

v;=(1-gq)

(€ —1b) (43)

The resulting revenue of the seller is:

Re=(1—=¢")b+q" (44)
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C Proof of Proposition 4

Proof. 8 Note first that both in the low-revenue separating and zero-revenue pooling equilibrium,
the buyer-game induced by the seller’s equilibrium strategy is the repeated first-price auction
game with zero reserve price. Denote V the set of strongly symmetric public perfect equilibrium
payoffs of this buyer-game. Denote © = sup V. We have to distinguish two classes of strongly
symmetric public perfect equilibria: (i) equilibria in which a separating bidding profile is played
in the first period, and (ii) equilibria in which a pooling bidding profile is played in the first

period.

(i) A separating bidding profile is played in the first period

Suppose first that the optimal payoff ¢ is achieved by a symmetric public perfect equilib-
rium in which the buyers separate in the first period. Suppose b(-) is the equilibrium action
taken in the first period. Denote b and b the bids placed in the first period by a low-type
buyer and a high-type buyer respectively. Suppose that the equilibrium continuation value
after the first period is given by v* : R} — R, then the equilibrium payoff of a high-type
buyer ¢ is given by:

1—q"

=iy

(0 —b)+ 6 E (v*(b,b(6-,))).

The equilibrium payoff of a low-type buyer ¢ is given by:

n—1

(1= 6)T—(0—b) + 5 (v"(b,b(60-))).

n

The on-schedule incentive compatibility constraint of a low-type buyer is then given by:

1 n

Lo —) + 0B (v (5,5(0-) = (1-9)

U0 g

(@ — D) + O E (v*(b,b(6_,))).

Subtract 60 and divide both sides by (1 — J):

\%

¢! g ; X 1—q" - g .7 .
- (@ —0b)+ mE (v*(b, b(6-;)) — 0) > m(ﬁ— b) + HE (v*(b,b(0—;)) — D),

8See a similar argument in Chapter 11.2 of Mailath and Samuelson (2006) in the context of a repeated price

competition game with adverse selection.
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and define 7 = ;% E (v*(b,b(0—;)) — 9) and z = ;% E (v*(b,b(A—;)) — ©). The incentive
compatibility constraint of a low-type buyer can then be written as:

n—1

—(@-b)+z=> (@—0b)+7. (45)

n n(l—q)

Recall that the continuation payoffs in any strongly symmetric public perfect equilibrium
must be strongly symmetric public perfect equilibrium payoffs themselves, hence we must

have T < 0 and x < 0 since v = sup V.

The ex ante equilibrium payoff is given by:
-~ 1 n"N\N() _ T n * (T *
0=(1=0)~[(1=¢")(O0=b)+q"(0—b)] + (1 - q)dE (v(5,5(6-))) + a0 E (v" (&, b(6-)))-

Subtracting dv and dividing by (1 — ¢) on both sides, we obtain:

= %[(1—q“)(9—5)+q"(ﬁ—b)]+(1—q)% E (v* (b, b(e_i)>—@)+q1;i5 (0" (b, b(6_;))—

which can be rewritten as:

b= 1= g)E~B) + "€~ B] + (- )T+ gz

Combining this expression with the low-type incentive compatibilty constraint in (45) and

our observation that 2,7 < 0, we must conclude that®:

1 -
b <max —[(1—¢")(@—b)+q¢"(6—b)] + (1 —¢)T+ qz subject to (46)
n

bbiz, T
n—1 n
q 1—g¢q N
I - > 1 (p_
(IC) ——(@ b)+£_n(1_q)(ﬁ b) + 7,

Let us consider the maximization problem in (46). Clearly the (IC) constraint must be

binding at the optimum: suppose not, i.e. suppose %(Q —b)+z> %(Q —b) + 7,

9The solution to this maximization problem provides an upper bound on strongly symmetric equilibrium
payoffs since all the other incentive compatibility constraints are ignored, and the constraint z, T < 0 is necessary

for feasibility of continuation values but not sufficient.
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then choose b < b such that the constraint is still satisfied, and this will clearly improve

the value of the objective. Hence, at the optimum of (46), we must have

n—1 n
q =g
@-Y+z= T SE@-D+7,

which we can solve for (1 — ¢")(# — b), to obtain:
(1=¢")@-0)=(1-q)q" (@b +n(l—qlz-7),
which then implies:

1=gMO-0)=1-¢)O0-0)+(1-q)" (0 —b)+n(l—q)(z—T). (47)

Plugging (47) into the objective function in (46), we get:

%[(1 "0 -0+ (1-9)¢" (@ —-b)+n(l—-q)z—7) +¢"@-b)]+(1-¢T+qz
= %(1 —q")(0 - 0) +%[(1 — )" "0 -0+ (1 -z —T)+ (1 -q)T+qz

= (=) E -0+ [1 - g @~ b) +

= (=)0 + -+

which implies that:

1 — 1
v < Irblax—(l —¢")(0—0)+ —¢" (8 — b) +z subject to T < 0.
o T n

Z

The optimum is clearly achieved when b = 0 and z = 0, which means that:
0 <

Hence, if the buyers play a separating bidding profile in the first period in an optimal
strongly symmetric equilibrium of this buyer-game, then the optimal equilibrium payoff

cannot exceed the equilibrium payoff of the low-revenue separating equilibrium.
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(ii) A pooling bidding profile is played in the first period

Consider now a class of strongly symmetric public perfect equilibria in which the buyers
pool in the first period, and denote b the equilibrium action of both types in the first
period. Suppose that the optimal payoff v is achieved by an equilibrium in this class.
Suppose that v* : R — R is the equilibrium continuation value after the first period. The
ex ante equilibrium payoff is given by:

b= (1 —5)%(151(9) —b) 4+ 0v*(b,...,b)

Subtracting dv and dividing by (1 — §) on both sides, we obtain:

v—00 1 )
=—(E@©) -0 “(by...,b) — 0
00 (B(0) <) + (b )~ D)
Denote z = 125 (v*(b,...,b) — 0) and rewrite the above expression as:
1
0=—(E(0)—b
0 n( 0)—b) +x

Since continuation values must be strongly symmetric equilibrium payoffs themselves, we

have x < 0, and therefore:

b <

S|

(E(0) —b) + 2 subject to z <0

ax
T

3= B

Hence, if the buyers play a pooling bidding profile in the first period in an optimal strongly
symmetric equilibrium of this buyer-game, then the optimal equilibrium payoff cannot

exceed the equilibrium payoff of the zero-revenue pooling equilibrium.

We can now conclude that there are only two candidates for the optimal strongly symmetric
public perfect equilibrium payoff of the buyer-game: the payoff from the low-revenue separating
equilibrium and the payoff from the zero-revenue pooling equilibrium. The result then follows

from the analysis in the main text.

73



D Proof of the Monotonicity lemma

Proof. Consider first the high reserve price state w". Clearly in any public perfect equilibrium
the payoff in this state must be zero, hence we can without loss of generality assume that
bn(0) = 0 and b, (0) = 0.

Consider now the low reserve price state w!, in which the buyer-game starts. Consider any
strongly symmetric public perfect equilibrium of the buyer game. Pick any history that leads to
state w! and suppose any high-type buyer bids according to b, (@) = b and any low-type buyer
bids according to b.:(#) = b after that history, and the equilibrium continuation value is given

by v*,(b) : A" (w') — R. The equilibrium payoff of a high-type buyer is given by:
(1= )p(d)(O — ) + 6 E (v (b, b1 (0-:))), (48)

where p(b) is the winning probability from bidding b in the current period. Analogously the

equilibrium payoff of a low-type buyer i is equal to:
(1= 0)p(0)(0 —b) + O E (v (b, b (0-))), (49)

where p(b) is the winning probability from bidding b in the current period.
Since the above are assumed to be public perfect equilibrium payoffs, the following incentive

compatibility must be satisfied, for a high type buyer:
(1= 0)p(0)(0 —b) + 0 E (v4(b, bt (0-1))) = (1 = 8)p(b)(0 — ) + 6 E (v (D, bt (0—3))),  (50)
and for a low type buyer:

(1= B)p(D)(0 — ) +OE (u54(b s (0-0))) = (1= 8)p(B)(@ — 5) + 0 E (2,(B.ba(6-))).  (51)

Adding inequalities (50) and (51) together and canceling the continuation values on both
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sides, we obtain:

(1= 0)p(0)(0 —b) + (1 — 8)p(b)(€ — b) > (1 — 8)p(b)(0 — b) +

& p(b)(@ —b) + p(b)(8 — b) > p(b)(8 — b) + p(b)( — b)
& p(b) + p(b)d > p(b)d + p(b)d

< p(0)(0 —0) +p(b)(0 —0) >

< (p(b) — p(b)) (0 —6) > 0

& p(b) —p(b) >0,

which implies that b>b.

1)

(1

— 0)p(b)(¢ — )



E Solutions of equilibrium conditions

E.1 Solution of Case 1

Recall that the equilibrium conditions in Case 1 are:

. _(1=0)(1—-g")(0-b)

Ufse = ’I’L(l N 5(1 — q)n) ) (52>
and:
n—1
(1= 6)T—(0 1) + v, =0, (53)
where vf, = %[(1 —q")(0 — l_)*) +q"(0 — Q*)]
Combining the equations (52) and (53), we get
n—1 n\/n *
q o =01 —¢")(0—0b)
1- — = 4
(=5 T—to -1 + oo o (54)
which we can solve for the equilibrium value of b:
6q(1—q")0 +q"(1 - 5(1 —q)")8
. 0q(1—q")0+q"(1-0(1—q)")8 (55)

og(1—q*) +q*(1 —=6(1—q)")
which we can now use to compute the payoff of each type conditional upon winning with b*, for

a low type buyer we have:

o g da(l—a")0+q"(1-5(1—q)")0
T T (=g +qr(1=6(1—q))
_0q(1—g")0+q"(1—0(1—)")0—dq(l —¢")0 —q"(1 - (1 —q)")0
6q(1—q") +q"(1—0(1—q)")
_ —0q(1—¢")(6 - 0)
6q(1—qm) +q(1—6(1 —q)")
and for a high type buyer we have:

— . 6q(l =)+ g (1-6(1-qm)0
Iob=0- 0g(1—q") +q"(1=6(1 =g o
5q(1—q")0+q"(1—6(1—q)")8 — dq(1 — ¢")0 — ¢" (1 — 6(1 — q)")0
0q(1—=q") +¢*(1=6(1—q)")
¢"(1—6(1—q)")(0—90)

“ (=) + (1 —6(1—q)") -0

(56)

< 0;
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which combined with (52) gives us the resulting equilibrium payoff:

. (=01 —-qg")(O-0b")
Be T Tl —el—gn) %)
(1-01-q¢)  ¢"(1-001-9")0-0)
n(l—=0(1—q)") = dq(1—q") + ¢ (1 = 6(1 —q)")
1 (1-6)¢g"(1-¢") (-9
nég(l—q") +q*(1—0(1—q)")

Recall that the ex ante equilibrium payoff in a separating equilibrium is equal to %[(1 -

q")(0 —b) + ¢"(6 — b)], we must therefore have:

Tr g oy o el L (1=8)q"(1—¢")(0 —0)
n[(l )0 —b)+q"(0—0b)] noa(l—a) T (== )’

which, knowing 0 — b* from (56), we can solve for § — b to obtain:

(1-0)g"(6 - 6) (-0

Vb= 61 —q") +q"(1-6(1—¢q") 1—¢q" (59)
_ (1-0)g"(6 - 6) N q"3q(0 — 0)
6q(1—q") +q"(1 =61 —q)")  dq(1—q") +q*(1 —6(1—q)")
-6 -q)@-6)
6q(1—q*) +¢q"(1—=6(1—q)")
from which we can now compute 6 — b
0-b =0-0+0-0b = (60)
—0—b —(0—0)
qn<1 B 5(1 - Q))(g - Q) . (5 _ 9)

"ol — ) + (1= 6(1— ")
0q(2¢" — ¢" 1 — 1+ ¢ 1(1—Q))(9 )
0g(l—q") +q"(1-0(1—qm)

We can now use expression (59) to determine b’ :

q"(1—0(1—q))(6—0)
5g(1—q") +q"(1—6(1—q") (1)

b =60 —
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E.2 Solution of Case 2

Recall that in Case 2 the equilibrium conditions are given by:

and:

[l—
where vi,, =

*

(1= —g)F-b)
e =)

=6~ G5 g = (1-8)F D).

n(l—q)

L1 =g)0-0)+q"(0-1b")].

n

The equilibrium condition in (62) implies that:

(1-

1= 0)(1—g)(F-b)

R R

which can in turn be rewritten as:

=)@ -F) 1 q"(0—b) =

Y

1-8)(1—¢)(E—6)  (1-8)(1—-g¢)E6—D)

Collecting terms, we get:

(1—q")(0—

= [q"=0q"(1—q)" — (1 —=0)(1 —q")

b) +

L—0(1—q)" L—0(1—q)

(1-8)(1—¢")(#-9)

1—=6(1—q)"

Recall that the biding incentive compatibility constraint in (63) implies

(1-9)

n(l—q)

This condition can be rewritten as:

oq"
n

N (1-@-F)—(1-6— L g 5y 2
=(1-00@-0) - 1;q (5-5*)(1%‘;%)
T n 1—q" B
—0-5) -0 - 1= 00
_ [p—9)(1=8) — (1 — ") (1~ g)] (B - )

n(l—q) '

78

@-5)+ 2[00~ )@~ F) + a0~ b)] = (1 - 5)@~F).

(62)

(63)

(64)
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Using equations (66) and (71), the system of equilibrium conditions can now be written as:

"= 6q"(1—q)" — (1—0)(1 —q") (1—-6)(1—q")(0—0)

(1—g")@-b)+ Ry =¥ ="
50— by = M= 9= 9) - (ll:qq”)(l — )]0 -F)
which can be solved for optimal payoffs  — b and 6 — b*:
01 = 555 [0 = )1 = 0) = (1 = )1~ )} (1 = ")F ), (72
7T = a1 =)= 0@ -0) (73)

where D() is given by:

D) =q"(1-0(1—¢)")[n(l—q) = (L —¢")] + (1 —¢")[(1—¢")(1 —bq) —n(1—6)(1 —q)].

The ex ante equilibrium payoff can be found from:

nop, = (1= ¢")(0—b) +q"(0 - ) (74)
a"(1 _5]8)( 51— -g) — (1= )1 —b) +n(l-8)(1-g)]  (75)

_a ‘58)@ B 11— ") (5= 6q— 14 6q) + n(1 = 8)(1 — q)] (76)

- LA ) (- ) + (1 -] ()
(78)

Hence the ex ante equilibrium payoff is:
*

the = g (1= 00— ") (1 =) = (1 = )] 0= ). (79)

We can now determine the payoff of the high type who wins with a low bid, ie. 6 —
b*. Combining the expression for the ex ante equilibrium payoff in (79) and the equilibrium

condition in 62 we get

(1-0)(1—gm@-0b) 1

which can be solved for § — b*:
71 = (1= 81—y n(1 =) = (1= )] 7 =), (81)



E.3 Solution of Case 3

Recall that in Case 2 the equilibrium conditions are given by:

]_—qn — —% __ . a7 T
(1 - 5)71(1 — q) (‘9 —b ) + 5Ufse - (1 5)(0 b)? (82>
and:
L' G 5 s — 1 sy (F
(1- 5)n(1 v (0 —b)+ v, = (1—0)g" (0 — ), (83)

where v, = 2[(1—¢")(0 — b) + ¢"(0 — b)].

Note that conditions (82) and (83) together imply —b = ¢"~'(6—b"). Hence the equilibrium

payoff becomes:

V=2 [0 =) -F)+ "6~ D) (31)
= [0 -F)+q" BT+ 8- 1)) (%)
= 1) F) 4" B~ b) — "~ 0) (56)
= [0~ g)E-F) 4@~ T) ~ '@~ 6)] (57)
=g+ @)~ 4" 6) (53)

The upward incentive compatibility constraint in (82) can then be written as:

(18~ —1

o) @-0)+ 5%[(1 "+ PO -0) "0 -] =(1-8)@-b). (89

which can then be solved for 8 — b’

L 5q"(1— )@ —0)
= = =0 +5a(l— ) (L= D) =q) (%0)

We can now introduce shorthand notation for the denominator:

D(6) = (1 —¢")(1 = 6q) +dq(1 — q) —n(1 —0)(1 —q). (91)
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The ex ante equilibrium payoff can now be calculated from (88):

i, =(1—q"+q)(0-b)—q"@ -9 (92)
5q"(1— g)(@ — 0) .

SO s - g —n o —g) Y
= qnf(g)g) [(1=¢" +)6(1 = ¢) = (1 = ¢")(1 = 6g) = dq(1 — q) + n(1 = 0)(1 = )]
= LD 1 (60 - a) — (1= 60) + (1 = 51 ~ )
-4 51))(‘7:5() )[ (1—q)—(1—q")]
= 5L~ O [ —0) = (1= )] G- 0)
The ez ante equilibrium payoff is then given by:
the = (L~ O 1 —0) = (1 =)@ 0) (93)

The payoff of a high type buyer who wins with the low bid can be calculated from 90 and
the fact that 0 — b* = —1(5 — '), and is therefore given by:

dq(1 —q)(0 - 0)

YT 0 + a1 — ) (1= 0)(1 ) o
= pital—0@-0), (95)

A low type buyer payoff can be calculated from nv = (1 — ¢")(0 — b) + ¢"*(0 — b*):
(0~ ) =i — (1— ) (@—F) (96)

= i~ O [ = 0) = (1= )]0 =) — (1= ) e (1= )T -0
which implies:

00 = i [0 = )~ (=] - (- -0)|G-8) o7
= 0~ (1= 8) = (1 =) (1 = 60)) 70 (98)
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F Proof of Lemma 5

Proof. We have shown 6 < b* in the main text. To show b* < 5*, consider the payoffs defined

by (20) and (21). It suffices to show that § — b* > 0 — b, which is equivalent to:

ﬁ(;)q"(l —0(1=q)")[n(1—q) = (1 —¢")](O-0) > ﬁ&q"(l — "1 —q)0-0) (99)

& (1-061-q)")[n(1—q)—(1—¢")] >0 —-¢")(1—0q). (100)

It is easy to see that the above inequality holds for all § whenever:

(1-1-9") -9 -1~ >1-¢")1-q) (101)

since the left-hand side of the inequality is decreasing in § and the right-hand side of the

inequality is increasing in 9.

1—q™
n(1—q)

Recall now that we assume that ¢ > which is equivalent to:

n(l—q)*¢>(1—-q¢"(1—q), (102)

and in particular implies that n > 4

I now show that 102 implies 101 by showing that:
(1-(1-q)")[n(l—q) - (1—-q¢")] >n(l-q)q (103)

for n > 4.
Observe first that (1—(1—¢)") > (1—(1—¢)?) = ¢(2—q) for n > 4. Since n(1—q)—(1—¢")

is strictly positive it suffices to show that:

q2—q@)[n(1—q)—(1—¢")] >n(l—-q) (104)
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which is equivalent to:

2—q)[n1—q) —(1=¢")] >n(l —q)? (105)
2—gn(l—q)—n(l—¢>>2-q)(1—q"
n(l-—q)2-qg—1+q¢) >2-q)(1-q")

n(l—q)>2-q¢)(1-q")

nl—q)>@2-q)(1-q) ) ¢
k=0

—

n>2-9)> ¢F=0-9)) " +> F=1-q"+> "
k=0 k=0 k=0 k=0

3

n—1 n—1
f/(q) _ _nqn71+quk71 > _nqnfl_i_qunfl
k=1 k=1

n—1 n—1
_ _nqnfl +qn71 Zk _ qnfl |:Zk, _ n:|
k=1 k=1
1 —1)(n—-1
P (RAETETIN

R, [MQ_ ] =l

— >0
2 2 ’

where the last inequality is true since n > 4 by assumption.

Hence we can conclude that f(q) is strictly increasing on (0,1). Computing f(1) we obtain:

f)=1-1"+ ni: 1¥ = n, (106)
k=0

therefore f(q) < n for all ¢ € (0,1). O
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G Proofs of Propositions 6, 8, 12
(Full-surplus-extracting cPPE)

G.1 Proof of Proposition 6

Proof. Full surplus extraction and R* > (1 —¢")f are shown in the main text, hence by Lemma
2 it remains to check the incentive constraints and the no-collusion constraints. I start by
checking incentive compatibility.

(I) On-schedule incentive compatibility of the buyers

Consider a high-type buyer, his equilibrium payoff must be higher than the payoff he

could obtain by mimicking the behavior of a low type buyer:

1—q" -
(HighIC-on-sch) 17 G-7)>1

@ —b"). (107)

Plugging the respective payoffs in, we obtain:

l—q" (1 -61-9)0-0 _ . ¢"(1-51-9")F-9

> q ,  (108)
1—qdg(1—q") +q"(1—6(1—q)") 6q(1—q) +q"(1=6(1—q)")
which simplifies to:
1— qn n—1 n
1_q(1—5(1—Q))ZC] (1-6(1-q") (109)
1 _ n
oy =) 2T () (110)
1 - n:l i n— n— n
Uil 5> gt -1 - ) (1)
n—2
&) >0 —-¢")—q¢" (1 —¢q)" (112)
k=0
1 n—2
<) " =20-q) ¢ (- (113)
k=0
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(1)

Since $ Y7o 2q" > S22k, it is enough to show that:

Zq’“ >(1—q¢")—¢"'"(1—¢q" (114)
k=0
n—2
S1+) ¢F>1-¢" ¢ '(1-9q" (115)
k=1
n—2
&>+ == (1-qn, (116)
k=1

which is clearly true since the left-hand side of the above inequality in (116) is strictly
positive, and the right-hand side is strictly negative.

I now turn to off-schedule incentive compatibility for both types.

Off-schedule incentive compatibility of the buyers

Consider first a high-type buyer who deviates to b* + €. The associated incentive com-

patibility constraint is given by:

(HighIC-down) (1 — 5)%(5 ) 4o > (=0t E—b).  (117)
nl—gq
Plugging the respective payoffs in, we obtain:
(1-0)(1-q¢") ¢"(1-5(1-¢)(0 -0 0 (1=8)g"(1—q")(0—0)

n(l—q)  dq(1—¢")+q"(1-0(1—q") ndq(l—q")+q¢"(1-0(1—qn)

(1S ¢"(1-6(1—q)")(#—90)

which simplifies to:

1— g 5

n(l—_qq)(l —0(1—q)) + 5(1 —¢") =" (1-601—-q)") (118)
1 — g™

e _qq —0(1=¢") +6(1—¢") >ng" (1 -6(1—q)") (119)

& 11__qq >ng" ' (1-6(1—-q)") (120)
g > g0 )" (121)

—q

n—1

& qu —ng" ' > —ng" 151 — )™ (122)
k=0
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which is true since the left-hand side of (122) is strictly positive and the right-hand side
of (122) is strictly negative.

Now consider a high-type buyer who deviates to b + €. The associated incentive com-
patibility constraint is given by:
1—q¢" - — —
(HighIC-up) (1- 5)(1—(1)(9 Y 4oL > (1-0)@-0),  (123)
niLt—gq
which is equivalent to:

1—q"

ovi, > (1—90) (1 — )) 0 —0"). (124)

n(l—gq
Plugging the respective payoffs in, we get:

0 (1=8¢"(1—q¢")@ -0 N q"(1—0(1—q))(0 —0)
n5d1—¢ﬁ+qﬂl—5ﬂ—qW)Z(15wﬁ M1—®)5d1—¢ﬁ+q%1—5ﬂ—qu

which is equivalent to:

n 1—q"
2a-z (1o )a-au-0) (125)
«@%u—q®>1—5u— %—&;j@+%ﬂ—qﬂ (126)
1—q"
S021-0(1-0)~ (127)
o> — L= (128)

Tl-g¢ n(l-gq?
The condition on § identified in (128) can only be satisfied if:

1 1—q¢n

— <1 129
¢ n(l—qp (129)
1—q" 1—q"
Sl———m—<1l—qge&ng< ) 130
n(l—q) 1—q (130)

which is true by assumption.

(IIT) No-collusion constraints
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Suppose 0 bids off schedule and 8 bids on schedule. The associated constraint is:

. ‘ o 1=0)[(1—g")(O—b) +¢"(0 b))
(No-col-sep-2) Uie > U(b" +€,0%) = (1= 3q") . (131)

Computing (1 —¢")(0 —b") +¢"(€ — b"), we get

(1—¢")(O0—0")+q"(0—-0") = (132)
g ¢"(1-0(1—q)")(0-9) —5q(1—¢") (6 - 0)

5q(1 — q”) + q”(l — (1 — q)”) 5q(1 — q”) + q”(l — (1 — q)”)
_q"(L—g")(1—6(1—q)" —dq)(0 — 0)

+q"

, (133)
6q(1—q") +¢q"(1—0(1—q)")
which then implies that the payoff from this bidding profile is equal to:
1—68)g"(1—q")(1—0(1—q)" —6q)(0 -8
S epy = LD —a )(1—0(1—¢q)" — ) (0 — 0) (134)

n(1—0q")(0q(1 —q") + (1 —0(1—q)))
We need to establish that v, > v'(b* +€,b"). i.e.

1. (=01 -g)@-0 _ (1-0q¢"(1-¢)(1-501-9)"—05g)(0—0)
nég(l—q*) +q*(1-6(1—q)") ~ n(l—46¢")(6q(1 —q*) +¢*(1 —6(1—q)"))’

which simplifies to:

1-6(1—q)" = dq

1> T (135)
S 1-6¢">1-06(1—¢q" —dq (136)
& —0¢" > —6(1 —q)" — dq (137)
& —¢">2—(1-q)"—q (138)
& (1-q)">—-q+4", (139)

which is true since the right-hand side of 139 is strictly negative, and the left-hand side

is strictly positive.

Suppose both types pool at b*. The associated constraint is:

(Nocobpol) v > o(b",b) = ~[(1 —)(B ) + g8~ 1)), (140)
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o(B,0) = = [(1 = )8~ 1) + a0 — )] =
(1-q) ¢ (1—0(1—q)")(0—0) L4 —5q(1—¢") (0 —0)

n 6q(l—q)+q"(1-61—q)n) nég(l—q")+q"(1—5(1—q)")
(L=q)g"(1—6(1 —q)") — dg*(1 — ¢)) (0 — 0)

= . (141)
n(0q(1—q") +q"(1-0(1—q)"))
Consider the numerator of (141) in the limit as ¢ goes to 1:
1-9)q"(1-(1-q)") —¢*(1—q") (142)
- n—1
=(1-q)|"(1-(1-0q") — ¢ Zq’f} (143)
- k=0
=(1—Q)q —q¢"(1-q)" q2Zq’“ 1 (144)
k=0
r n—3
=(l-q)|-d"0-a" ") d" - ”“} <0. (145)
- k=0

Recall that vf, is weakly positive, whereas the payoff in 141 goes to a negative value. By
continuity there is a 0* in the neighborhood of 1 such that for all § > 6* the equilibrium
payoff vi,, exceeds the payoff in 141.

G.2 Proof of Proposition 8

Proof. Full surplus extraction and R* > (1 —¢")f are shown in the main text, hence by Lemma
2 it remains to check the incentive constraints and the no-collusion constraints. I start by
checking incentive compatibility.

(I) On-schedule incentive compatibility of the buyers

Consider a high-type buyer on-schedule incentive compatibility condition:

(HighIC-on-sch) %(9 _7) > q: @ —b°). (146)
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(IT)

Plugging the payoffs defined in (20) and (21) I get:

1—-q¢" 1 n n —
mm@ (1—-¢")1—q)(0—0) (147)
> L (=00 =) (1 =) = (1= )] T —0).
which is equivalent to:
d(1=¢")" =" (1=0(1—)") [n(1—q) — (1 —¢")]. (148)

which is in particular true whenever

S(1—¢(1—q") = ¢ [n(l—q —(1—q")], (149)

1 [n(-9)-(1-a")]

i.e. for all § satisfying § > 1 (=) (1=¢")

. Note that such ¢ exist in (0,1) since

(1—¢"(1—=¢")>q¢" " [n1—q)—(1—q")] (150)
S1-¢"1-¢")+¢ ' 1-¢")>ng""(1—q)
S 1-¢V1-¢"+¢"")>ng"""(1-q)

S 1-¢")1+¢"'(1-¢q)>nd""(1—q)
S 1+¢""1-q) Y ¢ >ng"
=0

[y

o

where the last inequality is true since S p—s ¢* > ng" ' and 1+ ¢"'(1 — ¢) > 1. Thus
the high type on-schedule incentive compatibility constraint is satisfied for a sufficiently

high §.

Off-schedule incentive compatibility of the buyers

Let us now turn to the off-schedule incentive compatibility constraints of the buyers.
Consider first a low-type buyer. He must be willing to participate in the bidding with
the bid b* as opposed to abstaining and getting a zero payoff:

n—1

(LowlC) (1-8)L—(0—b") + v, >0. (151)

n
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Plugging the payoffs defined in (19) and (22), I obtain:

1= 0 - ) =g —n(L =) @)1 - )T (152
o (=) (1 =) = (1= )] (= 0) 20
which simplifies to:
—[(1=¢"(1 =dg) =n(1 =0)(1—q)] +dg[n(1 —¢) = (1—¢")] >0 (153)

Sn(l-0)(1-q) —(1—=¢")1—0dq) +0qn(l —q)—dq(1—q")>0

en(l—=50+d¢)(1—q)—(1—¢") >0

S 1—-0+0q> &6 < — :
n(l—q) 1—q n(l-gq)?
which is true since ﬁ — n(ll_—f;)g > 1 by assumption that ¢ > %.

Consider a high type buyer who attempts a downward deviation to b* + €. The associated

incentive compatibility condition is given by:

(HighIC-down) (1—6)——4

e (6—0)+0vE, > (1—0)g" 1B -b).  (154)

Plugging the payoffs defined in (20), (21), and (22) into the above inequality, I obtain:

(1= 0) sl st (L= )1 = )0~ ) (155)
ot (1= a1 =)~ (1= )]0~ )
> (1= 0 G (1= 01— a) [o(1 = ) = (1 = )] - D)
which simplifies to:
(=) 501~ ") + 52 (1~ ") (1 — ) — (1 ") (156)

> ¢ (1=6(1-¢)")[n(1-q)— (1 —q")],
which can be further simplified to:

S(1—¢"1—q¢)>¢""(1-6(1—¢)")[n(l—q)— (1—q")], (157)
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(I11)

i.e. for all discount factors ¢ such that:

¢ n(l—q)— (1—q")]

’= (I—gM)(1—q)+¢ (1 —q[n(l —q)— (1 —q")] (158)
which can only be satisfied when:
¢l —q) = (1—q")]
(I—gm)(1—q)+ g (1 —q)"[n(l—q) — (1 —q")] <1 (159)
(=a)1-a) > (1= (=) (-9 = (1= a"], (160)

which is true by assumption.

No-collusion constraints
Suppose 0 bids off schedule and 0 bids on schedule. The associated no-collusion constraint
is given by:

(1=0)[1=g")@—b)+q (0 —b")]
n(l—6q")

(No-col-sep-2) Vhe > 0(0" +€,0") = . (161)

Plugging the payoffs in, we can rewrite the right-hand side as:

n(<11—_(;2’”) (1- qn)ﬁqn(l —6(1=q)")[n(1 = q) = (1 = ¢")](6 - 0) (162)
~ 4 = 1 = d0) == 5)1 ~ @)1 = )T -0,

which simplifies to:

(1—8)g"(1—q")(0—0) § )
n(1— 0g")D(0) <(1 — 61— )") [n(1—q) = (1 —¢")] (163)

~ =)= 0 = (L= 91 - ) ).

We now have to make sure that it is below vg,, i.e.

nlD_((?) ¢"(1—¢")[n(1 —q) = (1 —q¢")](O—0) > (164)

(1-0)q"(1—q")(0 - 0) . .
> B Ed D (-0 - ) 1 - 0) - (1= ")

(1= q")(1 = bq) — n(1 — 8)(1 — q)]>,
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which is equivalent to:
(1-0g")[n(1-q)=(1-¢")] = (1-01-q)")[n(l—q) —(1-q")] (165)
= [1=¢")(1 = dg) —n(l - 6)(1-q)],
which in turn simplifies to:
[(1=¢")(1=6g) —n(1=6)(1—q)] =6(¢"—(1—¢q)")[n(1—q)— (1—¢")], (166)

which can only be satisfied if:

n(l—q)—(1-¢")

T g gy ("= A=) [n(l—q) = (1 —q)] o7
which in turn can only be satisfied for a high enough ¢ € (0,1) only if:
1=¢)1-q)> ("~ 1 —)") [l —q) - (1-q")]. (168)

It is easy to show that the above inequality is implied by the parameter restriction of

Case 2. Recall that the parameter restriction is given by:

1-¢"1-¢)>¢" ' (1-(1-9q)")[n(l—q)—(1-q")] (169)
Observe that ¢" — (1 —¢)" < ¢! (1 —(1—- q)”), which establishes the result.

Suppose now the buyers pool at b*, the associated no-collusion constraint is:

(No-col-pool) Uge = (07, 0%) = %[(1 —q)(@—b") +q(0 —b")], (170)
where
v(b*,b) = %[(1 —q)(0—b") +q(0—b")] (171)
~ -0 =00 -0 -0 - (1= ) E-0)
—qﬁ[u—q%(l—aq)—n<1—6><1—q>}<1—q”><9—@ .

I show that v(b",b") converges to a strictly negative number as § goes to 1. Indeed in the
limit v(b",b") is given by:

(1-a9)® -9

o (-0 =a) -9 = (1= —e =g -q)].  (72)
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I now verify that:

(1—q)(0—9)
nD(1)

S¢"(1-1-¢")[n(1-q)—1-¢")] —q1—¢")(1-¢") <0

Sl-g"1=¢)>¢" " (1-1-9q")[n(l—q) —(1—q¢")].

["(1-(1—=q")[n1—q) —(1—¢")] —q(l—¢")(1—¢")] <0

It suffices to show that (1 —¢")(1 —¢") > ¢"*[n(1 — ¢) — (1 — ¢")], which has already

been established above. I repeat the argument here for completeness:

(I—g")(1—¢") >q¢" ' [n(l—q)— (1 —q")]
S1-¢"1-¢")+¢""'1-¢")>ng" ' (1—q)
S 1-¢"V1-¢"+¢"")>ng""(1-q)

S 1-¢")1+¢"'(1-¢q)>nd""(1—q)
S 1+q¢"'1-q) Y ¢ >ng" !,
=0

[y

ol

where the last inequality is true since ZZ;S ¢ >ng"tand 1+¢" (1 —¢q) > 1.

G.3 Proof of Proposition 12

Proof. Full surplus extraction and R* > (1 —¢")f are shown in the main text, hence by Lemma
2 it remains to check the incentive constraints and the no-collusion constraints. Let us now

check on-schedule incentive compatibility.

(I) On-schedule incentive compatibility of the buyers

Consider a high type buyer who contemplates an on-schedule deviation. The associated

on-schedule incentive compatibility condition is given by:

l—q" — _
(HighIC-on-sch) 1 G- >L @b



Note that both @ — b and 6 — b* are strictly positive for § high enough. Recall that by
construction of this public perfect equilibrium 6 — b = ¢" (0 — b*) and therefore we

obtain:
n—1

G-0)=L—@-1).

n

1—q¢" - =
—n(l_q)(e—b)>

where the first inequality is true since 1 — ¢" > 1 — ¢ for n > 2 and ¢ € (0, 1), implying

S|

that the high-type on-schedule incentive compatibility is satisfied.

(IT) Off-schedule incentive compatibility of the buyers

Having dealt with the on-schedule incentive compatibility constraint of the buyers, I
now establish that the off-schedule incentive compatibility constraints of the buyers are
satisfied. Consider first a low type buyer. A low type buyer must prefer participating in
the auction with the bid b* as opposed to abstaining and getting zero forever:

n—1

(LowlC)  (1—8)L—(0—b) + vt > 0. (173)

n

Plugging the payoffs from (26) and (29) I get:

~= ) 5 [0 = )= 00) = (1 = )1 = )] @ - 0) (174)
o= 1 =g~ (1 =)= >0,
which is equivalent to:
—[(1=¢"(1 =dg) =n(1 =0)(1 = q)] +dg[n(1 —¢) = (1—¢")] >0 (175)

S —(1-=¢")(1=0509)+n(1=06)(1—q)+0gn(l —q) —dqg(1l —q¢") >0

en(l-q¢(1—-0+6dg)—(1-q") =0

1—q"
S1—-—04+09g> ———
n(l—q)
1—4g" 1 1—4g"
Sl——>0-0g& 6 < — ;
n(l-q) 1—q n(l-gq)?
which is true since ﬁ — n(ll_—fqn)Q > 1 by assumption that ¢ > nl(;—f:;).
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(III) No-collusion constraints

Suppose 0 bids on schedule and 0 bids off schedule. The associated no-collusion constraint

is is given by:

(1-6)(1—q")(0 -1
n(l —5(1—q)”) '

Recall the formula for § — b* in (28), plugging it into the payoff formula above, I get

(No-col-sep-1) Ve > v(0",0) = (176)

e gy (L= 0)(1—¢")dq(L —q)(0 - 0)
) = nD(8)(1—6(1 —q)") ‘ (177)
The goal is to show that for § sufficiently high vi, > v'(b", 0), i.e.
1 n .y (1—0)(1—q")dq(1 —q)(0 - 0)
nD(5)(1—5)q [n(1—q) = (1—¢")] (O -0) > DO =S —qr) (178)
which is equivalent to:
(- ) — (1 — g > S0 (179

(1-6(1—q))
S (1-61-¢)")" ' n(l—q)— (1 =¢")] =6(1—¢")(1—q),

which can be satisfied for any ¢ € (0,1) as long as it is true that'®

(1-1-9")" '[n(l—q)—(1—¢")] > (1 -¢")(1—0),

which is assumed is Case 3.
Suppose 0 bids off schedule and 6 bids on schedule. The associated no-collusion constraint
is

(1—0)[(1—q") (0 —b*) + q"(0 — b")]
n(l — (5(]”) '

(No-col-sep-2) Vpe > V(0" +€,0") = (180)

ONote that it is required that § satisfy

(1 —q) — (1—q")]
1—g)(1—q)+¢"1—gm[n(l—q) —(1—q)]

The restriction on the parameters assumed in Case 3 makes sure that the right-hand side of this inequality is

6 <

weakly above 1.
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Recall the formulas for § — b* and 6 — b* in (26) and (28) respectively, the above payoff
can then be written as

(1-8)F-6)

b* b*) =
v+ 6 ) nD(é)(l — 0q"

) {(1 —¢")oq(1—q)—q"[(1—¢")(1 = dq) —n(1—6)(1— Q)}] :

Our goal is to show that vf, > v'(b" + ¢€,0%), i.e.

(1—=08)¢"[n(1—q) —(L—¢")] (6 —0) (181)

(1-8)(®—-9)
~ nD(0)(1 - dq7)

nD(J)

[(1 —q")0q(1—q) — ¢"*[(1 — ¢")(1 — 6g) — n(1 — &)(1 - Q)}} :

which is equivalent to:

¢"[n(1—q)—(1—q")] (182)

> =) [(1 —¢")0q(1—q) —¢"[(1 = ¢")(1 = dg) —n(1 = )(1 - Q)}],

which holds for ¢ sufficiently close to 1 whenever it holds as a strict inequality at § = 1,

i.e. whenever

¢"[n(l—q) = (1—¢")] > =D [(1=¢Ma(l—q)—q"(1-q")(1-q)]  (183)

S nl-—q)—1—-¢)] >ql—q) —q¢"(1—q)

¢ ' nl-q)—(1-¢")] >1-g)(1—q"").
Now the last line is true since:
1-q)(1-¢"N <=1 -¢")<q¢" ' (1-(1-¢)")[n(1—q)—(1-q")].

where the first inequality is evidently true, and the second inequality holds true in Case 3
by assumption. The result follows by the fact that ¢"~*(1—(1—¢)") [n(1—q)— (1—¢")] <
¢"'[n(1 — q) — (1 — ¢")], which in turn is true because 1 — (1 — ¢)" < 1.

Suppose both types pool at b*. The associated no-collusion constraint is:
1 _
(No-colpool) v, = (b, ) = ~[(1 = )@ — ") + g0 — b)) (184)
n
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Recall again the formulas for § — b* and 6 — b* in (26) and (28) respectively, the pooling
payoff is then given by:

_7-8

(b, b) = WD) (1—q)5q(1 —q) —q[(1 —¢")(1 = dq) —n(1 =) (1 —q)]|.  (185)

As in Cases 1 and 2, I show that lims_,; v(b",b") < 0 implying that v(b",b") < 0 for any
0 sufficiently close to 1:

lim o/(b", ) = :D_(IQ) (1= q)q(1 —q) — q(1 = ¢")(1 = q)]
S ;?))((19)_ Dla-g-a-g)]
—q)(0 -0
_ Q(l n;]_))((l) _) [qn . Q] <0
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H Proofs of Propositions 7, 9, 10, 11, and Lemma 6

(Parameter regions)

H.1 Proof of Proposition 7

Proof. Both sides of the equation can be divided by 1 — ¢ to obtain: > '~ ! ~0¢" — ng = 0, which

can again be divided by 1 — ¢ to obtain: 1 — ", 1(n —1—k)¢* = 0. Define the function:

n—2

g@)=1=> (n—1-k)q".
k=1
Clearly g(0) =1, and g(1) is given by:
g(l)zl—n_ (n—l—k:)zl—(n—l)(n—Q)—i-n_ k
k=1 k=1
—1-(n—-1)n—-2)+ ("_1);”_2) =1- "_1)2("_2> :g(S—n) <o0.

hence the equation has a solution on (0, 1) for every n > 4 by the Intermediate Value Theorem.

Consider now the derivative of g(-):
g(@) == (n—1—kk¢" ' <0

which implies that the solution ¢* is unique and that ¢ < (1 q) for all ¢ < ¢* and vice versa. [

H.2 Proof of Proposition 9

Proof. Consider the equation:

I=g"1=q)=¢""(1-1=q)")[n(1—q) — (1—¢")]

-1
S1-¢)=¢""'(1-0-9") {n - q’“]
k=0
n—1 n—2
Sl-q) d=¢"1-1-9")1-q) ) (n-1-k)q"
k=0 k=0
n—1 n—2
(:)qu:q 1— (1—¢q)" Zn—l—
k=0 k=0
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and consider the function:

n—2 n—1
9@ =¢""(1-1-9") ) (n=1-k¢" =) ¢
k=0 k=0
Clearly g(0) = —1 and g¢(1) is computed as:
n—2 n—1
g = (n—1-k)1"=» 1*
k=0 k=0
n—2
= (n—l)Q—Zk—n
k=0
—1 -2 -3
:(n—1)2—(n )2(71 )—n:nn > 0

The result follows by continuity of g(q).

H.3 Proof of Proposition 10

Proof. Note that the expression can be rewritten as:

(=g -g)-—ng" ' (1-q)(1-(1-9q)")+¢" (1 -¢")(1-(1-0q)").

v ~~ ~~
—1—q as n—o0 —1—q as n—o0 —0 as n—o0

It thus remains to check that lim,_, ng" ' = 0. Taking logs, I get:

log (ng"™") = log(n) + (n — 1)log(q) < v'n — 1+ (n — 1)log(q)

— (0= 1) = +los(a)).

\/7 goes to 0 as n goes to infinity, we have

Note that since log(q) i

for a large enough n:

log( )'

-1

Since log(q) < 0 we have lim,_,(n — 1) 2 = —o00, but then lim,,_, log( q”‘l) = —00,

—l—log ) (n—1)

which establishes the claim.
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H.4 Proof of Proposition 11

Proof. The parameter restriction can be rewritten as:

1—q"

1—(1—q) >d =

0

e
Il

Observe that % > 1 for all ¢ < % since 1 —¢" > 1— (1 —¢q)" is equivalent to 1 — ¢ > q.

It thus suffices to show that 1 > ng"! for all ¢ € (0, %} Define the function f(q) = ng" ™' — 1.

It is clearly strictly increasing in ¢ since f’(¢) = n(n — 1)¢" 2. It thus suffices to check that

the claim is true for ¢ = % or 1> n2n1_1 which is equivalent to 2"~! > n, which is true for all

n > 2. UJ

H.5 Proof of Lemma 6

Proof. We can rewrite the two inequalities as:

(1= (1-q)")[n(l-q)—(1-q¢")] - (1-¢")(1—q),>0. (186)

n(l—q)g—(1-4¢")=>0 (187)

Our goal is to show that the inequality in (186) implies the inequality in (187). It suffices to
show that

nl—qq—(1—¢")>¢" ' (1-01-¢)")[nl-—q¢ - (1-¢")] -(1—-¢")1—-0q), (188)

which can be rewritten as:

n(l-q)g—(1-¢)+1-¢)1-q)>¢ " (1-01-9¢")[n(l—q)—(1—q")]  (189)
en(l-q)g—q1l-¢)>¢(1-01-9")[n(1-q) —(1—q")] (190)
Sqn(l—q)-(1-¢")]>¢ ' (1-01-9") [0 —q) —(1-q"] (191)
S12 721 (1-q)). (192)

which is clearly true for any n > 2 and ¢ € (0, 1).
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